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PREFACE. 



It is reckoned a small ambition which is content to 
write a book of rudiments; and a wise man will hardly 
do this, unless he knows beforehand, from his fame or 
scholastic influence, that the profit of the work will 
compensate its lack of honour. With this reflection, I 
have ' kept my peace' above ^ ten years ;' and, finally, mis- 
doubting the^profit which my obscurity might command, 
I have saved my paternal feelings, by presenting this 
little book to the publisher as an addition to his cheap 
series of elementary mathematics. To this I was moved 
by my admiration of the remarkable zeal and spirit dis- 
played by him for the difiusion of scientific knowledge. 
While it is hoped, that these pages will be easUy under^ 
stood by readers who are familiar with arithmetic of 
whole numbers and fractions, and with the extraction of 
the square root, it is evident, from the arrangement and 
treatment of the topics, and particularly from the pau- 
city of examples, that this little work is intended not 
as a substitute, but as a companion, for other rudi- 
mentary treatises. If the experience of others in tuition 
agrees with my own, I may perhaps look to reap a 
little praise — ^not mathematical, on ground like this, but 
simply didacticaL — the praise of teaching well, of which 
I confess myself covetous. It appears to me, that dis- 
taste for mathematical study often springs, not so much 
from any abstruseness in the subject at any point, to 
the student who has mastered the approaches, as from 
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the difficulty generally felt in retaining the previous 
results and reasoning. This difficulty is closely connected 
with the unpronounceabUneMS offormuke: the memory of 
the tongue and of the ear are not easily turned to ac- 
count: nearly everything depends on th^ thinking faculty, 
or on the practice of the eye alone. Hence many, who 
see hardly anything formidable in the study of a lan- 
guage, look upon mathematical acqtdrements as beyond 
their power, when in truth they are very far from bein^ 
so. My object is to enable the learner to tctlk to himself^ 
in rapid, rigorous, and suggestive syllables, about the 
matters which he must digest and remember. I have 
sought to bring the memory of the vocal organs and 
of the ear to the assistance of the reasoning faculty, 
and have never scrupled to sacrifice either good gram- 
mar or good English, in order to secure the requisites 
for a useful Mnemonic^ which are smoothness, conden- 
sation, and jingle. 1 would beg to have judgment pro- 
nounced upon my method, not from its usefulness or 
beauty in the eyes of a mathematician, but from its 
success, good or ill, in the instruction of young per- 
sons, of ordinary apprehension, who have all their mathe- 
matics yet to learn. 

My only apology for the form and colloquial style of 
these lessons is the facty that they were at first begun 
in their present shape, save a few trifling variations, 
for a juvenile class, which included certain nieces of 
mine. The readiness, with which school-girls of fair 
capacity, who had been well taught arithmetic, Appre- 
hended and retained the subject by these aids, strength- 
ened an impression, which 1 had cherished for many 
years, that something of the kind might be generally 
usefiil. If my method finds favour with students, it 
will be easy for me to extend the assistance, here ofiTered 
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at the entrance, to the subsequent and higher stages 
of their mathematical career ; for I have good store of 
such aidsy adapted to most of the leading topics in ma- 
thematics, both pure and applied. See a Paper *^ On 
Mnemonical Aids in the Study of Analysis^" in the Ninth 
Volume (N. S.) of the Memoes qfthe Manchester PkOo- 
eophic and Literary Society. 

The art and mystery of Mnemonics has been brought 
into disrepute by such writers as Feinagle and Coglan, 
men worthy of chairs in the university of Laputa. Their 
cumbrous inventions are about as fit to be compared, 
for elegance and speed, with the cfrca wrfp6fVTa of Richard 
Grey, as a Dutchman's ox-wagon in Kaffirland with a 
nobleman's chariot in Middlesex. 

Concerning Grey's Memoria Techmca there are two 
opinions; one, of those who in their stttdent-daya had 
the good fortune to have the book placed in their hands; 
and another, of those who have learned (and forgotten?) 
their chronology, &c. without it. I am sometimes amused 
by the readiness of the latter division of persons to pro- 
nounce judgment on the philosophic old Doctor, with 
the air of men who have well considered the matter. 
More than one good scholar and good teacher do I know, 
who dispose of him coolly thus : * the difference between 
studying and not studying Grey's book is this, that, 
in the latter case, you have certain things to learn and 
remember, and, in the former, you have the same things 
to learn, and a mass of frights jargon besides.' 

Once upon a time, there was a handy man, who took 
a fancy to joinering. ' He went up the town, and bought 
a complete assortment of carpenter's tools, everything 
from a wood-man*s axe to a sprigbit. As he was scratch- 
ing his ear in meditation about the best way to convey 
them home, a simple bystander suggested, ^ Why don't 
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jou look out for a wheelbarrow?' 'Because I am not 
an ass/ was the cnrt reply : then, softening a little, he 
added, * Do you see, my good friend, the difference is 
exactly here : as it is, I have my tools to carry home ; if 
I took your advice, I should be saddled < with both the 
tools and the wheelbarrow/ 
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[1], [3], &c., mark the Mnemonics; (1), (5), Ac, the Sectioni or 

Articles in which they occur. 



ART. 



£l] (1) Line cutting paralls. makes alter, ints. 6qual> and 
ext. equal int. op. 
And cutter cuts paralls., if equal alter, ints., or 
ext equal int. op. Prop. B. 

[^2 '" -^ pargram. has equal op. ^ngs., or op. sides. 
'Tis pdrgram.j if equal op. dngs.^ or op. sides. 

[3] (5) Like sign^s give plus, 
Unlike minus. 
For sign of pro. or quo. 

^4] (6) ex is y gives 6ri. li. 

M (7) The line (Dif. yb is ex) is pdrl. to (y is ex). 

pron. yb, ipybe. 

[ST] (8) One 's vi (xl) and vi. (yh) pron. viale. 

From 'Or. cuts 1 and L 

[jS2 (13) If piralls. cut legs, 
vi. segs. is vi. segs., 

And vi. (parall. cutters) is vi. (corre. s6gs.) : 
Measure the segs. from meet, of legs. 

[[7]| (14) Qua. p6th is b6th qua. sides. 

Q8] (15) p^r. on p6th. is mean segs; 

and side is m^a. (poth. nigh seg.) 

M (^7) vlD(y'8) is vlD(a?*s), pron. vidmse, 

with 10 o'er 12*-~dexes: read ten o*er twelve. 

tSr x'Di(y8) is nil, pron. Diunse, 

at 612 round, for gil. 612 read 6we untwo. 
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ART. 

[10] (18) Cs Ax and Byi 
Dot second li: 
DI(CJ)'8 bjr Jyi.{fiA)\ (dot outs.), is meeting Y. 

[11] (19) After minus untyin' 
Change every sign. 

[12] (21) P5th.{Di(j?/) Dl(j^^}, pron. dixlc. (ya) a monosyl. 

joins(j?'y) to (/a), sy a dissyL 

in co-ords. rScta. 

[13] ... Dr7Q{Di(a:/) Di.(y^} pron. dixie ; ya, one sjL 

Is r r', (in Recta) rr' and to both dissylL 

Gives circ. c€n (/^) : 

[14] (22) QuaSorD(rf6) is DUQ(^6) mol two(^6) : «6 one syL 
Sum(6^) .Di.(6^ is Sq'.6 le sq. d. ^toq, 9quibblesqu€i. 

[1 5] (24) If #gy le two tfd be iV, pron. sqvi. 

y's d mol R6oM dsq N\ pron. a«Jfc. 

[l6] (26) If nil be (sq.y le py' and q') pron. aqvi. 

p's sum^ and 4j[ is prod, of roo. 

[17] (29) DUQCy'ar) is T/ y^, pron. wir. 

Has tan. nil's y' : 

a. Rad per'p on ch6r.'s biCh6r : 

b. Toiich-r'ad is per' on tan : 

[18] (SO) If k's b, An'g is B4ng ; 

and per'c is bic' is blC^g. 

[19] (31) Rim-angle on arc is arc-d4mi^ 
And right is the angle in semi. 

[20] ... (Seg.S,eg)inP-.ring, 
Is mol SU'D (poc wi'ng). 
For F out or in ring. Pron. pout. 
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ABT. 

[[21] (33) X and y are Cos and Si 

of Scale-a'rc from OX ; c5n. o'r. Ax Righ. 

£29r\ ... So'rCo.Po'th is o'p or ad ; H, 

ST by Go's ta'n, is vi(op. a'd)» K. 

1:23] •.. Co'rSin a,"s S!n5rC(ri'ght roin «0 G. «,pron.o. 
Co'rS is le'm the Co'rS of-ple'm L. 
CorS(ir et ») is le' CorSw. L\ pron. p6t«. 

Q243 • . . Tan Cos Sin are rec. 
C6ta Sec Cose'c. 

1252 ... DC7Q(S1( Coys One: (M) 
Co right is none 
Co none is one. 

1262 (34) Draw p^rc : SUD {hi) is SUD (s6g8 of cO- 

And sq'.b is DUQ dc mol (s^g. op) two c, A. 

sq'.b. pron. squib. 
As 'tuse or 'cute is Bang op. b ; 

Or, sq'.b is DUQ ac le CoBdng two &c. B. 

CST] (35) Sin (a' mol t) is Sa'.CormolCa'.Sir; pron. a, r, ma,/. 
Cos (a mol t) is Ca.Cor Igm Sa.Sir. mol t, one syl. 
c perc is 6a Si Cdng ; 
then put (a m61 t) for Gang ; 
(new-— old a) mdke right dng. 

[28] (36) HaS (ab) mol HaD (ab) is a ot b ; 

[29] ... Si3fmolSiD*stwoS6rC.CorS, 
C6D mol C63f's two C6rS.GorS. 

[30] ... Sa mol Sir's two SorCHaM.CoVSHaD, 

Ca mol Cot's mol two CorSHdM.CorSHaD. 

SH and CH pron. as in Cheshire. 

[31] . . . C6rS is SU'D or tw6 CHa.SH. 
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ABT. 

[32] (S6) RooP sl5b.8.9l6c.8l^. 
Is Sine Bang half c^^ 

Is CHdSHca^ is Area. Pron.CHandSHasinCAefAtr^ 
Write 'sqb' in quaCH and quaSHaBang, 
By * CorS is SUD'...and 'DUQ Si...' 

1^332 (37) Tdsquaf A' is slSb. sl^c by s.slL 

[34] ... Side to Sin6p as side to Sinop. 

1352 . . . SubyD(Sines or Sides) is tSf Sum by t5f Diff. 

l36r\ ... tan(am6l«)'s ta mol t« by D6rS (iin ta.t«). 

[37] (41) DUQ {bic (half c)}'s half DUQ {ab}. 

[38] (42) E. BiCing is RooTDuP (db, segs), 
C. Is C6sHaCdng of H4rM legs; 
And vi (ab) is the vi (segs). 

sH, pron. as in cash ; of for times* 

[39] ... Ha^M (db) is two db by S (db). 

[40] ... In quad, inscri. two opps. are w, ^ pron. pi. 

And pr6 digs is DuPopporsi. I. 

[41] (43) J. Dim. out circ is ba to perc. 

Z. In. rid. of semp. is Ar'e, of is x. 

K. Four out. is bac by Are, 

[41'] . . . RooP. in. e. rdds is Are; 

[42] (44) In simils, qu8t. Ares 

Is vi(lik.si. squares) pron. villiksj. 

[43] (45) c. Tdf . Sin is ver. ; 
b. Two qudsif is ver. 

[43]' . . . Rim's two . w . rad ; Are's r^w, rad. 

pron. twopyr&d> r.pyr^. 
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ART. 



[[44] (46) (A to 1^ pO is ctp (d to pO. 

Q45] ... € to vi(tw6 three), pron. tovvj. 

is Croot of sq.e, 
is squared Croot e. 

£462 (^7) Prod, any pows. of x, is 
JT to (sum of -dexes). 



r4s7l a J^ ^^^ ^ tod's Cfl? t6d, 

\c toi 



c tod by a tod's quo. tod. 

b. n to vice d t5 vide is the e^^ root of n' toe a tod ; 

c. Por Quo. pows is power of PorQ, 

d. Por Quo. roots is root of PorQ. 

^48] (48) a's your base to (fit log a) 
a is ten to com. log a. 

a. log t and log a's I6g (ta), 
a', (le log a for vi(ta:) 

b. log (a top) is p log d, 

^49]] (50) You want to ^\ fi for find. 

Dil6gs or i. 

and Di{16S(iVt)lo^} is (tdb. difF.) i: 
first take t for point t. 
Neg. is 16. of frac. pro. 
Pow'.ten next sub num. is -dex. 

1502 (51) The Side (/ is C6y Sum(^6), 

Where Siy mean (fl6)'s CHaCdng. HarM (db). 

Q51] (52) Sin w (x)^ IS yx) at iin two, pron zy le wix. 

Is twice Are (Or' un tw6). 

Q52] (53) Lor's Con. Sin ta by bds(fics «) : 
Is C6n. ctpoth fics, if right is ta, 

1532 (54) val«'. vl L8rCon is per Itn. iipon. 
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ART. 

[54] {55) a, Si/3 to SlD(«/3), or td/3 in RAx, pron. Dob. 

Is ^ in jf's ^4P : /3 up right Lin Ax. 

b, t&/3's S Sin «' hf S(un ^Cos «). 

[55] ... e, b^[Di(xl) » D(ay)] joins xf to 14, 

xy adissyl. Di(xl) pron. dixie. 

c, LiL Di^s you kn6w by ' tSn(d mol tS).' 

156} {56) gll's le cot4./3 is perKn's ta/3, 

[57] (57) a Cos A'ng^s b Co.Bang, 
aSinAng's bSiBang, 
b's a, (in Rom ba) Sre p^rc bic &nd biCang. [y. I8j 

15S2 {58) P...Ang cuts of in dot A', &c., 

AB.BC.CA"s AC.CB'.BA' ; dSt filtgma' 
Then for lines put oppo. sines. 

pion. &bblcdi, &ckibb^. 

{^9'\ (59) Dl(xe)'s <p. Dl(yi) is sodghl thr5' «i ; pron. phi. 
NiFs vl^^ii is soughl through(v(i) ; ^u pron. fu. 

(y le <py% ex, soughl pari to y's ex. 

[60] (60) If dbc...f6rth ts Ari.Se: 

Ult and a is penult, and b ; 
Sum Ari.'s half n.Sum(dz)^ 
and (d Vk dn) is Dif.(dz). dn a dissyl. 

[60^] . . . dps Ari.Se are Harmo.Se. 

rfill (6V\ G / ^'® ^ ^^ (^ ^^)» ^^™« t^rm. is t ; of = times. 
^ -^^ ^ ( a 15 ze by D(une) is Sum Geo. Se. 

H. One by D(une) Is fr8 on e, 

is Siim, tf g's frdc. of an infi. Se. 

[62] (62) If p Slems. have m a's, e b's, i c's, 

The perms, in p's are p fags by (m fags, e fags, 
i fags). 
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ART. 

[632 (64) Comb. n6n-repea.'s of n in (Ts, 
Are d n-backs by d fags. 

Q64] . . . The repe. combs, of n in ds, 
Are d n-ups by d fags. 

[652 (^5) Non-repe. vars. of n in d's 
Are d n-backs. 

[662 (65) The repe. vdrs. of n in p's 
Are n to p^. 

[672 (67) Siit6n(iin r)? write fr8 on r; 
Then r to 1 you multiply 
By (i n-bdcks by i fags) : 
If n has den.e> 
Put r vi(r5); top dits w5d e. 

Q68] (70) Roiind ev. or o. with pin or no 
For signs you go. 



SYMBOLS AND ABBREVIATIONS. 



+ is the si^ of addition ; plus, 

" of subtraction ; minus. 

= of equality ; equals : sometimes^ which 

equals. 

3+2-^1=4 is read^ 3 plus 2 minus 1 equals 4. 

X is the sign of multiplication; times: a point is often 
used instead of x . 

-r- or : is that of division, as 
12:(3 + 1) = 12 -J- 4 •= 3; a:(« + ^) is a divided by («+y). 

> means is greater than, sometimes greater than. 

< means t^ less than, sometimes less than. 

JL stands for perpendicular, or perpendicular on* 

Between algebraic quantities written close together x 
is always understood; thus (5 — 2) (6 + 1) is 3 times 7; 
(fl + 6)(a?-f ^) is (a + i) times (J?+^); ory is or times y. 

Quantities collected by a tie or vinculum are not to be 
treated as if they were untied. The whole tied quantity 
is affected at once by x preceding or following ; as (5 - 2) 
^(6+1) above. But 

(5-2)x6 + l = 18 + l=19, 
5-2(6 + l) = 5-14 = -9. 



CORRIGENDA. 



7 5 trdtoDgt X and jr. 

7 19 fof J^OF" read jrCTT'. 
10 3 for 9 or » read p or » in this locus. 
12 12 for Xi read x. 
1ft iMtlinc, for -k- md -• 
20 8 from bottom, after HC, inaot [1]. 
22 16 for A.B read ^J?. 
-- 35 11 for fli,9i read jhf i- 
... 12 for 9«g, w^ l)!i9a. 
32 7 from bottom, for Cf^ef read ^=<ff. 
Oft tnppfcst the misplaced CDondatioo D. 

95 10 for Hi? read CjB. 

6 from bottom, for of read ii. 

96 12 for Mome triangiet read «asR« angles. 

140, 141, and 143, for [58], [59J, and [60], read [57], [58], 
and [59]. 

The reader is requested to bc^n bj making these corrections. 



TO THE TOUNG READER. 



If jou think of four nnmbers^ calling them a, b, c, d, 
and tell me nothing about them, more than that the first is 
double the second, and the third is three times the fourth^ I 
can write down what I know as follows : 

^ = 26, a is equal to twice 6, 

c ~ 3d, is equal to thrice d, 

and from these two assertions I can draw various conclu- 
sions: thus, 

a + c = 2b'^ Sd, by addition of equals^ 

and a — c = 26 — Sd^ by subtraction of equals^ 

and a X c = 26 X 3c?, by multiplication of equals, 

read a times c equal 9h times Sd; 

also, ~~~fi;7' by division of equals, 
a divided by c equals 9h divided by Sd. 

Hence follows, if I multiply these last equals by c, 

9,hc 
''''-Sd' 

i.e. a = twice h times c, divided by 3 times d; and from this, 
multiplying by Sd, I deduce 

Sad = 9hc, 

thrice a times d is twice h times c. 

AH these equations must be true, if the first pair are 
true. Suppose now that I have the information that the 
product of a and d is 10, without knowing whether these 
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are whole numbers or fractions ; and that I am told in addi- 
tion, that b and c are whole numbers, and b greater than c. 
The last equation shews me that 30 = Hbc, whence it follows 
that 15 = bc; from this I gather that c is either 3 or I; 
because 15 cannot be the product of any whole numbers, 
except the pairs 5 and 3, and 1 5 and 1. 

All this is premised merely to shew the young reader, 
to whom algebraic characters are new^ that we can often 
reason with symbols of unknown quantities, and^ by easy 
arithmetical operations upon them, arrive at conclusions 
that may greatly increase our knowledge. 

The reader is supposed to know the meaning, and to 
see the truth of, such assertions as these : 

5 - 2 = 5 + (- 2) = 5 - (+ 2) = 3, 

5-(-.2) = 5 + 2 = 7; 
a - 6 = a + (- 6) = a - (+ 6), 
a - (- 6) = a + ^. 

See the conversations at the end of this little volume, 
which are intended to be read by the beginner, as notes on 
the opening lessons. 



riEST MNEMONICAL LESSONS 

IN 

GEOMETRY, ALGEBEA, AND TRIGONOMETRY. 



LESSON L 



Uncle Penyngton, Jane, Richard. 



UncU Penyngton. 

]. You are now^ my dear children, familiar with the 
four rules of arithmetic in whole numbers and fractiqtis, 
and with the extraction of the square root ; and Richard 
can prove, from the first book of £uclid, the propositions 
following : 

Prop. A. Two intersecting straight lines, {AD and CF) 
make either four equal angles, (all right angles), or a pair 
of acute angles, (each less than a right angle) and a pair of 
obtuse ones, (each greater than a right angle). The two 
acute angles are vertically opposite and equal, and so are 
also the two obtuse ones ; and any unequal pair, an acute 
with an obtuse angle, make two right angles. 

Prop. B. A line cutting a pair of pa- 
rallels, (lines which can never be produced ^ 
to meet), makes the exterior angle {BAC) ^ 
equal to the opposite interior {ADB)^ and 
two alternate interior angles, (FAD^ ADE) equal to each 
other : and, conversely, if a line cut two lines so as to make 
either the two alternate interior angles equal, or the exterior 
angle equal to the interior and opposite, these two lines are 
parallel to each other, and can never meet. 

opposite, cm the other parallel ; interior^ within the parallels $ aUef' 
naie, on dinerent sides of tne cutting line. 

Prop. C. A parallelogram, (which is defined to be a 
four-sided figure whose opposite sides are parallel lines), has 

A 
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its c^posite sides equal, ind its opposite angles 

equdi : and conversely, if a quadnlateral^ (i. e. a / / 

four-sided figure) has either two pairs of equal ^ ^ 

opposite sides, or two pairs of equal opposite angles, the 
figure is a parallelogram. 

Prop. D. Any exterior angle (CBD) 

of a triangle is equal to the sum of the 

two interior remote, (CAB and ACE), 

and the three interior angles are together equal to two right 

angles, i.e. to an exterior with its interior. 

Observe that when an angle is denoted by tliree letters, the one stand- 
ing at the angular point is pbiced in the middle. ABC, BCA, CAB are 
the three angles B, C, and A of the triangle. 

As Jane has never learned Euclid, she may for the pre- 
sent take it for granted that these propositions are true. 
They are so nearly self-evident, that it is one of the most 
difficult things to establish the truth of them all by rigorous 
demonstration ; and neither Euclid, nor any other geometer, 
has done this by arguments that you could at present com- 
prehend. An assumption of some kind is always found 
necessary, which requires demonstration as much as the 
propositions to be proved thereby. 

Jane : — It appears to me that the propositions are much 
easier to believe and comprehend than to remember. 

Uncle Pen.: — You know, from good old Dr Richard 
Grey, the value of contraction and cadence as aids to me- 
mory ; and I recommend you strongly, before you begin to 
try to remember these properties, to learn perfectly by 
heart the following mnemonical aids, referring to Props, JB 
and C,' and to teach them to your ear and to your tongue^ 
each of which has a memory of its own, by saying them 
again and again with a sing-song repetition, marking well 
the accented syllables. 

[]13 Line cutting pgralls. makes alter, ints. equal, 

and ext. equal int. op. Prop. jB, 

And cutter cuts paralls., if equal alt^r. ints., 
or ext. equal int op. 

[^^3 -^ p^rgram. has equal op. ^ngs., or op. sides. 
'Tis pargram., if equal op. angs., or op. sides. Prop* C. 
paralls for parallels ; alter, ints. for alternate interiors ; ext for exter- 



nal ; op.' for opposite. Observe that in 1. or Prop. B, there are four 

leles, and 2"*"' 
of equal obtuse angles. 



ext. angles, and 2 pairs of alter, ints. viz. a pair of equal acute, and a pair 
)ual obtuse angles. 

I shall now proceed, according to a promise I recently 
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gave youj to show yon the easiest way« (for there is' no 
little difference as to difficulty in the approaches) to the de- 
lightful fields of geometry^ through which alone you can 
be introduced to the sublime regions of Mechanical Science^ 
terrestrial and celestial. And the easiest way in this in- 
stance is the shortest way. 

First of all, we must express positions of points by num- 
bers, and thus reduce questions about points, lines, and 
areas, to questions of arithmetic. Suppose a group of points 
before you, how would you contrive this ? 

Richard : — It would be easy to number them one, two, 
three, &c. ; would that do? By this plan we should have a 
number for every point, and should know what we were 
talking about. 

Uncle Pen, : — You might thus name your points arbi- 
trarily ; but we must have a system, by which all numbers 
shall determine certain points. I am about to show the 
happy contrivance of the celebrated Des Cartes, which fixes 
the position of a point by a pair of numbers. 

2. Let two leading lines be chosen in the plane of the 
paper, supposed unlimited in every direction, which meet 
in a point O, called the origin, XOX' is the axis of or, and 
YOY' the axis of ^. 




X' is read J^ dashed. 
y is Y dashed. 



If we take a certain length for our unit, and call it an 
inch, and measure firom O along OX, say S inches to p^ and 
from p in a direction parallel to OY, say 2 inches to q, we 
have the point (x = S, ^ = 2), or, more briefly, the point 
(3, 2), viz. the point q. Op is the x, and pq is the ^, of this 
point. The point ^, whose x and ^ are 2 inches and 3 
inches, is the point (or = 2, ^ = 3), or (2, 3). The a: and y 
of a point are called its co-ordinates, and the leading lines 
OX and OF are called axes of co-ordinates, or co-ordinate 
axes. If we draw qr parallel to the axis of ar, we may call 
Or, which by |^2] is equal to pq, the ^ of the point o, and 
qr Q23 the x of it. Thus having given us the co-ormnates 

A2 



■+— +■ 



4-4- 
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a^S and ^ » 2 in inches, we can find by measurement the 
position of the point (3^ 2), or a : and if this point had been 
given us in position, we could have found the co-ordinates, 
by simply drawing from q a parallel to OY, and then mea- 
suring the inches in Op and pq. . I shall assume once for all 
that we have the power of joining any two given points by 
a line, of drawing a parallel to any line, and of measuring 
lengths to any degree of accuracy, say to the millionth part 
of an inch, if required. 

Jane : — This is very ingenious of Monsieur Des Cartes i 
but I do not yet see how confusion is 
always to be avoided about the point 
(3, 2), If the axes were chosen at ^ 
right angles as thus, (or indeed at any 
angle), I cannot see what right q has to 
be considered the point (3, 2) rather r^ 

than ^ or HI, or n ; all which are alike determined by three 
inches from on the axis of x, and by two inches on that 
of y. 

Uncle Pen, : — Your objection is well stated. The points 
q, k, »i, n, are called (a? « 3, y = 2) or (3, 2), (x=^-^3y y = 2) 
or (-3, 2), (jr = -3,^=~2) or (-3,-2), (d? = 3,y = -2) or 
(3, - 2). The directions OX and OY are positive or above 
nothing: their opposites OX' and OY are negative or below 
nothing. The length — 3 (read minus 3) is 3 negative, or 
below nothing : and the difference between 3 and — 3 is, that 
the first denotes a length measured, from whatever point, 
or on whichever axis, in the positive, while the latter is a 
length backwards, in the negative direction. If a point 
moves by an inch at a step from 6 to c, its distances, mea- 
sured from or zero, will be after the successive steps, from 
restate, 3--l = 2, 3-2 = 1, 3-3 = 0, 3-4=-l, 3-5=-2, 
3^6 = " 3; i.e. it will have a distance from after the fifth 
and sixth steps, -2 and -S, or 2 and 3 negative, below 
nothmg. 

It is of no consequence, when we choose our axes, which 
direction along either we make the positive one; but we 
shall in general consider OX to the right, and OY upwards, 
to be the + (plus) or positive, and their opposites to be the 
— (minus) or negative directions. Observe that the x of a 
pomt is often called its abscissa and the y of it its ordinate. 

3. You know, when our axes and our unit length are 
chosen, what point is given by the two statements, 
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x^Sy iread x equals 8, 

J^ = 2, y equals 2. 

From this pair of assertions, or equations, follows the 
equation 

if ""2' 
Consider now the points 



read xhyy equals 8 by 2 ; 
divided uj. 



s 


3 


3 

'■=8 


3 


Xa = *6 


J^« = -9 


y. = i 


1 


1 


1 


^. = •4 


•^6 = -6 



&c. 



Read jTi ^,> ir at 1, ^ at 1 ; ^3 y^, x 9t 2, y at 2, &c. ; 
these subindices serve merely to show to the eye that x and 
^, X] and ^,, &&, are co-ordinates of different points ; x^ v«9 
Xt ^A, (^ at a, t/ at Oy X at 5, ^ at 6, &c.) would answer the 
purpose as well. From these six pairs of equations follow 
in order by division of equals by equals. 



3 3 
X, 3 X2 4 3 X, 8 _ 3 
yi""2^ 5(a""T"'2' yawl's*' 

2 4 






8 

4 8,1328 

1"4"^2"4^1'"2 

2 


3 








X4 163, X5_0.6_ 
5^4" 1 "2' 'y, O.*- 


3 

. • 

'2' 


£2. 


0.9 3 
0.6 2' 


8 









Of the X and ^. of any of these six points, all within a 
short distance from 0, can be affirmed, as of our first x 
and^, 

X 3 

that the quotient or proportion of every pair is the same. 

And we can find any number of such points, as near to 

each other as we please. As from such an equation as 

3 

^-■x follows, if we multiply these equals by 6x2, 9x2 

= 6x3; so from the above equation follows, if we multiply 
its equal members by ^x2, (y times 2, or twice y), 

2x = 3y, (twice « is 3 times y. 
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whence dividing these equals by 3, 

(a') y = — , ye two-thiids of x, 

o 

which is the same law, or condition between «r and ^, 
with (fl). 

Richard: — I do not see what information is conv^ed 
by (a) or {of) ; for the x and y in them have no more to do 
with our point (3, 2) than with any other : x and y may 
mean anytning. 

Uncle Pen. : — Not exactly. Although (a) and {a') do 
not state the values of x and y, they both affirm the same 
property ; the former tells us, that if these numbers vary, 
they mu^ always maintain one proportion: the latter 
asserts, that whatever number x may be, y must be two- 
thirds of it. 

If we divide the equals above by 2 instead of by 3> 
we obtain 

(a") x^-y, read * is - of y, or - times. 

the same law still. 

Observe here, that when we wish to represent the product of a number 
and a symbol of a number, or that of two symbols, we write the two quan- 
tities together, 3dr, cor, or else with a point between them, as 3.^, ex. You 
may read these either three x, ex, or 3 times x, c times x ; the latter is the 
best and safest way. 

And sometimes the product even of two numbers is represented by 
writing them together with a point between them; but care should be 
taken to place the point in this case at the bottom between the figures, to 
distinguish it from the decimal point. Thus 3.5 = 3 times 6 ^^ 15 ; but 
3*5 = 3 point 5 s 3J. Observe that the best way to read a decimal frac- 
tion is to call the point point ; as 0*1, 6*01, 72*006, are, point 1, 6 point 
nought 1, 72 point nought nought 6. 

If then we choose any length upon OX for x in (a'), the 
corresponding y is always f of that length: x and y so 
found give a point in the series. Put then for x in order 

the numbers 0*1, 0*2, 0*3, &c. and you obtain in order for y 

2 1.21 

-^ = — of an inch, tt > t > &c. ; and thus a series of points 

are found pretty near to each other, viz. 

VTb' TsJ' \5' 13/' \10' 5)' ^^* 
How will these look when found } 

' Richard: — They will form a dotted trace of some kind. 

1 wonder^ what would be its shape and direction. 
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Jane : — The equation y = — , though it gives no infor- 

mation about any particular pointy may perhaps tell us 
something about the figure formed by thein alL Is it so ? 

Uncle Pen, : — We shall see that presently. First of all 
this equation (oT) shows that if v "= 0, i = aJso^ so that the 
point 0, which is (x » 0^ y — 0) is one point in the series. 
The figure is therefore either a bent line, or a straight line, 
passing through the origin. I will prove that it is not a 
bent line. 

4. For if it is a bent or curved line, let any right line 
0(7 through the origin, which meets it again, meet it again 
^rst at some point 0': the co-ordinates of 0' can be drawn ; 

I let them be (« = »i, y = ff). Place 

I yourself now directly opposite to me, 

r and taking aX" and OT'' drawn pa- 
rallel but in opposite directions to OX 
and OY, for your positive axes of x 
and ^, find by equation (a') referred to your axes, a series 
of points in the locus (a'> The angle X"Oy"= XOY, and 
my origin O will be your point (x = m, y ^ »), by Q2] ; and 
as the conditions determining your curve and mine are ex- 
actly similar^ (yO will meet your curve again first in 0, 
and your figure will appear to you as mine to me, and will 
be concave or convex to O'X" as mine is to OX; so that the 
two curves will lie on opposite sides of O'O, and will have 
no point in common between O and O'. Let the point s, 
whose ordinate meets OX and OX'' in t and t;, be any point 
of my series between O and O'. At the points 0' and *, by 
{ci)y I have 

0'6=:|.06, 

o 

2 
st^ — . Ot^ or subtracting equals from equals, 

0'6 - *^ = I . iph - O/), or because Ob = tv, by [2J, 

/v - *< = I . tb, or since tb = O'v by [2], 

sv^-T* Ov ; 
3 

NoTZ. Ob, O'b, St, &c. stand here for the number of linear units, or 
inches, in the designated lines ; and we shall frequently have occasion to 
•ubstitute lines for numbers, which express their lengths. 
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from, which it appears^ comparing this with {oT) as employed 
by you, that s^ any point in my series, is a point of your 
series ; or the two curves have all their points in common be^ 
tween O and (/ ; which is absurd. This contradiction is 
involved in the supposition that the series of points is a 
curve in any part of its course ; for to such a curve a line 
can be drawn from O meeting it again first in some point O'. 
Hence it is not a curve, but a straight line OC/. 

You know that (a? = - 3, y = — g) is a point within the 
angle X'OY^^ Now as three negative inches are thrice one 
negative inch, 

- 3 = 3 X - 1, and 

- 2 = 2 X - 1, whence by division of equal pairs^ 
-S_ 3 x~l l_?_3 

-2""2x-i» ^'rg-i' 

which, compared with (a), proves that (— 3, - 2) is a point 
of the series formed from (a) or (a^). And as m negative 
inches, whatever number, whole or fractional, m may be, 
is m times one negative inch, 

— m OT X — 1 m 

— » ~ » X — 1 ~« ' 

.1. . ./. OT 3 — OT 3 ,., 

so that it — = r * = :r likewise. 

» 2 -» 2 

This shows that for every point of the series, (ot, n), in the 
angle XOYy there is a point exactly corresponding to it in 
position, in the opposite angle X'OY\ namely, (-ot, —a). 
Hence it appears that the series will have the same figure, 
as to the axes, in both angles, or the points form a straight 
line extending in opposite directions from O. 

— 3 3 

5. From — r = ^ > ^^ appears that the quotient of two 

— 2 2 

negative numbers is positive. It follows, that the product of 
two negative numbers is positive ; for — 3x— 2 = — 3-r — - , 

equal the quotient of two negatives. Here — cannot be 

positive, for if — =jp, a positive quantity, it follows that 

1 = — 2 X jp, a negative quantity, which is absurd. We have 
then 
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1 

-2 


= - 


1 

2 


-1 

"" 2 


> 


m 
— « 


= - 


m 
n 


=-_ 


-TO 

ft ' 


- 



, Wl III — HI 

and -— =s — — ss -— - ; 
-2 2 2 



-wix— « = + »!« 2= + mx+«, 



The product of a positive and a negative quantity is nega^ 

tive; for 3 x -2 inches = — 6 inches, evidently. Hence the 

quotient of a positive by a negative^ or of a negative by a posi' 

3 1 —3 1 

tive is negative. Fqr — - = 3 x — - ; and •— - = — 3 x - ; both 

which are products of a negative and a positive. 

These results are easily retained by the following rule. 

The product or ^fuotient of two quantities having like 
signs (whether both positive or both negative) is positive. 

The jvroduct or ouotient of two quantities having unlike 
signs is negative. Or you may say it thus : 

[3] Like sign's give pliis, 

Unlike minus. 
For sign of pro. or quo. 

6. We have made no restriction as to the angle XOY, 





2 
and whatever this may be, the equation y = T^ represents a 

line drawn through O within *that angle, if y and x are the 
co-ordinates of a point referred to the axes forming it. 

Let now two other axes OX, OY, be drawn, as above, 
to the left of our former ones, making the angle XOY 
= X'OF; and let x and y be the co-ordinates of a point 
referred to these new axes, while x and y retain their sig- 
nification as to the old ones. The locus 

y 2 . . u • 2x 

i=-, which IS y==-j' *' 

is a right line ; let it be OpmO'. The locus 

•^ = ^-, which IS y = «-, A, 

A5 
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is next to be considered. The quotient of y and x is here 
negative, being = — -^ : therefore they cannot have like signs, 
by ^3^. If X is negative, -as at q or n, y must be positive, 
and in length equal to - of x, by A. Let 

^«=2nthcnwai{P^ = P^^ 
\)n = Un ) \ mn « mn, 

2 2 • . 

for by a, pq = - . Oq or = -. Og; which by A is =/>^, and 

2 2 

mn = -rOn or =- On; =««, 

o 3 

Now as the angle X'OY = the angle XOY, the points p 
and m, which are found by the same measurements along 
the axes with the points p and m, form with O the same 
figure that p and m form with O, the figure on the right 
being exactly what the figure on the left is when seen 
through the paper. But O, p, m, have been proved to be in 
a line ; therefore O, p, tn, are in a line, and in the same way 
it can be shown that every point in the locus A is in this 
line 0pm, which extends in opposite directions from O, as 
Opm does from O. 

2x Sjt 

We have thus demonstrated that y = -— ■ , and y *= — — 

3 3 

are true of points (xy) that lie in given right lines, and of 
no other points. These lines pass through the origin, and 
these equations are called the equations to those lines. If 
for I any other number be substituted in either of the 
equations, the ordinate y corresponding to a given value 
of Xy as df = 1, will be lengthened or shortened, and a dif- 
ferent line through the origin will be represented for every 
different multiplier of a*. If for | be substituted, in all the 
preceding argument, the symbol e, representing the frac^ 
tion |, then will it be proved equally, that y=^ex,^ and 
y^ — ex, are equations of the same lines through the origin : 
and if e represents any constant numhery which does not 
vary with x and y, then it is equally proved, that y^ex 
is the equation to the corresponding line through the origin, 
and this whether e have a positive or a negative value. 
We have thus established the following proposition: 

The locus of the points (xy) whose co-ordinates satisfy the 
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equation y = ex^ e being any constant number, is a straight 
line through the origin, 

Yoti may say this briefly thus: 

t^H €X is y gives 6ri. li. ex long. 

7« We find a point in the locus y =sexhy taking in OX 
a length x^ for x, and raising at the extremity of Xi an 
ordinate of e times that length, ending at a point q. If 
we carried this ordinate one inch further in the positive 
direction beyond q, we should arrive at a point jp, in the 
locus y = ear + 1. By adding an inch to the ordinate of any 
other point qi q^ q^ &c., found in the locus y = ex, we should 
obtain as many points p p^ p^ p, &c. in the locus y = eo? + 1. 
The points pi p, p^ &c., would form a line everywhere an 
inch distant along the ordinate from the line q qi q^ q^, and 
would therefore lie in a parallel to the line y = ex; for 
, these lines can evidently never meet. 

If we add a negative instead 
of a positive inch to every ordi- 
nate, i.e. retreat an inch along 
the ordinate from q qi &c. in 
the direction OYi^ we shall ob- 
tain a series of points similarly 
placed on the negative side of 
the line q qi q^ ..., being all 
points in the locus y = ej? — 1 . I£qp = qipi = q^^ = &c. had 
been b inches instead of 1, 6 being any number of either 
sign, whole or fractional, p p^ , &c. would have been points 
in the locus y — ex-^b. We shall often speak of this locus, 
as the line y = ear + 6. We have thus established 

The locus of the points whose co-ordinates satisfy the 
equation y = ex + b, where e and b are constants^ is a line 
parallel to the line through the origin whose equation is 
y = ex. 

y = ex+b gives, by subtracting h from boUi sides, y — b 
= ear, and this is evidently the same locus with y^ex + b. 
Put Dif. for {ft/Terence : call y — b Dlf. (yb), (pron. wyb), 
the difference between y and b, or y minus b : let pari, stand 
for paraUel. Then 

[|5] The line (Dif. yb is ex) is pdrl. to (y is ex). 

8. Every line through the origin has an equation of the 
form y = ex. For let (a? = a?i, y =^i) be a point in a given 
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line, then is y =— a line through the origin, by [[4], for ^ 

is a constant number; and this locus contains the points 
(0, 0), and (x,^ ^i)^ two points in the given line, as appears, 
if for X and ^ in the equation be put their values pt those 
points ; wherefore this is the equation to none other than 
the given line. Here ^i and y^ are two known numbers. 

Every line hcts an equation of the form y = ex + b. For 
every line is parallel to some line through the origin. Liet 
a given line be parallel to the line y = eyX, and let it meet 
the axis of ^ at a distance 6| from the origin; e^ and b^ 
being known numbers, then is the equation y = e^x-\- 5, that 
of a line parallel to ^ = e^Xiy |^5^, and of one which passes 
through the point (x = 0, ^ = 6,). Through this point there 
can only be one line, viz. the given one, drawn parallel to 
;y = e,d? ; therefore y = e,a? + 64 is the equation to the given 
line. 

9. Every line has an equation of the form -j +~ = 1. 
Read xhyl + yhy a equals 1. 

Let a given line be, e and b being given positive 
numbers. 

(c) y = ex-\'b; then, dividing equals by b, 

ye e 

T = T • ^ + 1> o' subtracting from both -r jr, 
00 

^ y ^ 

rc'^ -i + y^i. 

^^^ 6 6' 



ex 



for the fraction -7- is unchanged in value by the dividing 

both the numerator and denominator by the same number 

e. Thus (c) is reduced in (c') to the form j + ^ = 1, in 

which / and a, being general symbols, may of course have 

any particular values a » 6, and / = — • The equation 

under this form {c) exhibits visibly the position and course 
of the line (c): for it shows that i^ x==0, y^b; and that 



r 
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if ^ = 0, « = — ; i. e. the line meets OY at b positive inches 
from the origin^ in the point (0, b), and OX at - negative 

inches from the origin in the point ( — « 0). Thus we 

obtain instantly from (c') two points of the line, and can 
therefore draw it, when our axes are given: and these 
are always supposed to be given. We can thus draw, for 
example, the line 

3 2 2 

y = — a? + X ; • which is, dividing the equula by - , 

— 4 X — 

7 7 

2 4 2 ^» Bubtiacting from the equals «■, 

7 3'7 2T 

7 21 
this is now of the form y',a ■¥ xd = 1^ a being the fraction 
2:7, and / being -8:21. The former is the length cut 
off from O on the axis of ^ ; the latter is that intercepted 
from the origin on the axis of x. 

. 2 V 
It will often be convenient to write the fractions -, -, 

7 a 

&c in the form 2:7> ya ; a^d you may read these either 

two to 7, ^ to a, or two by seven, ,y hj a; the ratio of 

2 to 7 is the same number as the quotient of 2 by 7. 

To remember this, you may add to the last mnemonic 
[5], the words 

1^5*] One 's \i (xl) and vi. (y^) pron. vixle : and is +. 
From 'Orr cuts 1 and L 

Here vi. denotes quotient of: division ; One 's means One is, or One 
=. The line 1 = quote of (y by /) and quote of (* by a) cuts from Origin 
(on OX and OY) the intercepts I and a. 

The constants b, e, /, a, in [5] are not in general whole 
numbers ; nor would every line be reducible to the forms 
y^ex-hb, and ^:/+^:a=:l, if these four constants were 
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not capable of . representing any numbers of either si^. 
If a line is to be represented in general without fractions, 
three constants are required in its equation, 

10. Every line has an equation of the form Ax 4- By s= C, 
in which the constants are not fractions, 

Q Q 

Thus the line ^--' + ^1 by multiplying both tides by 4 x 7» 

becomes 28y»2lj: + 8, or, taking 2U from both equals, 

-21a? + 28^ = 8, 

which is of the form Ax + By = C, without fractions. 

Show now that the line 13x + 5y=^S is parallel to 
or-y^" 13:5, and that it cuts off from the origin a = 8:5 and 
/ = 8:13. 

To draw any given line y = ex, it is only necessary to 
find one point of it^ and to join that to the origin. The 
point {I, e) is such a point, evidently. 

11. The axis ofyisx = 0; the axis of x is y = 0. No 
point whose x is not nothing is on the former axis; nor 
is any whose y is not nothing on the latter. Do you see 
this, Richard? 

Richard: — Plainly: and it is evident that every point 
whose X is nothing is in OY, and that every point whose 
ordinate is nothing is in OX, 

Jane: — But I do not see these equations, y = and x = 
are of the form y = ex: if e have the value zero, indeed, 
y = is the result ; but what must e be to bring out a? = O? 

Uncle Pen. : — The equation y=ex is true still when both 
sides are divided by e : i. e. - = ar, or j^ x - = jc, follows from 

V = ex. Now the fraction - diminishes as e increases : if e 
^ e 

increases beyond all conceivable limit, ~ lessens beyond all 

limit: if e becomes infinite, - dwindles to zero, and the 

e 

equation y . - = a? is then = or. The equation y = is the 

case ofy = ex, which arises from the supposition, e— : xsO 
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is that i¥hich springs from the supposition, ^ ~ n > which is 
the symbol of an infinite number. Let r be an indefinitely 
small number; the quotient - is indefinitely great: e.g. 

(yoJmOi " ^^ naillions. If r = (-OOOOOOl)', and e = i , e 
is 100 billions: if in r the number of zeros between the 
point and unity be unlimited, r = 0, and e = ~ is then ^ = 7: » 

which is greater than any finite number. You know that 

1 . • . 

the number - is called the reciprocal of 5» Infinite is the 

reciprocal of zero. 

Jane : — I know also that a number times its reciprocal is 

equal to unity ; 5 x - = 1. Is then x - = 1 ? 

Uncle Pen. : — The quantity x - or - is called an inde- 
terminate quantity. Zero by zero gives any quotient you 
please ; for 5 x 0, and 1x0, are equally 0. This is sufficient 
for you to know at present : we shall not have any occasion 

for some time to handle the quantity -- . 

Consider the two lines v = e* + 5, ^ = - ear + i, e and J 
being the same pair of fixed numbers m both. Both equa- 
tions are true at (0, b) i.e. the two lines meet in (0, b\ 
When X = n, the same value in both, we obtain y^ — €n + o, 
^3 = — eTt + 5, the subindices serving for distinction between 
the two ordinates, which are both measured on the same 
parallel to OY. By addition, ^1 + ^9 = 26, whatever be the 
values of e and n. Draw a parallel to OX through (0, b) : 
we have proved that if this and our two lines be cut in A, 
JB, C, by a parallel to OF through any point P of OX, 
PB 4- PC = ^PA, Draw Uie figure and examine this. 



16 
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LESSON 11. 



Richard: — Whkn shall we be able to understand the 
secret that you promised to show us, how to measure the 
height of a tower without ascending it? 

Uncle Pen, : — You shall know it presently, if you will 
pay close attention to the following argument 



12. Let OP be a line 
through the origin and any 

given point P. If we put the j^^. 31 

co-ordinates PQ, OQ, &c. for / 

their lengths in inches, ^ 




—X. 



(A) 



we know that y = ^tq ^ 

or, dividing by ^, | = ^ , 

is the equation to OP; for by Q4], this is a line through 
the origin O, and it is true for (jf-PQ, x=OQ), so that 
the line whose equation is (A) contains two points of OP, 
If p and p' are points in OP, 

B ^ = ^ and ZfV.PQ c- 

^* Oq OQ' ^ --Og^^OQ' ^'* 

for (A) must be true at both these points. You may read 
B either pq by Oq equals PQ by OQ^ or pq to Oq as PQ to 
OQ, and I recommend you to read every equation aloud. 

If we choose now to consider OP and OY, instead of 
OX and OY, to be our positive axes of ^ and y, the point Q 
referred to these, is 

{of = OP, y' = - Ob or - QP) [2]. 
And the equation to OQ is 

y OP ^^^' 

for (A') is a line which contains itvo points of OQ, and can 
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therefore be none other than OQ, The dashes merely show 
that y and j/ are co-ordinates referred to the new axes. 

As (A^) must be true at q and q', points of OQ^ 

"■ Op OP ' ■" -Op' OP ' *=• 

From the pair of equations 

Oq^OQ' 

b £i-^ 

Op" OP' 

comes, multiplying the equal sides of B by the fraction 
OqiPQ, and tiie sides of b by Op:PQ, the pair 

^- PQ OQ' *"^ PWOP' 

And by taking the quotient of the left members of B and b, 
and that of their equal members on the right, we get 

Op OP 



Bb. 



Oq''OQ' 



PQ Oq PQ' Oq Oq Op Oq,pq 

From the pair ,of equations^ 

Oq'~OQ' 

Op'~OP' 
we obtain in the same manner, with ^p' for qp, for ^ and 

PQ~OQ' PQ~OP' 

I have omitted the negative signs from b ; because from 

- 3 —6 S 6 

such a truth «8 -^ = -7- , comes 0=7, QS], multiplying 

both sides by - 1. And I have left out the signs in the left 
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member of C ; for — « - , f 3] ; for ^^ in c I put its 

-</p' . . . 

equal -^77-9 and then omit negative signs as in b. 

Do you understand all this ? 

Jane : — I think I see that every step of the argument is 
proved ; but I know not where I am^ or what is before me, 
and cannot see much of what is behind me. It is like 
plunging into a dark cavern guided by a slender thread : 
I have just hold of it, and that is all. 

Uncle Pen. : — It will never break, for the twine is in- 
destructible ; and there will be li^ht enough presently. If 
you are convinced that equals divided by equals give equal 
quotients, you are certain that Bb and Cc are true ; and if 
equals multiplied by the same quantity remain still equals, 
B', b', C, c', are true likewise. When you see all the mean- 
ing and application of these results, you will know that 
they contain the whole science of geometry. If you mul- 
tiply both sides of B by OQ^ you get 

PQ = ^ . OQ, read (pq by Oq) times OQ, 
Oq ' 

which contains the secret of the tower. Suppose the 
axes chosen rectangular, for YOXy as well as POX, may- 
be any angle we please ; and if the co-ordinates are parallel 
to the axes, all our equations remain unaltered in their truth. 

Let PQ be the perpendicular 
tower; let p be any point which 
your eye at sees in a line with 
the summit P; e. g. Op may be a 
telescope directed to P, p being- 
the centre of the object-glass. If 
you know the length of OQ^ the '^ 

horizontal distance of your eye at from the tower ; and 
know too the length of the perpendicular Pq, which is 
parallel to PQ and to the axis of ^, and also the length of 
Oq, you obtain PQ from the last written equation, by mul- 
tiplying together the lengths pq and OQy and dividing the 
product by the length Oq. Adding to this quotient the 
height of your eye from the ground, you have the numher 
of inches or feet between P and the ground, (supposed 
there on a level with your foot), according as your other 
lengths are expressed in inches or in feet. Equation JBb, 
which is 
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OPr^^OQ, D. 

gives the distance OP, if you first know the lengths Op, Oq^ 
and Oft. You will shortly learn how to determine either 
PQ, or OP, when only OQt and the magnitude of the angle 
POQ are known. 

Richard : — How very charming ! All this comes out of 
our first notion of the pointy (x = S, y = 2), and a little divi- 
sion and multiplication, thus, 

giving, I = 3 > and then, ^ = -^ ; 

this is in fact the height of the tower, if x is OQ, and p 
happens to be the point (3, 2). I do not despair now of 
measuring mountains in the Moon, a feat that you were 
helping cousin Henry last week to perform. 

Jane : — I see that you are right, if the axes are rectan- 
gular. How simple, after all! The two first equations 
written by Richard are true of no x and y but those of the 
point (3, 2) ; the next expresses a law by which x and tf 
may vaiy through all the points in the line Op. How 
delighted y must feel, in the third of these equations, to be 
free from his confinement in the first, and to be able to 
assume any value, positive or negative, that pleases him, 
compelling x every moment to assume the corresponding 
value! 

13. Uncle Pen. : — ^To see now the meaning of B', b', and 
Bb, look at the figure thus : OP and OQ > ^ 

are any pair of diverging (legs or) lines, 'XC. v 

which are cut by tlie parallels PQ and A 

pq, drawn in any direction (OY), Op, V^-— V 

OP are the segments of one leg, and / \ 

Oq, OQ those of the other, made by the /^ ^ 

parallels. From B' and b' we learn that ^ 

the ratio or proportion of Op to QP, (i.e. their quotient) is 

the same number as the ratio of Oq to OQ : and that either 

of these ratios is the same with that of pq to PQ, From Bb 

we see that the ratio of the two segments made by pq is 

equal to that of the two made by PQ. Jn this case the two 

cutting parallels are on the same side of 0. If pq moves 
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parallel to itself to any position on the farther side of O 
from PQ, as to p'q\ we see from C\ </, and Cc, that the 
same things are still true^ putting p' for p and q' for q. 
Thus is proved that 

If a pair of parallel lines (PQ, pq) cut a pair of lines 
meetine in a point (O), the ratio of the two segments (OP, OQ) 
made by one cutting line is equal to that of the corresponding 
segments (Op, Oq) made hy the other : and the ratio of this 
intercepted parallels (Pq, pq) is equal to that of the corresponds 
ing segments cut off hy them in either line, (OQ, Oq) or 
(OP, Op) ; the segments being measured all from O. 

This is easily remembered in a condensed shape thus : 

f 6] If pdralls. cut legs, 

vi. segs. is vi. s^s., 
^And vi. (parall. cutters) is vi. (corre. s6g8.): 
* Measure the segs. from me^t. of legs. 

Here vi. means quote of^ as in [5^]. Segs. stands for segments. Corre, 
is Corresponding ; meet, for meeting. 

You are not to lay down PQipqBA Op i OP, I advise you to learn 
the mnemonic y?r«/, and to meditate afterwards with this tU your tongue^* 
end; for ready words are instruments of ready thought. 

14. You can now easily understand the proof of that 
most renowned theorem of Pythagoras, {Euclid, i. 47) on the 
discovery of which he is said to have sacrificed a hecatomb. 

Let ABC be any triangle right-angled at C: let CD 
be a perpendicular from C on AB, the 
hypothenusCy or side opposite the right 
angle, meeting that side in Z). Cut off on 

AB, AC=AC, and on AC, Aiy^AD. 

Then joining C'ly, we see plainly that the ^ '^^ 

triangle AUC^ is the triangle ADC turned face downwards, 
so that AUC is a right angle like ADC and ACB^ where- 
fore UC is parallel to BC, both being at right angles to 
the same line AC, Because the parallels BC and Z/C cut 
the legs AC and AB [q, 

AC AB 

AD'" AC 

or, since ^D = ^D' and ^C=^C', 

AC AB 

AD" AC' 

whence, multiplying these equals by AC, AD, (read AC times 

AD), 
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(a) . AC.AC^AB.AD. 

We have here proved, that if in any right*angled triangle 
Z> is the point in which the perpendicular from the right 
angle C meets the hypothenuse^ the squared lengUi of the 
base JC is the product of the lengths of the hypothenuse 
AB and segment AD adjacent to the base. This will there- 
fore be true of our triangle when made to stand on the base 
BC, or 

(b) BC.BC^BA.BD. 

Hence, by addition of the quantities on the left of (a) 
and (b) and of their equals on the right, 

AC.AC + BC.BC^AB.AD-^AB.DB 

or = AB.{AD + DE)^AB.AB. 

i. e. {AC)' + {BC)' - {ABy, (c) 

or the square of the length of the hypothenuse AB is the 
turn of the squares of the lengths of the sides AC and BC. 
Hence if the sides about the right angle are 3 and 4, the 
hypothenuse must be 5 ; for 5' = 3' + 4* : 6 and 8 for the 
sides would give 10 for the hypothenuse. Every brick- 
layer knows that 6, 8, and.. 10^ will make a right-angled 
triangle. Suppose the two sides were each = 1 ; Aen 1* + 1 ' 

= 2, shows that {ABf = 2, or AB = J2. Thus you see there 
are lines which cannot be measured; for no fractional num- 
ber can be found that expresses the number of inches in 
the diagonal of a square whose side is one inch. By extract- 
ing the square root of- 2 you find for AB that diagonal 
1*41421356237 inches^ which is correct to the ten thou- 
sand millionth part of an inch, but not quite correct; in 
truth, the decimal has no end. The side of a square and 
its diagonal are called incommensurable quantities : no scale 
can measure both ; no number can express what part one 
is of the other. 

Richard : — But suppose that two divisions of my scale 
happened to be exactly the length of the diagonal of a 
square : surely 2 would then express the length of it ? 

Uncle Pen, : — It wouli : but you would not be able to 
measure^ or even exactly to calculate the side. 1£AC and 
BC are supposed equal, and AB^% as you propose; our 
equation would give (^C)» + (^C)' = 2", or 2(i4C)»-4, or 

{A.Cf = 2, or AC ^ J^i a number incommensurable with unitv. 
Bat although we canncrt: measure or write out correctly 
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such a quantity as ^2, it is nevertheless a number ; and we 
can write down a symbol for it^ and reason correctly about 

it. Thus Ji is such a symbol, and if we say, let -4C = J 2, 

or let PQ = Jz ; AC or PQt is such a symbol, and we can 
reason with it, as accurately as with an integer number. 

By our suppositions thus far, our symbols {AC)^ {A^y 
&c. stand for numbers of inches in certain lines : ^and the 
conclusion {ACf + {BCy = {AB)* is an assertion about 
numbers only. Let us repeat our argument about the 
square of the hjnpothenuse, putting all through for AC 
AC. I, for BC Be,! &c., ana let /denote a linear visible 
inch; then JC/ denotes AC times such a visible line, and 
becomes a line, although ^C is but an abstract number. 
The conclusion (c) above, will be modified thus, 

AC.I.AC.I+BC.I.BC.I^AB.I.AB.I 

being =A^B.I (AD .I + DB.I), 

or {AC.iy^{BC.iy=^{AB.Ty (cO 

Since / is no number, but a line, P is no number, but a 
unit line multiplied by itself; and in like manner {AC . /)* 
is a line multiplied by itself. This has no obvious mean- 
ing; it must be defined; and it is in our power to g^ve 
it any definition consistent with the operations of our arith- 
metic. We shall define a line multiplied by another line, 
to be a rectangle, or riaht-angled parallelogram, whose ad- 
jacent sides are the two lines: then /' is a square inch, and 
(AC.iy is the square upon AC inches. The last equa- 
tion is now an assertion about square spaces, and affirms : 
that the square upon the line AB is an area equal to the 
two squares on AC and BC. There is nothing to hinder 
us from interpreting equation (c) at once to mean the same 
thing without introducing the linear unit /, if we bear 
in mind the definition just given of the product of two 
lines. In future, when we are considering certain points 
A^ B, C, D..., we shall take the symbol AB to represent 
either the line drawn from A to By or the number of inches 
m that line. Arithmetically viewed, the line and the num- 
ber are the same. If A represented a number, instead of 
a point, and B were also a number, AB would mean A 
times By a product of two numbers ; but we know always 
whether a symbol A or B stands for a point or a num- 
ber, and there can here be no confusion. When ABCD 
are points, AB . AD may be either the product of the two 
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nambers AB and JZ>, or the righUangled space AB inches 
by AD inches^ according as we consider AB and AD to be 
numbers, or visible lines ; and the same may be remarked 
(£AB.CD. 

The square upon the hypothenuse of a rtghf^angled tri- 
angle is equal to the sum of the two squares upon the sides. 

This is the famous Theorem of Pythagoras. By the square upon a 
line is meant the square whose side is that line : remember that there is no 
hypothenuse, where there is no right angle. 

If we put qua. for quadrate or squared ; and poth. for 
bypo^Aenuse, this proposition may be fastened to the ear 
and to the tongue in the condensed form following : 

[7^ qua. p6th. is both qua. sides. 

sqttareA hypothenuse is = both the squared sides, 

15. By (a) above 

(ACO'^AD.AB (a) 

and (AC)' = (AD)' + (DC)' by [7], 

since the triangle ADC is right-angled at D, Wherefore 

(DC)' + (ADy = AD . ABy whence, 

subtracting (AD)' from both sides, leaving equal remainders, 
(DCy ^AD.AB-'(AD)' = AD. (AB - AD), or 
(DC)' = AD.DB. (d) 

If you multiply together two numbers and then find the 
square root of the product, this root is called the mean pro- 
portional between the numbers : thus 6 is the mean pro- 
portional between 4 and 9, because JlnTQ = 6, or 6* = 4 x 9. 
This root happens to be commensurable (with unity) ; but 
the mean proportional between 5 and 9 is not, and can 

only be expressed by the symbol J 5 x 9, or J^. These 
are called mean proportionals, because of the proportions 
4 : 6 :: 6 : 9, and 5 : J^ :: J4i5 : 9; both which are true 
by the Rule of Three. 

As (d), (a), and (b), give 

DC^jAD.DB, AC=^JAD.AB, and BC = JBD . AB, 

we see that the perpendicular CD is the mean proportional 
between the two segments AD and BD, which it makes of 
the hypothenuse; and either side, AC, or BC, is the mean 



24 FIRST HNEMONICAL LBSSONd. [§ 15. 

proportional between the faypothenuse, and that one of thes^ 
two segments^ which is adjacent to itself. For what is true 
of the proportions of the lengths of lines in numbers is true 
of the proportions of the lines. This proves the following: 

In any right-angled triangle, the perpendicular let fall 
from the right angle on the hypothenuse is the mean pro-- 
portional between the segments into which it divides the 
hypothenuse ; and either side of the triangle about the right 
angle is the mean proportional between the hypothenuse 
and that so-made segment thereof, which is adjacent to that 
side. 

Let us put mean or mea. for (mean proportional be- 
tween), and per. for perpendicular, and path, as in [[7]- We 
may say 

p^r. on p6th. is mean segs ; 

[|83 and side is m^ (poth. nigh seg.) 

side means either side ; nigh aeg. is the segment adjacent, 

£x. 1. OPQt is a triangular field whose sides are OP 
= 1000, 0Q= 840, QP = 380 feet Oq being 300 feet, what 
is the length of the line qp crossing the field parallel to PQ^ 
and what is the distance Op ? 

The solution is obtained from f 61. Equations B and 
Bb, page 17, give pg = 135J feet, and Op = 357J. 

Ex. 2. The perpendicular on the h3rpothenuse is p, and 
one segment of the same is s : what are the sides of the 
triangle? 

By [[8] and equation (d), the other segment is p*:*, so 
t hat the hyp othenuse is # + p*:#. By [|7j the sides are 

J^ + p* and Jp^ + (p':*)". If p = 3 and * = 1, the hypo- 
thenuse is 10, and the two sides are ^^^0 and a/To. 



"N 
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LESSON III. 



16. I SHALL now propose and solve an entertaining pro- 
blem. OX and OY are lines 
ID the same plane in a dense 
and extensive forest. Two 
points pq mark one line, and 
two points PQ mark another^ ^^-^ 
which are to be central lines 
of two level roads to be made 
in the same plane in the forest. A third road is to be formed 
in this plane also, parallel to the line OYy from the inter- 
section of the roads pq, PQ. 

The engineer requires to know where the third road 
will cross the line OX, and how far the crossing point is 
from the intersection of the other two roads pq and PQ. 

We can answer this by finding the point in which the 
line pq meets PQ ; the co-ordinates of this point, if our 
axes are OX and OF, are the lengths required. This point 
can be found, when we know the equations of the lines pq 
and PQ. Our first step must be 

Tojind the equation of a line from two given points in it. 
The equation sought is of the form (10) 

Ax-^By^Cy 1, 

and if Qti^i) (aray,) be the given points^ this must be true at 
both, whatever numbers A, B^ and C may be ; or 

-4a?i + -Byi = C 2. 

Ax^ + Bif2 = C 3. 

If we subtract the left member of 2 from that of ^, and do 
the same with their right members^ i. e. take equals from 
equals, the remainders are equals or 

Ax-^By-- Axi - jBy, = 0, or 

J . (or - a:i) + -B . (y - ^0 - 0, 

where the point is to be read, timely or 

subtracting B.{y^y^ from these equals, 

A,{x-x^ = 'rB.(y'-yi)., ... .4. 

B 
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Repeating both these steps with equations 2 and 3, 
instead of 1 and 2, we obtain 

^.(ar,-ar,) = --B.(y,-.y,) 5. 

Dividing the equal members of 4 by the equals in 5, 

for in 4 and 5, the quantities on the right have like signs ; 
therefore their quotient is not negative : this is evidently 



^-^i .v-.yi 



6. 



Multiplying these equals by (j/i ^y^, 

(yi-!/a) • («- «i) = (*i -««)-(^-J^i) 7- 

Or 6 gives 7 at one step, if you multiply by (dPi - d?a) , (yi - ^j). 
The assertion (7 - 3) x (4 - 2) = (9 - 5) . (8 - 6), amounts to 

7x4-7x2-3x4+3x2 = 9x8-9x6-5x8+5x6; [3]. 
and 7 gives 

y 1 ^ - yi^i - 5^8^ + ya^Ti = ar,^ - «,5f I - ar,,y + ara^i, whence 
'j^i — ^^2 + *i5^2 = ^ly "" *ay + *2yw or adding arjy to both sides, 

«yi - -ayt + ^a^ + *iy« = -"^ly + ayi.y„ 

and subtracting dTiy+oTsyi from both, 
ay I — xtfi + arj^ + Xit/^ — ^ly — x^i = 0, which is 
either x. {y^ -y^) + ar, (y, -y) + ^liy-yd = 8, or 

(yi -ya) "^ +y • (*» - ^0 - ^«yi + *iy« = ^> ^r 

(y»-ya) •« +(j?a -«»i).y = a?,ya--«iya» 9. 

which has the form, Ax + By—C I. 

The equations 6> 7> 8^ 9> ai'e all forms of the same equa- 
tion to the line required. We can see with our eyes, in 6, 
that the line passes through the points (xiy^ and (x^yg\ 
If we multiply the equal sides both by - 1, which merely 
changes the signs, for 

(j: — j?i) X - 1 = - a: + jfi = a:i — j:, 

Wehave'2Lll^ = ?lZ^ (g.) 
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Here x^ y^, still mean the yariables sy, the zeros being 
appended for the sake of symmetry and memory. If you 
put now Xi and y^ for x and y^ (6) becomes == ; if you put 
Xi and y^ for them, it becomes 1 =: 1. The equation is thus 
true^ it is satisfied, at both these points ; therefore the line 
represented by it passes through them. It was true also as 
it stood before ; giving = 0, and — 1 = — 1. 

Equation 8 is best remembered thus, putting x^y^ for 
the variables, 

^0. (yi -ya) + «i • Cy«-yo) + ^••(yo-yO = o (8). 

17* It is of importance to remember the form of 6 ; for haTine this, 
yoa have all the following forms by easy transformation, which wiu soon 
become familial. The forms 6 and 8 are easily retained from their sym- 
metry. We are informed by (6), that the quotient of two differences of y*s 
= the quotient of two differences of dr*s, the subindices being on both sides, 
10 aboye and 12 below. In 8 we see that jr times a difference of y's, thrice 
written, = ; the subindices being in order 012, 120, 201. These three 
terms are made by writing 012, and then carrying the first figure to the 
last place as often as possible, 012, 120, 201, 012, 120, &c. You cannot 
thus obtain more than three arrangements, by going round the circle, so to 
speak. To remember then these forms say, the quotient of diff*erences of 
fs is the quotient of difi^erences of jr's, with 10 over 12 for the subindices. 
This is (6). And for (8) say : Thrice written or difference of y's =: ; thus, 

*«(y-y)+*-(y-y)+*-(y-y) = 0; 

then go round the circle 012 for the subindices, 012, 120, 201. 

Let vt (divide) stand for quotient as in [5]' t let vi,D, mean quote of 
Differences. Vou may thus abbreviate (6), putting —duf for ivhindeJ^, & 
is for =, 

[93 ViD(y's) is viD(x's), read viD^teise, 

with 10 o'er 12— dexes: read ten o'er twelve. 

and thus 8; ter s thrice ; Di « Difference ; t« for s ; nil s ; 

tgr x'Di(ys) is nil, 

at 612 round, for gtl. ffU is ^iven fine. 

pronounce owe un two, vowel o for zero, un for unity, 

18r We have now to find the intersection of two given 
lines. 

They must be of the /orm*, (10), 

Ax-hBy^ C, (A) 

A'x-^-B'y^C; (B) 

and these will represent any pair of lines, when the known 
and proper values are put for the six constants. As equals 
multiplied by any number are still equals, 

A\ {Ax + By) = A% 

A.{A'x + B'y)^AC. 

B2 
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Read these. A' times (the sum of Ax and By) equals A'C, 
&C. Either of these mast be tme of every («, y) in the line 
represented : they are then hcik true of (X, T) the point of 
intersection* Patting then X and Y for x and y, and per- 
forming the multiplications indicated in the left members^ 

A'AX^A'BY^AC 

AA'X-^AB'Y=AC; whence by subtraction, 

ABY-A'BY^AC" A'C, 

which must be true, although we know not yet either X or 
Y; that is, 

{^AB — AfB) Y= AC— A'C, whence by diTisioo of equals^ 

B'A-BA'' ^^^ 

This gives us the value of Ftbe ordinate of the intersection, 
since all the numbers on the right are known : we have only 
to subtract C times A' from C times A, and divide the re- 
mainder by the difference {B^A minus BA') i the quotient 
is the value of F. It remains to find X; and this will of 
course be given by either (A) or (B), if we put for y in 
either the number F. But the symmetry of our equations 
will help us more expeditiously to the number X It is 
clear that in (A) you may put x for y, if you exchange B 
for A ; and in (B) likewise, if you exchange B' for A': this 
makes it highly probable that X may be put for F in (C) if 
B and ly be exchanged for A and A\ The probability be-* 
comes a certainty if you write 

Bx+Ay» C, (A) 

B'x + A'y = C, (B) 

and then repeat the above process with B for A, &c, which 
gives 

C B-CW 

A'B-AB'' 

It is important that you should remember the above value 
for Y; and you may teach your ear the following rhyme : 

QO] Cb Ax and By ; Cs for C =* 

Dot second li: 
Dt(C^'s hf Dt . (Bjys, (d6t outs.), is meeting F. 
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Yoa dot m accentyonr constaiiti ABC, for jour second Une, Differ- 
ence of (CAYs by i>t£(ereiice of {BAys^ diotting the outride letters u in 
if C), is the V of the meeting point. X is obtained from Y by putting A*9 
tot B% and ▼. ▼. 

The engineer's problem is now completely solved in 
general symbols; and all that remains is to put for ABC 
A'B'C their numerical values in the fractions that represent 
Y and X. These six constants are given in the equations 
to the lines pq and PQ; and these equations we can form 
instantly from {^93 '^hen the engineer has supplied us with 
the measurements that determine his four given points. 
Let p be (^i^i) and q be {x^^ ; and let the measurements 
be given in miles^ that is, let a mile be our unit of length. 
Suppose 

4P, =-2 =:0r, ^s = 0, 

5fi= l| = pr, y.= S-07. Thenby[9j 

*o-(yi - j^s) +^1- Cys-^o) + *>• Cyo-yi)=o, (8), 

or substituting 

«o-(l|-3)-2.(3-yo) + OOfo-yi)-0. 
Here «, = - 2, therefore + jfj =s - 2, and jpi .(ya-y©) = - 2(ya-yo). 
-5 





4 a?o + 2yo-< 


5 = 0; 


for-2x-yo = 2yo,[3J: 


hence 


-5 

4 ^0 + 2^0 


-6, 


by adding 6 to the equal sides ; 


and 


- 5a?o + 8^0 


-24, 


by multiplying both by 4 : (pq). 


or 


Aa-^B^ 


= C. 


(A). 



Thus - 5a: + Sy = 24, or ^- + « = ^> ^^ ^^® ^^® (P^)- 

Next let Q be (jt^i) and P be (a:^,) in (8) ; and suppose 
0?! = S-25 = Os, J?a * 3-9 = OP, 

i^i = -i-2=Q*, ya= 0. 

Substituting these values in (8) we obtain 
jfa. (- 1-2 - 0) + 3-25 (0-yo) + ^'9'(jfo + 1*2) =0, or 

- l*2a? + {3'9 - 3-25) tf + i>'68 =» 0, or 

- l*2x + '65y = - 4.'68, or muL by - 100, 
120a: - 65^ = 468, (PQ) 

A'x + -B> « C. (B). 
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mm mt 

This^ which is the same with — + -477= l^is the line PCL 

3-9 _468 ' ^ 

65 

Oar Y riOJ is ^57-j — =5-77 « —7; 

"- -* B'A-BA' -65x~5-8x 120 

468 + 24 X 24 1044 » 
"-65 + 8x24 *■ 127 " ^' 

This is the distance of the point of intersection of the 
roads pq and PQ firom the line OP, along a parallel to OY, 
being 8 miles and ^ of a mile. We find X from equation 
{pq) thus, by using this value of Y, 

1044 1044 

- 5X + 8 X — — — = 24, or, sabttacting from both 8x -tts , 

«.Tr «^ « 1044 

^5Z^24.8x_, 

^Y 3048-8352 5304 ^ ,. ... , . 

- 5A = — =— — - ; then diYiding by -5, 

5x127"" «35' 

this is the distance in miles from along OP to the centre 
of the road which is to cross OP. We could have found 
X also from equation {PQ[). 

19. Jane: — I have observed in the deduction of equa- 
tions {PQ) and {pq), and of (8) and (9) just now, that 
any quantitt/ can be transposed from one side of an equO" 
tion to the other, if care is taken to change the sign of the 
quantity transposed, and that this transposition is always 
either an addition or a subtraction of that quantity, per- 
formed in both members of the equation. 

Uncle Pen, : — Your observation will be quite correct, if 
you say any term instead of any quantity : a quantity so 
transposed must carry with it to the other side its multiplier 
or its divisor, if it has either. For the difference between 
a term and a quantity, look at equation (7); it has one 
term on each side, each term being a product of two factors, 
every factor being composed of two quantities tied by a 
vinculum. When the vincula are untied, which requires 
the indicated multiplications to be performed, the equation 



J 
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has four terms on each side, as you see in the step fol- 
lowing (7). In (8) you see three terms on the left; if 
you untie and multiply, you will have six terms in the 
left member of the equation. 

Let me now see^ Richard, "^irhether you can find the 
value of Xj corresponding to meeting Y of [10], by put- 
ting for y in equation (A) the expression for F. First 
transpose the term By ; then put Y for y, and next bring 
the quantities on the right to a common denominator. 

Richard: — I have done this, and I cannot succeed. 
I get Ax^' wj — joT ^5 which means 

. CRA - CBA' - BC'A - BCA' then dividing both 
^'^■" B'A-AB' ' by^ 

CB'A - CBA' - BCA - BCA' 



x = 



ABA - AAW 



This is not the value X that you found ; where is the 
hlunder ? 

Uncle Pen. : — You are correct in the first of these three 
equations; the second is not what the first means. You 
are right in saying 

{CB'A - CBA') = CB'A - CBA' ; and wrong in saying 

- {BCA - BCA') = - BCA - BCA' ; 

for this lower term on the left, when untied^ must have a 
sign contrary to that of + (BCA — BCA') or to that of 
BCA - BCA'; I e. it must be --BCA + BCA\ Make the 
correction, and your numerator will then be divisible by 
A, and a: after the division will shew its true value. Con- 
sider this : 

5 + (2-5)-(7-S4.2 + l-6)=5 + 2-5-7 + 3-2-l+6=l. 

The first + on the left is the sign, not of 2, but of the tied 
or the vinculated quantity (+2 — 5); the second — is the 
sign not of 7, but of (+7-3 + 2 + 1-6). When these 
terms are untiedy the signs of the ties or vincula disappear : 
and the rule is ; when you untie a term preceded hy the sign 
-, you must change the sign of every quantity in that term. 

As you are a careless boy, Richard^ I shall require you 
to repeat the following bad rhyme : 
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Q 1 [] After minas untyin' 

Change every sign. 

Jane: — That was a pretty device, by which you got 
rid of a: from the equations (A) and (B), (18) ; by a pair of 
multiplications and a subtraction — so short and simple! — 
and then a division equally simple compelled the y to show 
himself. How surprised he must have been, after see- 
sawing with his friend x through the whole scale of num- 
bers, to find himself alone, and nailed to a certain value ! 

Unxile Pen, : — You will not fail to observe that this suc- 
ceeded only with the supposition that x and y had the same 
pair of values in both equations : this being supposed, we 
eUminaied, i. e. expeUed^ x. You will have occasion, if you 
pursue this study, to admire still more the devices of e/imt- 
n<Uion. 

It may happen that B'A^BA' in (C); this gives y= 
infinite, and X also : so that the point of intersection is at 
an infinite distance. Show from this equation and from 
(A) and (B), by division, that these lines are parallel to the 
same line, when B'A = BA\ 
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20. Let ABba be any rectangle, whose base is Aa^ and 
altitude hai and let ACca. AC (fa, , _, 
be any parallelograms having the 
same base Aa, and lying within the 
fiame parallels, Aaf, Bhc. 

Def. The altitude of a parallelogram or of a triangle 
is the perpendicular let fall from an angle on the base or 
base produced. 

As Cf^ cf = AB^ by Prop. C. [2], AB is the common 
altitude of the three parallelograms. 

Because Bh=^Aa^Cc^ CV, by [21 Prop. C, BC = he, 
and Bcf = bO ; and since aft = AB, and the angle ABC^abc, 
the triangle ahc will exactly cover the triangle ABC; and 
ABc' will cover abO. Denoting triangles by three and 
quadrilaterals by four letters ; 
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ABC = abc, ABc' = abC, 

ABC - 6dC = abc - hdC, CBAa = CBAa, 

ABdb » Cdac, then by addition, 
ABdb + -4^a = Cdac + ^^, -4 J56a = CAcu/. 

ABba = C^ac. 

A. Parallelograms (CAac and C'Aac')^ which have the 
same base and altitude, are equcJy being each equal to 
(ABba) the product or rectangle of that base and attitude : 
vid. definition in (14). 

Let ABC be any triangle, whose base 
is AB. If AD parallel to BC be drawn 
to meet CD parallel to AB, the sides AD 
and DC are in order equal to CB and BA, 
and contain the angle ADC== the angle 
CBA by [;2] Prop. C; and the triangles ABC and ADC 
will exactly cover each other, and are equal. 

Hence the triangle ABC is half the parallelogram A DCB, 
and its area is half the product of AB and CH, CH, ± 
on AB, being the altitude either of ABC, or of ADCB. 
We have thus proof that, 

B. The area cf a parallelogram is the rectangle {or pro' 
dud) of its base and attitude ; and the area of a triangle is 
half the product of its base and altitude. 

Prob. To divide a triangular 
plot of ground ABC^ whose area is 
H square feet, into halves, by a 
line through p a point of die side 
AB. 

Let pB = h feet, pB being not less than pA ; then if we 
suppose the thing done, and that pa is the line required 
to be drawn, we know that ^ x ^ (altitude of q from base 
AB) is the area of pqB ; call this altitude i/ ; we have 
the condition ^.hy =s^.H ; giving u = H:h, by division of 
equals by ^ A. l^his fraction H'!h is the number of feet, 
yt in the J. distance of q from the base. If we can draw a 
X through A, p, or B, of the length y feet, and through 
its extremity a parallel to AB, cutting AC in m and BC in 
q, either of the triangles pqB or pmB will contain half the 
area of ABC. 

Richard: — ^I think the shortest way to do this would be 
to make a right angle at A and another at B, by the device 

B5 
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that Pythagoras, as I suppose, first taught to the brick- 
layers ; then measuring y feet on my two perpendiculan^ I 
should readily draw the line mg. 

UncU Pen. : — You will observe that an area is always 
given in square units ; and if I speak of the area H, I always 
mean H square inches, unless a different measure is expressly 
named. The value of y would be perhaps more lumi- 
nously written 12y . /= H. (12)'/" : (A . 12/), where / is our 
linear unit, as in (l4). 

21. Let the point 
P be (j? -^ /, y =fl), and p^ be (xi * Oq^ y^ = mlgr,), 

Pi be (a?,= Og„ ya=^-qip^, and /I, be (x,=: Oq„ y^=^ - q^^^, 




the co-ordinates being rectangular^ parallel to the right 
flxwOXand OY. 

Pm, = Qq, = O5,- OQ^ oTi - /; 

l>i»»i = Piqi - wti^i • JE>igi - PQ = j^i - a ; 
whence by [|7l the triangle Ppim^ gives 

(*.-0'+(y.-«)'=(Pi».)'j 

Read, the squared difference (or at 1 minus I) + ttte squared diffl {pi - a) 
equals (Ppi)', The subindices under a and ^ prevent confusion among 

Pm^ = Qg, = Og, - OQ = a?a- Z; 

for ^8 = - gap,, and + ^.p, = -y^ 
Also, 

(x.-0' + («-y.)" = (Pp2)", by [71 taking the A Pp,n^ 

Pzmz = wia^a + q^Pz ^PQt-^ qzPz^a-y^; for y, « - q^ 
(I - X,)- + (a - y,y = (Pp.)", by [7], A Pp,m^ 
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Now in the value of (Pps)*, (a -^a)" = (y,— a)* ; 

[(a -jr,)- (« -J^a) = a"-«j^a- y« a +^2' = (y. - a) . (y, -«)] 
which is merely asserting as in QS] (5) that -nx-n^nxn. 

Hence (PpO" = ('i-0'+ (5^i^«)"-(^«i)"+(»«iPi)'. 

(Pp.)' = (^a - 0" + (y. - ay = (P^,)" + Kp.)"> 

and generally, if r be the distance required between the 
point (I, a) and any given point (or, y), 

(D) r- = (*-/)» + (y-fl)«, 

is the square of the distance^ if for x and y be put their 
proper values with their proper signs. 

If («, y ) is the point (3, - 4), r" = (3 -/)"+(- 4 - of. If 
(ar,y)is the point (-3, 4),r"«(-S-/)' + (4-a)"; i^{x,y) 
i8(--S, -4), r'«(-3-/)« + (-4-a)S or -(3 + /)" + (* + «)' 
which is the same thing, because wi*=(— m)* by [^3]. If 
then r in (D) be constant, like / and a, and (x, y) be a variable 
point, the equation affirms that the distance between (Ji, a) 
and (x, y) is always r ; this is true of all the points in the 
circle whose centre is {l,d) and whose radius is r, and of no 
other points : therefore (D) is the equation to a circle^ whose 
centre is (x=l, ys=a) ana whose radius is r inches. 

This equation may be written in any of the forms, v, (22), 

x'-'^xl + l' + y'-^ya-^a'^r', I D 

a^-^y'-2lx'-^ay^r^--a'-P. J 

You should satisfy yourself by varying the position of P 
in the angles about 0, that (D) gives exactly the square dis- 
tance between P and (xy). If, for instance, P were the 
point (- '3, '4), 

(a: + -3)' + (y - -4)" =. r» 

is the equation of the circle whose centre is (- -3, "4), and 
radius r, / in (D) having in this the value - '3, and P being 
in the angle X'OY. 

Required the distance r between the points (2, 3) and 
(•3, - 4), referred io right axes. By (D) we have 

r« - (2 - -3)' + (3 + -4)" = (1 -7)' + (3-4)", 
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whence^ extracting the square roots of these equal quantities, 

» 
r = * ^2-89 + 11-56 = * ^14-45 = * 3-80131556. 

The sign >fe is introduced generally in the solution of such 
an equation as r" = ^, thus, r = * JN, to show that r may 
have either sign you choose to take ; for since m x m = m\ 
and —m x^m^n^, «* has either m or — « for its square 
root, and 14-45 has either + 3-80131556 or - 3-80131556 for 
its square root ; and 1 has either + 1 or — 1 for its square 
root : either root squared will give the same number. 

Every positive number has two square roots, rvhick differ 
■only in sign, 

Richard: — But how can r = ± 3*80131556 be a true an- 
swer to your question ? Can there be two distances between 
(2, 3) and (•3, —'4)^ one of them less^han nothing? 

Jane: — The sign ^^ has just been explained to signify 
that r may have either sign: you can choose which you 
please. 

Uncle Pen, : — There are many questions which can be 
solved only by the extraction of the square root^ in which 
the negative root is inapplicable to the problem : yet here, if in 
measuring the distance between two points you take the sign 
into account at all, the length between the point P and the 
point P' has as much right to one sign as to the other ; for 
if the direction is positive from P to P', it must of course be 
negative from P' to P. From D follows 

r=*V('-0* + Cy-«)'. (DO 

If a and b are the sides of any right-angled triangle, and 

c the hypothenusef c* = a' + b\ and c = =fc Ja'+b^: call this 
radical, or surd, poth, ab: and dismissing all thoughts of 
triangles and lines, let poth. ab. be our abbreviation of the 
arithmetical square root of the sum of the two squares a' and 
b' ; poth. ab, is a number, viz. of the inches in the hypothe- 
nuse of a right-angled triangle, whose sides are the lengths 
a and b in inches. To find the distance B between two points 
(•^o yd ^^^ {^xyyd whpse rec^flngtt/ar co-ordinates are g iven, 
we have the following rule, -B « ± J{x^ - x^y + (yi - ^o)* ; or 
to (Xi - Xo)*, the squared algebraic difference of the x's, add 
(ji " Yoft l^^ squared algebraic difference of the y's ; the square 
root of this sum is the distance required. lEquation (D') says, 
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[12] P6th.{Di(«/) DK(5^rf)}, pMii.dixfe. (jKx) a moDosyl. 
joins(ar'y) to {la), gy a iimjl. 

in co-ords. rScta. 

i.e. £he square root of the sum of the two squares, {Dtff. ('—/)}' and 
jJDiffl (y-a)}* joins the point (*,y) to the point (/, a), given in rect- 
angular co-ordinatex. 

Ohserve that the alaebraie difference (» — F) may be an arithmetical 
sttin, if jp and / have dinerent signs : thus if jr = 2, / s - 3, (jr—/) = 2 + 3 ; 
ifjr = -l, i=5, (jr-/) = - (i + 5), a negative sum. 

I>et DUQ, (pron. duck) stand for duo guadrata^ two 
squares^ then 

(D) (x - /)■ + (y - fl)« -» r" = rr, is a given circle. 

[IS] DUQ(Di(a:[) DUi^d)} pron, dixie ; Di= difference; 
Is r r', (in Recta) rr a dissyll. ; t> for = ; 

Gives circ. cSn {Id) : la a dissyll. 

i.e. Duo ^uadrata {Diffl (or ->/)!' and {Diff. (y-a)}> is rr; gives, m 
r«(;/angular co-ordinates, a circle wnose centie is (/, a); it is needless to 
add that r is the radius. 

22. The following are of great importance to he re- 
membered. 

(a+6)« = {a+6).(a+6)-:a«+fl6+6a+6» = fl«+6«+2a6 (a) 

(a-5)« = (a-6).(a-6)=^"-a6-6a+6« = aV&"-2a6 (b) 

(b+a){b^a)= b^-ba+ab'-a^^b'^a'. (c) 

From (a) we learn that the square of the sum of any two 
numbers is the two squares of the numbers -t- twice their pro- 
duct. Thus(4+5)"=l6+25+40=81. 
And we may write the same truth 
thus^ /being the linear unit, (4/+5/)* 
«l6/» + 25/' + 2x2a/'; which is 
evident to the eye, if ABDC he 9', 
Ae=4. From (b) we learn, that the 
square of the difference of two quan- 
tities is the sum of the two squares, minus twice their pro-* 
duct. Thus, (9 - 4)* « 9' + 4" - 2 X (9 X 4), as is visible in 
the figure ; for 5' = the whole 9', + 4" additional in the 
comer, diminished by (4" + 4 x 5) twice taken. In (c) we 
are informed, that the sum of two numbers, multiplied 
by their difference, comes to the difference between their 
squares. Thus (9 + 5) (9 - 5) = 9' - 5\ If BH = 5, the 
rectangle J£ x Ei^ « (9 + 5) x (9 - 5) = 9' - 5», evidently. 
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Let Qua. be owodrate or squared ; let 5orZ>, a monosyil., mean ^am 
or jDifference ; SorD(a5), Sum or Diif. of the two numbers (a and 6) ; 
let db be moL mote or /ess ; let le be lem or minus ; for DUQ vid. [13.J 
We can express (a) and (b) together, (a ± 6)' » a* + 6* ± 2ab, 

[14] (a) (b) QuaSorD(rf6) is D\JQ(db) mol two(db) i 

ab a monosyl. 

(c) Sum(6^f) . m.(bd) is Sq'.6 le sq. <f. 

pron. squibble aqua. 

The first line is (a) and (h). Square (Sum or Diff. of a and i) is the 
two squares of a and 6, db 2ao ; aft meaning always a x ft, unless otnerwise 
indicated ; + goes with Sum, — with Diff. Sum ( fta) means sum of ft and 
a, or (ft + a). Sq,b is «guared ft ; sq.a is ^guared a. The second line is 
(c). Sum(fta).Di(fta), written and uttered together, is Sum (fta) ^ime« 
Diff. (fta). 

23, When l = a = and r = 1, we have from (D, 21) 

the circle whose radius is unity and centre the origin. We 
deduce 

then^ extracting square roots of equals. 

When y^l, ^' = 1 and j? = 0, 
and the same when ^ = —1, which 
happens at C and D : when j? = + 1 
or — 1, a^^l and y = ; which is 
the case at A and B. For every 
value of ^* < 1, J? is et/^er square ^ 
root of a positive number. 

Thus j^ = ~ gives a: = ± ^1 -- 
= ±a/--=— ^ =±'94»2809; as at m and n, supposing 
Am = Bn = --. The same values of ;r arise from putting 

1 A '~ • 

^ = — - , When y > 1, or < - 1, y > 1, and a? = ^^ a/1 — y, is 

then <Ae square root of a negative number, an imaginarif 
quantity. Let y = 1*1 ; a;* then « 1 - 1*21 = - '79. What 

79 
number squared will come to —7^? No possible num- 
ber; for my,m, whatever sign m may have, must bez + m'. 
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This imaginary value oi x, when ^ >!, shows that there 
is no point of the locus at which y>l, or^<~l. 

Equation (D) gives by extracting roots of equals^ after 
transposition^ 

j: - Z = sfc Jr' — (y- a)*, or transposing — Z, 
d> ss ^d= ^r" — (y - fl)* ; and similarly 

Let the circle, (j? + •5)" + (y - 3)* = 0*49, be given for 
consideration. We see at once that (— *5, S) is the centre, 
and that 0*7 is the radius. We deduce 

a? + -5 = ± J'4i9 - (^ - sy, or 

ar = ^-5 =fc7-*9 - (y - 3)* ; and 

(y- 3) = .fc7'49 - (j? + -5)", or 

;y = 3 ± ;y-49 - (* + •5)*. 

If 5f = 0, ar = -i±/49-(-3)«=:-^*V'-8-51,anega. 

tive real number, added to an imaginary 
quantity ; such an x has no existence, and 
mis shows us that there is no point of G^ 

the circle at which ^ = 0, or that it no^ 
where meets the axis of x. 3? 



5" 



y=:3 gives 4? =» - '5 ± -7, [^ 

either -2 or - 1% 
x = gives y-S^ ^-24, either 3'4899, or 2'5101, 

a-= — - gives y = 3 =t '7 either 3*7 or 2*3. 

If wc untie in (D), we obtain by [|14] (Qua D (ab)), 

a:*-2ir + Z"+y- 2ay + a* = r". 

If we put for x any given value ar,, this is, by trans- 
posing, 

y-2ay = r'-jri' + 2/j:i-^-a% or, 

putting J^T for the known number in the right member, 
y* -- ^ay = -AT, from which we have to find the y correspond- 
ing to JP = ^Tj. 
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It is very convenietit to make such abbreviations, for we 
can at any moment find the value of N, by adding r* to 
9,lxi, and then subtracting (ar|* + /' + a') from their sum: 
this is all known; for I, a, r, «ndiXi, &re given. Innume- 
rable questions of great beauty and interest reduce them- 
selves to a result of this form^ 

in which a and JV are known, and v is the number whose 
value is to be found. This is calledf a quadratic equation, 
containing 1^, y quadrate, the square of the unknown quan- 
tity. To solve this, that is, to find from it the value or 
values of ^, add a' to the equals, thus making sums still 
equal; 

y* - 2ay + a" = N+ a\ 

The left side is ' DUQ,My less Zay,* and is therefore by 
[U], 'Qua D.(ay); or (y-fl)»; Le. 

(y — ii)" =* JV + 4i' ; * whence extracting 
the square roots of these equals 

y — a-^ JN + a\ or, adding a to equals, 
y = a^jN+a'; 

whereby V is given in known quantities, and has plainly two 
values, wnich can be found by extracting the square root of 
the number (iV+a'). This is the result before obtained; 
for putting for N its value, 

y r= a^Jr*'-{x,^^Zlxi + /•)-«« + «■ or by [14], 

24 If then y be any quantity of which we are in 
search, and we know that the square of y, less twice the 
product of y and any known number a, is equal to any 
known number j^, we obtain two values of y, called the 
roots of the equation if — ^ya — iV= 0, by simply adding in 
turn to a the square roots, positive and negative, of (a' + N). 
This may be thus remembered, putting sq.y and asq. (pron» 
squi and ask) for « guared y and a ^ giiare. 

[1 5] If sq^f le two yd be ^, ya a monosyL 

y's d mol R60M dsq N', vid. mol. le, in [W]. 
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M, like S, will often stand conveniently for SuM. RooM is the square 
Root of the suJIf of the two indicated quantities (a\ N), If N is nega- 
tive, KooM is in fact the root of a difference. 

If jou should forget the proof of Ql 5^, reason thus for a 
moment upon it. If the assertion y^a^ Jd' + N be true^ 
then must ^ - a =« ± J a* + jV, by subtraction from equals : 
and the squares of the equals last written must be equals or 
(y-o)*=a' + iV, which is by [^14] 'QuaD ab' (or QuaD ya), 
f - 2fly + a" = a" + JY, whence y* — Sty a = -AT, as it ought to be. 

Thus the equation 3<"- 5< - 11 = 0, is by transposition 
and division 

<*^|/ = ^; of the /brm <•- 2a< = iV; 

5 11 

t is here the unknown quantity y; fl = ^* ^^~^ » whence 



^ o /25 . 11 



5 



T.. 25 11 25 + 12x11 157 157 ^, ^ 
^^^ Sg-'T^ 36 -36 ^W '^^*^ 

,5 /m _ 5^JT57 

6 V e« ■" 6 

for you know by arithmetic, that the square root of a frac- 
tion is the quote of the roots of its numerator and denomi- 
nator. Before the solution of a quadratic can be obtained 
by the formtda ^15], it is necessary that the square of the 
unknown should have the coefficient unity; ana we accord- 
ingly had to divide the above equation by 3. From 

at^ — et^c comes 
<"--/ = -> whence by £15], /^ for our a\ 



2a 



A? c e ,J^ + 4gc 
V 4? "*" a ■" 2a 2a ' 



« «• c ^^ 4a. c e* + 4ac 
4a*'*"a""4?'*"4a7S"" (2a/ 
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LESSON V. 



25. Required a number such thai ike sum of it and Us 
reciprocal shall be 3. We can ialk abaui the number eren 
while it is unknown^ if we give it a name : call it the num* 
ber y. Then it must be true that 

^ + ~ = S, or multiplying equals by ^, 

ff'+l^ Sy, or transposing 1 and 3y, 
y~Sy«-.l oftheformy-2ay = ^; 

here our a«- and 2V=-1, so that by [15], 
•^ 2 V 4 ^ 2 V 4 ""2 2 

S + JE s-Js . 
= — ^ or — ^, i.e. =2-618034 or 0-381966. 

You may take either of these values for the number sought ; 
the other is its reciprocal ; and you see that 2-618034+-381966 
= 3. At first sight you would not have suspected that these 
were reciprocal numbers; but we can easily test the matter. 

T- 3 + 75 2 . 

« — ^^ F, »t must follow that 

S + j5= p , and multiplying equals by 3 - Jl, [14 c], 

3»-(V5)" = 4 or 9-5 = 4; which is true. 

I prefer the more general question^ To find a number 
such that m times the number added to n times its reciprocal 
shall give a sum equal to r. And you shall choose your 
own values for m, n, and r. All that I have to do is to say 

my + n-^r^ then as before multiplying by y, 

my' + n = ry^ whence by transposition, 

my ^ry = -^ny and dividing equals by m, 

a ^ n 
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Here a^r:2tny N^^mmy and by D5] 

^ r / r" _ » _ ^ **» V*"* — 4ffin 

If you fix on the values r^^S, w = 1 = w, you have the pre- 
ceding problem and solution. If you choose m s 1 = n^ r ~ 2, 

[ you obtain y = ^^ = 1 sfe 0. Here is but one value of 

y, which however solves the problem ; for unity added to 
» its reciprocal gives 2. If you choose fn = Z, n ■> 2^ r » 4, 
you obtain y» 1 ±0 again; and it is true that 2*1 +2:1 s 4. 

If r « 8, »i« 8, and « « 2, you obtain ^ = 3 ; and it is true 

that iii.- + «.2 = r. 
2 

In all these instances the radical vanishes, because 
r* = A^mn, and there is but one value for y, which is n2m. 
If you take the case of»i = r = n = l, you obtain 

l=fc^/l-4 ^ 1«fa7-^ 
^~ 2 "" 2 ' 

two imaginary values^ far J-^S has no real existence. This 
shows that there is no number such that ^ + - s 1, or such 

that the sum of it^ and i ts rec iprocal, is unity. If r = 1, 

l±Vl' + 4 I+J5 1-^5 . 

fli = l, n = -l, y= ^^^ ^~2 ^^ ~2 ' ^•®' 

= 1-618034 or -0-618034. Either of these added to - 1 
times its reciprocal, gives unity for the sum. 

Given LM a line A inches in length; it is required to 
divide it in a point P, so 
that the rectangle under 
the line and one part 

shall be equal to the square _________^ 

0/ the other part, ^ u p m 

Let the greater segment LP of the line be v inches in 
length ; the other will he A —if inches. And if / be the 
linear unit, the condition is (LPy = {LM) x {PM), or 
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i. e. yj* = A^P - AyP^ whence by division of equals, 

ij'^A^-Ay, or 
^ + Ay^A^i which is 
y ^^.ya^tf, if a = - ^^ and ^ = A*; we have then Ql5] 

^=-2Vt^^^-^^" Vi= ^2 

\i A^\, y^\{r\^ 2-2S6068) = 'eiSOS* or -l-eiSOSi. 

These are the roots of ^ + v = 1 ; those of ;y* — ^ = 1, found 
above, differ from them only in sign. If hM = 1, and XP 
*= •618054, the square on LP (LPlp') is equal to the rect- 
angle LM X MP (LMpm) ; (supposing LP^= LP, and Mp 
^MP,) There is a second value of v, and therefore a 
second pointy (Q) in which the line Liu can be cut so as to 
solve the problem ; but the distance of Q from L is of the 
opposite sign to that of LP^ and must be measured in the 
opposite direction. If LQ-- 1*618034; the square o£ LQ 
<= the rectangle LM x Md The segments made are in 
either case measured from the point of section to the ex- 
tremities of the given line PL, PM, and QJj, QM» This is 
Prop. 1 1 of the second book of Euclid's elements. You will 
find no difficulty in proving any of the 10 preceding propo- 
sitions. Thus the 10th merely affirms that 

(2a + by + ft* = 2(a+ 6)' + 2a", 

the truth of which is evident if you attend to [14tJ^ about 
QuaS(a6). 

Jane: — Richard solved mentally last week this question: 
To find a number such that the square of it added to its 
half shall = 18. Suppose 17 put in the place of 18; could 
you solve the question? 

Uncle Pen, : — ^It is too easy only. I prefer finding a 
number y, such that^ 

i.e. such that m times its square 4 n times its half shall be 
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equal to c;m, n, and c, shall have any values you may think 
of. Dividing these equals by m, 

!/* + — .?=» — ; which is 
ifo = ' — . — = — T— * and JV= — . Hence by V\!>\ 



_ " -I- / »* c 



In your question^ »i = l, ii=l, c— 17; so that by sub- 
stitution of these values, 

^-"i^^V T6^^'^"~4'^V "16 4 

-= + 3-8806779. or -4-3806779, 

either of which numbers^ squared and increased by half 
itself, will give 17» Richard's answer was 4 ; let him find 
the other value of 1/, corresponding to c = 18^ and he will 
have comjdeted his solution. 

If you demand a number such^ that thrice its square, 
diminished by four-^fiflhs of its half shall be two; we have 

4 

and we obtain from the same expression^ 

4 

^ IJ^ V Vl5/ 3 15 V 15" 15 

= 0-8858803, or - '752547. 
To verify this^ 

3 X (-8859)" = 2-35445643, and ~ of '^^ = 'S5^S6 ; 

5 2 

the difference of these = 2*0009643, somewhat too high^ 
because we called the first value of y '88 59^ nearly two 
hundred thousandths too great. Also, 

4 — '7525 
3 X (- -7525)* = 1-69876875, and - of — ^ -301, 

the difference of these is 1-69876875 + -301 = 1-99976875, 
somewhat too low, because we took our second value of ^ 
too great, i. Ci too near zero, by nearly half a ten thousandth. 
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26. Thus every qua dratic h as two rods: if the quan* 

tity under the radical Ja*-¥ N is negative, i.e. if N^ is 
negative, and > a", both roots are imaginary ; if the radical 
is real, both roots are real ; and if the radical vanisbes^ or 
o" + ^=0, which requires N~-a', both the roots are 
reduced to the same value y=a, which is the only case in 
which the roots can be equal to each other. If you add 
together the two roots 

^1 = + Jc^ + N, and if^^a — J a' + N, 

you obtain ^i + ^s = 2a, which fvith a changed sign is the 
coefficient or multiplier of ^ in the equation 

ff'-2at^ = N; 
if you multiply together the two roots 

^i = a + //a* + N, and ^, = a - ^a* + N, 

ou obtain ^iya = fl*— (a* + j^) Cl^II» (sqftlesqa, if b in 
14]] be put for our a here, and a in [[14]] for our radical 

a* + N), i.e. ^i^a = - ^, which is the absolute term, (term 
ree from the unknown y) with its proper sign, in the 
equation 

In any quadratic equation (y* — py + q = 0), of which all 
the terms stand in one member, the coefficient of (y*) the 
square of the unknown quantity being unity^ the coefficient 
(— p) of the Jitst power of the unknown (y) is, fvitk a 
changed sign, the sum of the roots of the equation, and the 
absolute term (q) is the product of those roots. 

[16] If nil be (sq.y le py' and q") vid. sq.y in [IS] and le. 

p's sum, and q is prod, of roo. 

nil for zero; product of roots, 

27* The equation whose roots are yi and y^s is 
and this is the same with 

neither of which is satisfied by any values of y except y^yi 
or y^y2y while both equations are visibly true for either of 
these values of ^. 

Hence, before we know the roots of ^'4- 6y + 7 = o, we 
are certain that their sum is -6, and their product +7. 
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: And we are certain of this before we know whether the 
equation has any real root at all. Thus the roots of 
J* — 6y + 10 = have a sum =* + 6 and a product = 10 ; but 
irom^yVS x3^ = -10 comes [|l52y = S±^9~10=3±,y^, 

both imaginary values : yet 3 +^^-1 added to 3 — tj^ gives 
+6; and 

(3V'-i)(5-V=i)«ft^D4] 

Jane: — It is a mystery to me that quantities which are 
; impossible and can have no existence^ should yet have real 
and intelligible properties^ should have a real sum^ and a 
real product^ exactly like two genuine numbers. It looks 
so like a contradiction. 

Uncle Pen, : — It would be a contradiction^ if these two 
imaginaries were said to have a sum and a product exactly 
like real numbers. Their sum may be real and their pro- 
. duct may be real^ but they must be incongruous, such as 
cannot possibly exist together as sum and product of the 
same two quantities. If you ask for two numbers whose 
sum is 6y and whose product is 10^ you ask for an im- 
possibility. 

You put your question thus: ^ — 6^ + 10 = 0; what 
then is y ? And the wonderful oracle of Algebra answers, 
jf = 3 db J~ 1 : an answer perfectly correct ; for if you square 
either of these values, then subtract 6 times that value^ then 
add 10, the result is zero. 

Jane: — So then whatever mystery or appearance of con- 
tradiction there may be here, it springs not from the answer 
of the oracle, but from the ignorance of the interrogator. 
His duty is not to cavil at uie response, but to go away 
ashamed of himself and wondering. 

Richard: — I should like to try the verification just 
hinted at of the truth of your Pythia's arithmetic. If 

J(* = (3 + ^/=^l)" = 9 + 2.3V::l+(V-l)«=:9 + 6^/=T-l, 

by [14] *QuaS,' 

-6j^=-6.(3 + 7=n[)= -18 -6 V^. 

so that 

^«_6y+10=:9 + 6iy^-l-18-6;y^ + 10 = 0. 

She is right* 
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LESSON VI. 



28. Uncle Pen, : — ^Not every equation containing x and 
^ in the second degree represents a circle. Terms of the second 
degree are As[^, Bxy^ Cy*. Terms of the third degree in 
X and y are Aa^, Bafy, Cjpy*, D^*. From equation D (21) 
we see that in the equation to a circle referred to right axes, 
j:' and y* have the same coefficients, and no term exhibits 
the product of the two variables. If then, the axes being 
rectangular, 

i4j:* + J5xy+C/ + Da: + JJ^+FfcO, is a circle, 

A and C must be equal numbers, and B = 0. 

The circle 
(E) 3x*+ S/+ 5jp + 6^-7 = 0, 

is by division and transposition 

j?'+/ + -j' + 25^ = -, or 

adding to these equals the squares of the half-coefficients of 
X and ^, 

(^ ^ ^ 5"^ /jr « ,«x 7 />• ,. 145 



or 



C»J (..D%c.,)-.^-(^J. 



The circle (E) has its centre at the point 



(^. -) 



and its radius is — /j— =2'0069S24. 



If we change + 7 for - 7 in (E) it is no longer the same 
curve, and the result is 



(..DV(,.,,.(>^^-, 



the radius here is imaginary ; therefore this circle has no 
existence, and there is no point (x, y) that wiU satisfy 

3x*+Sj^+5a? + 6j^+ 7 = 0; 



^29.} 
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]. e. there al*e no two numbers possible, 4; and y> such that 
thrice the sum of their squares, added to 5 times one num- 
ber 4- 6 times the other, shall be equal to — 7* Show now 
that 

3j^ + 3i/* + '5x + -Gy - 7 = 

is a circle whose centre is 

(-— , - — ) > and radius = V5306157, 

and that this locus becomes impossible if the absolute term 

be + 7* or if it be any positive number >t5j^- 

(> means greater ihan). 

The equation to a circle^ referred to rectangular cO" 
wdinates, can always he reduced to the form, 

(x-by+iy-ay^f', 

by the method above employed in reducing equation £. 
Hence the co-ordinates of the centre, and the radius of the 
circle, can always be found from its equation. 

29. Look again at the circle whose centre is the origin 
oi right axes, and radius. = r. I ts equation (28) is a;*+y*=r*, 

whence follows a? = =*= ^/'^*^-p• 
This affirms that the two values 
of X determined by any given 
value of y are equal and of 
opposite signs. If y be the posi- 
tive length Om, measured on 
OY, the corresponding points 
of the circle are found by draw- 
ing pmo parallel to OX. Then 
the ordinates qQ and pP are each = Om, [[2] ; and the 
values of x are O Cj and O P, the first being + ^r"- Om? 
and the second — Jr^ — Om^. Hence mq and mp by |[2] are 
equal, save the sign : in other words, the chord pq is bisected 
by the perpendicular Om let fall on it from the centre. This 
may be any chord ; for Om is any length less than r, and 
our axis uX may be any line through 0. Hence we can 
affirm: 

The perpendicular let fall from the centre of a circle upon 
any chord of it bisects thai chord, (a) 

C 



r 
"F ^o aH "It 
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Aa^ + Ai^ + Ey = 0, or, putting - T for E\A^ 
(G) j:" + ^' - r^ = 0, is simply 

by adding (^ T)' to the equal sides. 

This is therefore (the axes still rectangular) a cirde having 
its centre at (0> 4- \ T)y and radius = ^ T. Y^^ transposition 
and extraction of equal roots^ 

which shows that T and y must have like signs, otherwise 
both—y' and + Tu would be negative, and x impossible. 
When +2'^ = +^, ory«+T, « = 0; when -^Ty^^y 
X has two values^ which are equal but of contrary signs : 
as y approaches to the value zero> the values of x continuaUy 
approach zero from opposite sides; when y = 0, x = ^Oy 
or the two values of x coincide at zero. 

These considerations supplied by the equation, reveal 
the position of the circle (G): the axis of x, on which lie 
all the points having y=0 (ll)> 
meets the circle (G) only in one 
point, : and the circle will lie en- 
tirely above or entirely below OX, 
according as T is positive or nega- 
tive. The line OX is said to be a 
tangent at or toucher of the circle^ 
as is every line which meets it in 
one point only. The point is 
here the point of contact. The or- 
dinate i X , » — \EiA, of the centre is perpendicular to OX, 
and passes through 0; and since, by drawing our axes 
accordingly, OX may be any tangent, we can affirm : 

The perpendicular on the tangent of any circle let fall 

from its centre passes through the point of contact/ or, the 

line drawn from the centre to any point of the circle is per^ 

pendicular to the tangent at that point; or, the tangent of any 

circle is perpendicular to the radius of contact, (b) 

To remember this and (G) from which it is proved^ say, 

[17] DUQ(y'4r) is Ty' 

Has tan. nil's y' : pron. ( wix^ vid.DUQ [13] 

(a) Rad per'p on ch6r.'s biCh6r : P'^"- **^ »• •* ^' *' *" ^ 

(b) Touch-r'ad is per' on t^ : 
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i.e. the circle y* + Jr* = 7V> ( 6) has the tangent o^y, or OX, (11) ; (a) 
the raeRua perpendieidai an any chord is the frtaector of the chora; (b) 
the touch-nuHvLSy or rad. of contact, is /)erpendicular on the tongent. 

Observe that every curve whose equation has no term 
free of variables, no absolute term, passes through the origin, 
(0^ 0) being evidently in the locus. The equation 

H. Af + AjB^ + By + C^O, 

or by division of both sides by A, 

is by addition of (^BiA)' to both sides 

(y+iB:Ay + {x-^ 0)* - i B'lA* - C:A. 

This is a circle whose centre is in the axis of y at 

fzero, -^B:A), and whose radius is ^ {B^iA'-^C-A)^. The 
circle <us* + ai^ + bx + c = has its centre in the axis of ^« 

30. The triangle Opq in the last figure but one, having 
the equal legs Op, Oq, is called an isosceles or equal-legged 
triangle. If it were folded along Om, the perpendicular on 
the base pq, the portion Oqm would exactly cover 0pm; 
for the angles at m are equal, being right angles, ana by 
flTy a^ mq = pm. Therefore the base angles Oqp and 
Opq are equal, as are also the two angles mOp and mOq 
into which the vertical angle is divided by the perpen- 
dicular on the base. Hence ; 

In an isosceles triangle the angles at the base opposite to 
the equal sides are equal; and the perpendicular on the base 
from the vertex bisects both the vertical angle and the base. 

Let a, b, c, be the sides of any tri- 
angle; then the angles A, B, C, in 
order opposite to them, are to be called 
for ear-memory's sake Ang, Bang, 
Gang. The perpendicular on the base, Cd^ may be called 
perc, per. on c : the bisector of the base, C/, may be styled 
bic, bisector of c ; and Ce, the bisector of the vertical angle 
C, may be called biCang^ 6tsector of Cang. Then say, 

[18] If a's b, An'g is B4ng ; 

and per'c is bic' is blCdng« 

If in any triangle, a=b, then AssB; and perc, bic, and biCang are 
all one and the same line. 

C2 
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Jane : — ^It appears to me that the most difficult paft of 
this and all the preceding lessons is tke arithmetic : the rea« 
soning is all simple enough to follow^ if one can only suc- 
ceed in remembering it lul. 

Richard: — Do you call the arguments about, imaginary 
quantities so simple ? As to the rememberings I have little 
fear about that: these mnemonics are nothing compared 
with Greek conjugations and dialects. Try As in prassenti 
and the verbs in fit. 

Jane ;— You have such a taste for hard words, and such 
a memory for any thing like rhymes^ Dickon* By all 
means astonish the rustics some fine morning by empha- 
sizing these mnemonics along the fields, as you did the other 
day by spouting Homer ! 

Uncle Pen, : — If Richard had as much talent for Science 
as for languages, he would not require these ranemonical 
aids ; no mathematical genius needs such assistance. Take 
some pains to master Uiem, my dear Jane, and you will 
save your time, of which you have very litde to spare for 
mathematics^ a study in which I should be sorry to see you 
deeply engaged. 

Some of the properties which we have been just proving, 
seem almost evident enough of themselves without learned 
demonstrations. I shall next introduce you to something 
which you would have lived long enough without ima- 
gining. 

31. Let adb be any arc of a circle 
whose centre is e: and let the chord ab 
be the common base of any two triangles 
ac6, ac'b^ having their vertices in the re- 
maining portion of the circumference ac^cb. 
Draw the radii ea, eb, and the diameters 
dec, d'ec\ Then are aeb, </eb^ aec', ceb^ 
cea, all isosceles triangles. By Prop. D, and Ql8^ the fol-* 
lowing are true of the four external angles dA, dea, Heh, 
dfea, 

deb = ecb + ebc = Zecb^ dleb = ec'6 + eb(^ = 2«/^, 

dea =eca-^ eac » ^eca ; iea = ec'a + eai/ « 2ec'a ; 

.•, deb + dea'^2.{i^b-hecd), .•. <f ea — (f e6 «= 2 (ec'a — ec'i),- 

or adf^^.acb; aebs=2ac% 

That is, since c or c' may be any point in the arc ac'cb t 
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(a) In any circle the angle (aeb) at the centre, standing 
vpon any arc (adb) t> double ^ any angle (acb) at the circum^ 
Jerence standing on the same arc (adb). 





When the arc adb is a semicircle^ the angle aeb is two 
right angles, being =s aed + deb^ (Prop. D.) The demon- 
stration about deb and dea remains still true^ and 

acb B ^ aeb = a right angle. 

(b) The angle in a semicircle is a right angle* 

(c) The opposite angles of a quadrilateral inscribed in a 
circle are supplements, Vid, Def. 7> (32). 

For their sum is that of half the arcs on which they 
stand ; i. e. half the circumference ; i. e. two right angle8« 

We shall see that the angle adf and the arc adb are 
expressed by the same number : numerically the angle at the 
centre upon an arc t^ that arc. You may say then, 

D9D Rim-angle on arc is arc-d^mi, (a^ 

And right is the angle in semi. (b) 

Le. The angle at the rim (= circumference) standing on any arc^ is the 
demi'^rc; semi, for semicircle. 

This and the following are among the most beautiful of 
the properties of the circle. Let P be any point without 





or within a circle whose centre is C, and let any line PAB 
through P meet the circle in A and B. Then drawing the 
radius CA = r, and CD perpendicular on AB, we have by 
[73 in the triangle PCD, 
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{PC)':=^^PDy+(CD)\ 

r'^(ADy+ (CDy {=(CAy}, whence by subtraction 

(PCy- r»= (PDy^ (ADy, which by [14, c] 

= {PD + AD).(PD--AD)=(PD+DBy(PD^AD) 

^(PD-^ADXPD-DE), 

because AD^BD, by [17> a];- that is, 

(PC)»-r« = PJ.PJ?, (a) 

PA being the sum, and PB the difference, if P is within, 
and vice versa, if P is without the circle. 

As this value of the rectangle or product PA . PB de^* 
pends only on PC, which is the distance of P, and not in 
any wise on the length of {CD) that of the line PAB, from 
the centre, it will remain the same value for every line 
drawn through P. From P without the circle, PA . PB 
^PA^,PB, = PA^.PB,^(PCy-r^. From P, within it, 
PA . PB^PA\ PB'== PA.PB^+f*- {PCy=- {{PCy-^ r«} ; 
for PA and PB, both measured from P within the circle, 
have unlike signs, and their product (PCy— r" given in (a) 
must have the negative sign. That tnis number (PCy—f* 
is negative is very evident, since r > PC. Every case may 
be represented thus, 

PB .PA=^^ {(PCy - H»} ; (a) 

taking the upper sign when P is without, and the lower 
when P is within the circle. If P is neither within nor 
without, (a) is still true, being then = 0. The product 
PB . PA changes sign in passing through zero. 

Let the distance (PC) of any j^oint from the centre be 
called poc, ( point... C); let tving mean radius for rhyme's 
sake, (it flies when revolving); let Seg.SiCg in P ring 
stand for (^e^gment x segment in any line through P cutting 
the ring); each segment being measured from P to the 
ring ; and let SUD stand for SUm x Difference, or Differ- 
ence of squares, of two indicated quantities; thus SUD 
(flx) is a«-af»=(a+ar).(a-x), [14, c] SUD (by) is (A'-y*): 
SUD (poc wing) = (^pocy^r\ Then you may say to your- 
self, 

[20] (Seg . Si%) in P - ring, pron. aggs^g. P ring a dissyl. 
Is mol SU'D (poc wi'ng), mol = ±. 
For P out or in ring. Pron. pout ; out with +, in with -.. 



§32.] 



I'lRST 2INEHONI0AL LESSONS. 



65 



Eemember that the two segments in (Seg.Sieg) are 
both measured from P in all cases. When P is widiout, 
the points A and B, or Ag and B,, may approach very near 
each other, till they meet in a point T, or (T'), which is 
then the point of contact of the tangent PT, and PA^xPB^ 
= {PTy, and PA.PB=^{PTy^{PT)\ whatever be the 
secant or cutter PAB* The same thing is evident from the 
equation PAxPB^ {PCf- r*, which is {PT)\ since, PTC 
being a right angle [17, b], (PC/«(Pr)' + »^- Thus is 
established that. 

The rectangle under the two segments cut off hy a circle 
prom a point P on any line through that point has a constant 
value, which is the product of the sum and difference of the 
radius and distance of the point from the centre. 

The rectangle under the two segments of any secant of a 
circle, both measured from a point P without xt, is equal to 
the square of the tangent from that point. 

The two tangents to a circle from any point V are equal. 



LESSON VIL 



32. As I have undertaken to show you the shortest 
way to practical and applied Geometry, I shall defer all 
further treatment of lines and circles, till I have taught you 
something about the arithmetic of angles. An angle, be- 
fore it can be made matter of calculation, must be reduced 
to a number. When the unit of length is once given, to 
every number^ positive or negative^ corresponds a distinct angle, 
and every angle has its own number. 

Let the circle whose radius {OA) is unity be drawn: 
then choosing any diameter BOA from which arcs are to 
be measured, any arc AP determines 
an angle AOP at the centre standing 
upon that arc: and it is sufficiently 
evident from the perfect symmetry of the 
circle^ that on every arc of it, as BQ^ 
which is equal to AP, there stands at 
the centre an angle BOQ equal to 
AOP. I shall not think it necessary 
to demonstrate, that equal arcs of the 
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$ame circle subtend at the centre equal angles. The radius 
being one inch^ the length of the arc in inches is the number 
of the angle standing thereon at the centre. So nearly con- 
nected are the arc and the corresponding angle, that we 
shall often put one for the other, and not hesitate to speak 
of the angle S, or the arc 2, indiscriminately ; for no con- 
fusion can possibly hence arise. If I speak of the angle 1, 
you are to understand that angle POA at the centre, which 
IS made between OA and the moveable unit radius OP, 
when P has described from A one inch of this circumfer- 
ence in the direction ADB. The angle — 1, is that exhibited 
at the centre when the point P of me moveable radius has 
swept over one inch from A in the opposite direction AEB, 
The angle 10, (or — 10) is that standing at the centre be- 
tween AO and OP after P has described on this circumfer- 
ence from A^ in the positive, (or negative) direction round the 
circle, the length of 10 inches ; and so on for the angle 100, 
or 1000, positive or negative. One angle or arc may thus 
contain more circumferences of our circle than one; if «- 
(pronounce pi) be the number of inches in our half cir- 
cumference, 2?r is the whole, or four right angles, the whole 
angular space once round 0; ir is two right angles, and ^ «- 
is one. 

If ^P be ^ inches (pron. theta) in length, OP will stand 
at the same point for any of the angles 6, 2ir + 0, 4ir + 6, 
Gv + 6, 2»ir + 6; n being any whole number, zero included : 
and Stt + ^ present the same angular opening to the eye 
between OA and OP, but are not the same angle, because 
they cannot be described in the same time by equable 
motion, nor are they denoted by the same numbers. The 

number w, like J2 and all incommensurable numbers, can 
never be exactly found: you will learn shortly how to 
determine ir, and at present may take for granted that 
IT == 3*141 5926536. I recommend you always to call this tafa- 
lout *, after the fashion of Dr Grey, the prince of mnemonici* 
ans. Every number less than tafahut gives an angle less than 

* More at length ir is = tafaloudsutuknoint = 3 141592653589793. 
Grey's ingenious device consists mainly in turning numbers into words. 
The key is : 

bdtflspknz 

1 2345678 90 

a e i o u au oi ei ou y 

The number 1851 is akla, or beila, or akub. With this device he com- 
bines most skilfully cadence and contraetwn. 
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two right angles; twice tafalout (2ir) is the number of 
inches (to less than one millionth) in the circumference of 
our drcle with radius unity which we may call the scale* 
circle^ and a right angle is ^ ir » 1*570796 inches measured 
OB this scale«circle. Whenever an angle or arc 0y or a, is 
spoken of, or a, unless the contrary is expressly stated, is 
so many inches^ that is, *o many radii of the circumference 
of our scale-circle, and of no other, measured in the direc- 
tion ADBE, or AEBD, according to the sign of or a. 
Here ^ or a is a number, not a vague mark of position like 
A, B, C, (Ang, Bang, Gang.) 

Def. 1. The sine of auy number 0, written sin^, is 
the number of units (i.e. on our scale of inches) in the ordi- 
nate y of the extremity (P) on the moveable radius of the 
arc of the scale-circle, j[^+y'=l, about the origin of co- 
ordinates : and the cosine of tne same 0, cos 0, is Uie length 
of the abscissa x (in inches) of the same point (P). Neither 
of the numbers sin 0, cos 0, can exceed unity the radius of 
the scale-circle, whatever number positive or negative may 
be. 

Def. 2. The tangent of any number 0y taxk0, is the 
fraction or ratio, sin^icosd. 

Def. S. The cotangent of is the reciprocal of the tan* 
gent, 1. e. 

cot ^ s l:tan ^ « cos ^:8in 6. 

Def. 4. The secant of is the reciprocal of the cosine^ 
and the cosecant is the reciprocal of the sine^ i. e. 

sec 0-1 :co8 0, cosec ^ = 1 :sin 0, 

Def. 5. The versed sine of 6, versin 6, or ver 0^ 
is = 1 — cos 0, 

Thus if be the arc A P, and Pp the ordinate of P, 

Pp=y e= sin fl, and OP = « = cos 0* 
IIAP^^-AP or ^1 = -^, weseethat 
siii(-.a)«-sina, forPip=-P;i; and c<»(-fl)-+cos^. (E) 

As P is the same point of the circle, and has the same 
X andy^ for the arc as for 2ir + ^, a whole revolution 
ADBEA and inches more ; or for (- 2ir+^), a whole nega^ 
tive revolution AEBDA and then ^ inches positive; the arcs 
and (ak ^ir + 0) have the same sine and cosine ; and so*have 

C5 
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and (^ 4ir + 0)^ and and (^ 2it v + 0), n being any whole 
number. 

Tke sine (or cosine) of any number 6 is the same number 
with the sine (or cosine) of the number (2nir + 6), n being any 
integer y positive or negative. (F) 

There are thus an infinity of angles which have the same 
sine and cosine. 

Let AT }ye the tangent of the scale-circle at A^ the 
point from which angles are measured. By Q7, b], 0-47* 
is a right angle, and OA^ AT, are the j? and ^ of T in the 
line OP, whose equation is (8) yix « Pp:Op^ 

TA Pp sin ^j^. , fwij ^ A 
" m'oj^Z^e'^ orOAheing^i, TA^tmd, 

by definition of the tangent above given. 

Because of the parallels Pp and TA, we have by Q63 

TO PO 

-77>=-7^, or since .P0= -40 = 1, 

AO Ov 



Op 

tJ— = ^ = sec 0, by definition 4. 

Op cos^ "^ 



ro=^- ^ 



Let OD be perpendicular to OA, and let DR be the 
tangent of the curve at D ; then is ODR p7^ a right angle. 
If Pq be parallel to OA, Pq and DR, being both at right 
angles to OD, are parallels ; whence by [62^ 

RO OP ' n jy u ron 

Do^o^' ^' ^^"^^ ^^=^p ^y W' 

JRO = -rr- = — — TT = cosec 0y by definition. 
Pp sm^ "^ 

Again, -p- = -jr- by [|6] ; whence mult, by PqiDO, 

DR Pq . 7, iTv u r^-i 

Do'^^' ^^ ^'"^^ ^^^^^y Ml 

DB« -=^= -r— 7r = cotd, by definition 3. 

Pp Bin ^ 

Also, ilp a 1 — cos a versin 0, by definition 5. 
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Let S be any point of the line OP^ and Ss the ordinate 
o£S, Because Ss and Pp are parallel, we have by [[6], 

^^^ Ss"* OP = 0/1 = cos ^ =■ cos SOs, and by [6] also 

Ss SO ,^. , . , Pp 

p^^PQy or multiplying by -^, 



(B) -^-^-P/>«8in^ = 8in«0*. 



Since these are true for any position of P between A 
and D, they wiU be true if the triangle SOs be made to 
stand on the base Ss in the place of Os, and the angle OSs 
be put in the place of the angle SOs or 6; that is, we should 
prove inevitably that 

(C) ^ = cos (OSs\ and ^ = sin(0^*) (D). 

Def. 6. Two arcs or angles whose sum is a right angle 
are said to be complements of each other. 

Def. 7* Two arcs or angles whose sum is two right 
angles are said to be supplements of each other. 

By Prop. D, the three angles of any triangle are equal 
to two right angles ; whence it follows that {SUs) and (OSs) 
are complements. 

We have then proved in (A, B, C, D), since SOs may 
be any right-angled triangle, that the sine of any acute angle 
is the cosine of its complement^ and the cosine of any acute 
angle is the sine of its complement^ i. e. 



cos CO 



= sin (- — «), and sina) = cosf- — (0 j G. 

From (A) and (C) we see that in any ri^ht-angled 
triangle, the cosine of an acute angle is the quotient of the 
adjacent side by the hypothenuse; and that the sine of an 
acute angle is the quotient of the opposite side by the hy* 
pothenuse, is proved in (B) and (D). 

These two properties may be expressed thus. In any 
right-angled tnangle 

(sine of acute angle) times hypothenusesopposite J. 

(cosine of acute angle) times hypothenusesadjacent JL 



}(H) 
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the two sides aboat the right angle being perpendicular to 
each other. 

By the equation to OP, 

Ss:Os = Pp:Op^sin6:cos0=tan6; or, 

tit any righUangled triangle^ the tangent of an acute angle 
is the quotient ^ the opposite perpendicular by the aelfacent 
perpendicular, K. 

Produce Pa to meet the circle in Q, In the isosceles 
A POQ, Oq is biCang by ("18], and z POq^^QOq, where- 
fore the complements of tnese are equal, or zAOP^^BOQ: 
the latter is the supplement of AOQ (by Prop A.) .'. AOP 
and AOQ are supplements of each other, and AP or 0, and 
APCi or IT— d, are supplemental arcs. By Q2] Pp^Qq\ the 
ordinate^ at Q, i.e. sin ^ = sin (ir - 6) ; whidi proves that 
the sine of any arc (AP) is also the sine of its supplemental 
arc (APQ). 

33. As Qq' is the sine, so 0^ is the cosine of APQ; 
and Oq'^ — Op by the equation to the circle a^-^-y*—! 

giving x^^Jl -{Pp)\ at P and Q; therefore the cosine 
of any arc (AP) is equal, but with a contrary sign^ to the 
cosine of its supplemental arc (APQ). 

These properties are, briefly, 

sin 6 = sin (ir — ^), cos d = — cos {w - 0), (L.) 

Hence by (E), — sin 6 = sin(«' + 6), — cos = cos(ir + 0). L'. 

The variations in sign and mag- 
nitude of sin and cos are exactly 
those of y and x in the circle 
jr" + y* = 1, and should be carefully 
studied. 

The sine and cosine of an arc 
vary tvith^ but not like, the arc 0y 
and are said to be, as well as tan 0, 
circular Junctions of 0- 

As the moveable radius OP revolves, cos B and sin are 
continually varying whilst the arc is continually in- 
creasing ; but neither of them can ever exceed unity, the 
radius of the circle : the tangent and secant vary too coni 

tinually from — to - , from negative to positive infinity^ 
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= ; and sec ^ = t^ : as is evident from the figure ; for T, the 

intersection of the radius OD with AT, is infinitely distant 
When P is between D and B, or between A and E, the 
sine and cosine have different signs, being the y and x of the 
point P ; and their quote is negative, i.e. tan 6 is negative ; 
when P is between A and D, or between B and E, sin 6 
and cos have like signs^ and their quote^ or tan 6, is posi- 
tive. The tangent of the arc AH, when H is very near to 
D,is an exceedingly great positive number^ being sin6:cos^^ 
the denominator of which> cosd, is exceedingly small, (II): 
and exceedingly great positively at H', when it is -- sin By 
- cos Bi, cos ^1 being an indefinitely small fraction. 

At K and K\ supposed very near to D and E on the 
opposite sides of DE from H and H\ the tangent is an 
exceedingly great negative number. 

k. At A and J?, sin^ and tan 6 are zero: they both 
change sign with in passing through zero at A, which is 
the only point at which is zero: and they change sign 
again in passing through the value O^^when 0=:w, at B. 
Sin^ and sin (—6) have contrary signs> being the same in 
both; thus, sin I'l =- sin (— I'l) ; and generaQy 

sin(± 0i) = - sm(=F ^i) ; tan («fc 0^) = - tan(T 0i), 
taking upper signs together, or lower together. 

1. At D and E, on the axis of y, cos ^ = 0^ and conse- 
quently cot is nothing. Cos does not pass through zero 
with 0, but changes sign when passes through ^^r; i.e. 
the cosine changes sign in passing through zero at 6 = ^9r> 
and the tangent consequently changes sign at the same 
point of the circle in passing through infinite^ as it does 

again when 6 = 4«', passing again through -J-* 

m. The greatest value of sin^ is unity, when ^ = i^, 

its least is — 1, when ^ « | «-. The greatest value of cos is 
+ 1, when ^ = 0, or =2«w: the least value is —1, when 
? = (2» + l)7r, n^ .being any whole number. Neither sin 6 
nor cos changes sign in passing through + 1, or through 
-1. 

Sec^, cosec^, cot^, have of course the sighs of their 
nipiprocals cos 0^ sin 6, and tan 0, 
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At ev^ry poiiit of the circle, for all finite values, positive 
or negative, of 6, since «■ +y = 1, we have always 

8in»(^ + cos'B = 1, M. 

You will remember that the number ir is by definition 
the number of inches or unit radii in the semi-circumference 
of our scale circle, and that nothinff is hereby affirmed or 
implied concerning the exact lengm of any other semi- 
circle. 

I fancy, Richard, you find some of this rather difficult. 

Rich.: — Indeed I do, and have left to Jane the honour 
of following you all through this lesson. How do you feel, 
dear sister mine, after this feast of trigonometry ? 

Jane: — ^A little fatigued; but more by the variety than 
the difficidty of the subject. 

Rich.: — I am waiting for the mnemonics ; when I have 
mastered them, and all Uieir meaning, I shall know what to 
think about, and I dare say it will be with me as it has been 
before; I shall first get a dear notion of what is to be 
proved, and then obtain the proof by dint of a little thinking 
and conversation with you. 

Uncle Pen.: — I advise you both first to make sure of the 
mnemonics I am about to give you, and of their exact sig- 
nification : you will find little trouble in the demonstrations. 
To be able accurately to lay down a proposition is a consi- 
derable step towards the proof of it. 

[[21^ X and ^ are Cos and Si 
of Scale*a'rc from OX; cSn. o'r Ax Righ. pef. 1.(32.) 

Cosine and jS^tne of arc of scale circle, measured from the line OX; the 
circle having its centre at origin, and referred to right Axca ; vis. 
** + y»=l. 

[22] So'rCo.Po'th is o'p or ad ; (H). vid. poth. [7]. 
Si bj^ Go's ta'n, is vi(op. a'd). Def. 2. (K.) '» for = 

SorCo is Sm or Cos. Sin x poth « op -L (H ), and Cos x poth = a<< ±; 
opposite, cKfjacent, i-. Sin d by Cos O^tanO^ op. J- by ad. X, (K). vi 
for quote. 

[23] Co'rSin «' 's StnorC(ri'ght min «') (G.) pion. «, «. 
Co'rS is le'm the Co'rS of-ple'm i^-) 

CorS(ir et «o) is le' CorSw. (L\} pron. pSt». 

CorSin, or GorS, for Cosine or Sine, SinorC. for Sine or CobIiA 
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(right min «) is (ripht angle mtnus w) ; min means - under a vinculum ; 
lem is =F ^Iras or more ; Cos 6 = - Cos (ir - 0), Sine = sin (ir - 0) ; ir- 
is supplement of 6; (<r et w) a dissyll. ; et is + under a vinculum. Cos 
(v + ») s - cos « ; sin (ir.+ w) = - sin C0 ; le is — . 

^24] TSn Go's Sin are rec. (pion, reck.) 

Cota Se'c Cose'c. (Dcf. 3, 4.) 

Tan 6, Cos 6, Sin 6, are in order the reciprocals of Co/an 9, Sec 9, 
Cosec 6. Two or*s in a line correspond, as to antecedents and conse- 
quents, in [23], [22], 

D£7Q(St Coys One : (M) dUQ, vid. [13.] 
f 25] Co right is none 

Co none is one. 
Le. sin>0 + cos' a » 1 ; Cos (right angle) s ; Cos(O) ^ 1. 

Jane: — The lesson is now brought into a manageable 
compass, by these five little mnemonics: but what queer 
numbers these circular functions, as you call them, are ! 
When I have a number given, I can understand what is 
meant by its half or its square, or its cube root, and I can 
find any of these by an arithmetical operation ; there is a 
rule for it. But what sort of a sum in arithmetic would 
you do to find the sine of a number ? What kind of a rule 
for finding a sine can be laid down, such that the answer 
shall never be greater than unity, whatever number 6 you 
work with, and that thousands of different numbers 6 shall 
give the same proper fraction for the answer ? 

Uncle Pen.: — ^At present it is enough for you to know 
what has been proved, and to be able to find, in the tables 
of Hutton or others, the value of sin 6 for every number 
d you may choose. You shall have complete and mnemo- 
nical replies to your questions, and to many others equally 
curious, when we come to that part of our subject. 

Ex. If the hypothenuse is 100, the side a60, and 
6«80, 

Siuil^l-, CosJl=^, TanJl^-f-, 

Vers.-4=^, Sec Jl = |., Cosec Jl = -§-, CotJl^^-, 

SinB^I-, CosJ? = |^&c. 

The external obtuse angles are ir— Jl, w -JB, Sin(flr— ,4) 
=|, Cos (^-.1) =--!■, Tan (tt-uI) — -J.. 
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LESSON vin. 



34. Let ABC he any triangle; let yf 
the sides opposite the angles A, -B, C, yf v/l*^^-^ 

be d. b. c: /i i ' r-» — ^ 



34. Let ABC he any triangle; let 
sides o " " " - — - 

be d, bj c; 

let p B= CD^ be the perpendicular from C on c ; 

... 8=sBD, be the segment of c between D and B^ 

and(c^s)-AD, D and ^ ; 

the lower sign being taken when £ is an acute^ and the 
upper when J3 is an obtuse angle ; for when B is obtuse, 
AD > AB, otherwise the a BCI) would contain an obtuse 
and a right angle, or more than two right angles, which i^ 
impossible by Prop. D. By Q7], 

6««p« + (cdb,)«, 

a* =!)■+«*; whence by subtraction, 
6»-a"«(c±*y-*» = by [14, a, b] c*^2cs +*"-*", or 
6« = a* + c*±2c* = a' + c*«fc**2c. (A) 

When B is acute, we take the lower sign, or 

6«-a" + c«-2c*. (a) 

Now in the right-angled triangle BBC, Cos {BBC) 
xCB = BB by [22], (Cos x poth = ad. X ) i.e., since ABG 
is in this case BBC, 

a X Cos (ABC) = * = a Cos J? ; 

wherefore the above becomes, putting a Cos B for s, 

6« = a* + c» - 2ac Cos B. (B) 

We may consider AB and C to be numbers, and not 
merely symbols o£ position. 

When B is obtuse we have 

6«=a» + c* + 2c*. (aO 

As before, Cos {BBC) x CB = BB; but (Def. 7,, 33) 
BBC is the supplement of ABC in this case; so that 
[23, L] Cos i>5C« - Cos J5C. 
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Therefore - Cos (ABC) xCB^ BE, or 

— Cos Bxa^s, 
hj which (a') becomes 

6«= a» + c»- 2flc Cos B, (B) 

exactly as before when we considered B acute^ so that {B) 
is true for any angle B of any triangle ; 6 being always 
I the side opposite B. 

We may then go round the circle, hcabc, vid. (17), and 



imte 



c» = 5" + a*-26aCosC, 
a*= c" + 6' - 2c6 Cos A 



: } w 



In any triangle, ike sauare of any side is obtained by 
nhiracting from the sum of the squares of the other two sides^ 
infice the product of those two sides multiplied by the Cosine 
of the angle of the triangle contained by them, 

Obs. This 8ubtiaction is in fact an addition, if the cosine be n«- 

When the contained angle is a right angle, its Cosine 
vanishes, and this becomes [[7l the theorem of Pytha- 
, goras ; but you are not to consider this to be our proof of 
8iat theorem, although the result (B) includes jT?]] as a 
particular case ; for we have employed []7] continually as 
a premiss in the reasoning which establishes (B). 

The Proposition (A), expressed in words at length, is 
none other than the 12th and 13th propositions of the second 
book of Euclid. By (B) we find any side of a triangle if 
the other two sides and the angle between them be given ; 
for the tables (of whose use more hereafter) give at a glance 
the Cosine of the given contained angle, and the sought 
side is the square root of the known number on the right 
side of (B). We see from (B) also that if two triangles 
have two sides a = ai, c^Ci, and the angle B between a 
and c, equal to that between a, and c^; they have their 
third sides equal, 6 = 5t ; a truth which has been established 
in (20) and (30) by the simpler argument that such a pair 
of triangles will cover each other. Hence 

The diagonal of a parallelogram bisects it. D. 

These results are most important, and must be mastered. 
I will give you a mnemonic both for (A) (B) and for the 
proof of them. 



108 


> 


81 + 64- 


-36 


144 




53 ^^ 


na f 



orCosB = ^, CosC = i|, Co8^ = l^. 

The tables give the angles less than two right angles^ 
-which have these cosines, and these are evidently the angles 
of the triangle. 

35. Let ABC be any triangle^ and let CD be supposed 
perpendicular from C upon the side c (or AB), and AF 
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Draw p^rc: 8UD (ba) is SUD (s^gs of c^. 

And sq'.b is DUQ dc mol (s^. op) two c, 
1^26] As 'tuse or 'cute is Bang op. b ; (A) 

Or, sq'.b is DUQ ac le CoBdng two ac. (B) 

Draw perc or CD, or, let CD be supposed to be J- to e, [18] ; then we 
prove 6* - a« = (AD)* - (BD)', vid. SuD [20J; segs for seffments ; U[.h 
pron. si^uib ; DuQr 13J ; :t s mol ; seg. op . is the segment of c opposite, 
not adjacent to 6, whose square we are expressing. Pron. twG long, to 
avoid confounding it with to; + or -in mol, with B obtuse or acute; 
B = Bang opposite 6, [18] ; fe is - ; CoBang two ac means, of course. 
Cos B times 2ac, x being understood between quantities joined together, 
as also in ± «2c, (A), in ue second line. 

From (B) we deduce, by transposition and division, 
(C) CosB = «-!g^; CosC = ^^^; 

QosA = r—% : 

2c6 

hy which we obtain all the angles of a triangle from knowing 
its three sides. Thus the triangle whose sides are 

a=:6^ 6 = 8, c = 9^ gives 

^ „ 36+81-64 ^ ^ 64 + 36-81 

Cos-o= : CosC= t: 

108 > ^"»^ g5 

fil J.^J._Q^ 

Cos J = 



A It 
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perpendicular from A in the side a (or BC), Then 
c. (CD) = a (AF) must be true, c and a being the lengths of 
the sides opposite C and A, and (CD) and (AF) represent* 
ing' the lengths of the perpendiculars on them ; for either 
of these products is twice the area of the a ABCy by Prop. 
B, (20), Let the angle 

DCB = a, DC A = T ; then asAF = b Sin C, [22] 

c . (CD) = a6 . Sin (a ± t), i.e. = ab Sin C, 

taking the upper or lower sign as CD falls within or with- 
out ABC. Or 

(DB * DA) (CD) = a6 Sin (a ± r) ; or 

DB.CD^DA.CD = ab.S'm(a^T); 

but [22] 

DB = a Sin a, CD = 6 Cos t = a Cos a, DA = b Sin t ; 
••• a . Sin a . 6 . Cos t =»= a . Cosa . 6 . Sin T = ab, Sin (o ± t), 
or, div. by ah^ (vide TAe Mathematician^ Vol. ii. p. 134) 

Sina.CosT.*Co8a.SinT. = Sin(a>fcT). (a) 

The upper of these signs is to be taken when a and r 
are any angles between perc falling within any triangle and 
the sides a^ b ; the lower when a and r are angles between 
perc falling without, and the sides a, b. 

Let CJB' be drawn J. to CB, so that BCJB' may be 
a right angle. Then, if z a'=a B^CD, it is evident that 
/ B'CA = (a'=t t), + or — , according as the J. CD falls 
within or without the a AB'C : and^ by the same reasoning 
with the above^ we have 

Sin a' Cos T ± Cos a' Sin t = Sin (a'± t). 

Now a'= X — a, .'. Sin a'= Cos a, and Cos a'= Sin a, 

by [23, G] 
andSin(a'dbT) = Sinr^-a±T) = Sini ^-(a=FT)j [11] 

= Cos(a=FT),by[23, G] 
.•. Cos a Cos T sfc Sin a Sin t = Cos (a =f t), 

which is the same with 

Cos a . Cos T :p Sin a . Sin t = Cos (a ± t), (b) 

the upper signs taken together, or the lower together. 



1. 


f IT 


2. 




3. 


AT 

a = r = - 


4. 


a>|<n 


5. 




6. 


both > - < IT 
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We have thus found the escpabsion of a sine or cosine c^ 
a sum or difference of two numbers a and t, in terms of the 
sines and cosines of those numbers, when neither of them is 

greater than — ; .for our demonstration does not apply to 

the case of the angles a or r « a right angle, because pare 
(CD) cannot be at right angles to two sides of the triangle. 
It has yet to be proved that (a) and (b) are true for arcs o 

and T equal to and greater than a quadrant — . The cases 
to be considered are, 

8. T > IT, 

9. both >ir, 

10. a>ir, T>-<ir, 

11. T > w, a > - < IT, 

Sir ^ 

12. a>-5- <2flr, 

^o Sir _ 

13. T > -— < 2ir, 
2 

Sir 

^ 14, both > --- < 2flr. 

7. a > T. 2 

The cases of a, or t, or both, greater than 2ir or four 
quadrants^ may be neglected ; for if a = (2nir + 6) and 
T = (2wV + ^, a, T, and (a ± t) have the sines and cosines of 
e, e\ and (0 ± e) by (F, 32). The equations (a) and (6) are 
perfectly general, for dl values, short of =fc infinite, of both 
a and r. You will find it a most profitable and by no 
means difficult exercise, to verify them for all the above 
cases, and for a and t of either sign : all that you have to 
do is, if you suppose e.g. a > tt, to put for a, on both sides 
of the equation, (7r + a,), a^ being supposed less than a 
quadrant ; and then to shew that each of the equations (a), 
(b) remains true after the substitution for either, upper or 
lower signs taken together, by some of the following con- 
siderations. 

fw \ 

The arcs ( o °*° ^ ) *"^ (^ ^) *^® complements, and («• ± 9] 



§ 35.] FIRST MNEHOMICAL LESSONS. 69 

and (=Fff) are supplements, as are also I- '^ 0j and f- ^0\ 

whatever 6 may he, if in these pairs of arcs the upper 
signs or the lower be taken together. 

Hence Cos (^ * ^) = Sin (t 6), &c [23, G] ; 

Sin (ir db a) = Sin {^ 0) [23, L] = =f Sin 0, (32, k) ; 

whence also Sin (a — ^ «•) = - Sin (^ «■ - a). 

Remember that if ±6 terminates at («,, ^i), 8fc(flr + ^) 
terminates at (- jti, — yi) on the same diameter of the circle. 
As an example I take case 10; 

let o = w + a, , T = ^ IT + T| , ci and t, each < J ir. 
Then (a) is 

Sin {w + a,) . Cos (i * + T,) ± Sin (^w + t,) . Cos (w + a,) 

= Sin {ir + a, ± (^ «• + Tj)}. (aO 
Now in the first member of this, 
Sin (fl- + ttj) = Sin (- a,) [23, L] =s - Sin a, : 

Cos (i x + Ti) - Sin (- T,) [23, G] « - Sin t, , 
Sin (i IT + Tj) = Cos (- T,) = Cot T, , (33y m) 

Cos (it + a,) = - Cos aj , [23, L] 

Therefore (jbT) becomes 

— Sin a, X — Sin Tj * (Cos t, x — Cos Oj) 

= Sin {ir + aj ± (^ ^ + T,)}. (aO 

Taking the upper sign in the second member. 
Sin (v + a, + ^ w + T,) = [23, L^ - Sin (oi + tj + ^ w) 

= — Cos (— oj - T,) = —.Cos (a, + T,). 
Taking the lower sign, 
Sm («• + a, - ^ AT -T,) = Cos (tj - a,) = Cos (a, - t,) (33, m). 

Hence, (a') is reduced to the two equations, attending 
to [8] Mike signs,' 

Sin oi . Sin t, — Cos a, Cos Tj = — Cos (a, + r,), 
Sin ai . Sin t, + Cos oj Cos tj = Cos (a, — r,), 
both which have been proved true for all values of a, r, 
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The above looks perplexing, but there is here nothinff 
to be committed to memory beyond the propositions (^ 
and (b), and the reasoning by which they are established^^ 
A long multiplication sum is perplexing ; but you are quall^ 
fied to cope with it, if you know and can handle your mul* ' 
tiplication table. You cannot see the correctness of a pro- 
duct of large factors^ as you can that of 2 x 3 = 6 ; but you 
are satisfied if the work step by step is right. Be then 
equally satisfied with the results of our symbolical arith- \ 
metic, although you cannot see your way at a glance from 
the premises to the conclusion. It is enough^ if you are 
able XjoHnd it. 

I give you now a mnemonic for (a) and (b), and another 
for their proof, in case you should find any difficulty in i 
remembering the steps of the latter. Pronounce a and r 
like a and U 

f 27] (a) Stn (a mSl t) is So.Cot mSl Ca.Sir ; mol t, one syL 

(J)) CSs(amol t) is Ca.CoT Igm Sa.Sir. 

mol, T. [14] ; lem, y. [23]. 
c perc is ba St Cdng ; 
then p(it (a m6l r) for Gang ; 
(new— old a) mdke right dng. 

The three last lines contain the steps of the demonstration. Our first 
step was c. CD = ftaSinC ; CD is i- on c, yid. [18J : the next is to pat for 
C the sum or difference of angles made by CDy (a:iiT): then we applied 
[22]. and obtained (a) : we then drew a new a, CB' making BCB* a riffht 
angle between old a and new a, and obtained (6). 



LESSON IX 



36. Richard: — How I long for an amusing question! 
The last lesson was so dry. I saw the surveyor this morn- 
ing measuring Holt's farm ; and I wondered how he could 
find the number of square acres and make a plan of it, by 
measuring a few lines here and there. 

Jane : — If there had been any triangular fields^ I fancy 
you would have a perpendicular drawn on a large scale by 
the theorem of Pythagoras^ to get the product of the base 
and altitude. 
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Uncle Ten.: — Most likely not: the surveyor finds it 

>re convenient to form a plan by the aid of a few leading 

\% and then draws his perpendiculars on the paper. 

dther is it necessary to draw a perpendicular at all^ to 

kd the area of a triangle. We will solve presently the 

ro questions following. 

[. Two Jields contain together 11 f acres, and one of them 
tains 3f acres more than the other. What is the area 
each j^ld? 

A triangular Jield has its sides 600, 560^ and ^9,0 feet 
lengthy what is the area of the Jieldf 

You will be able to solve these yourselves, if you will 
ly attention to what I have further briefly to say about 

Sin (a + t) = Sin a . Cos t + Cos a . Sin t (1), 

Sin (a'-T) = Sin a . Cos t — Cos a . Sin r (2), 

Cos (a + t) = Cos o . Cos T - Sin a . Sin r (3), 

Cos (a — t) = Cos o . Cos T + Sin a . Sin t (4). 

These four equations are true for any values of a and 

r: provided that a and r mean the same two numbers on 

)tn sides of the same equation. 

Let a as well as r be the same number in the equations 

and 2 ; then by addition (1 + 2), and by subtraction 

Sin (a + t) + Sin (a - t) = 2 Sin a . Cos t (5), 

Sin (a + t) - Sin (a - t) = 2 Cos a . Sin T (6). 

In like manner from S and 4, (4 + 3) and (4 - 3) give 

Cos (a - t) + Cos (a + t) = 2 Cos a . Cos r (7), 

Cos (a- t) - Cos (a + t) = 2 Sin a . Sin r (8). 

The following elegant little transformation will bring 
^ou to tbe solution of our first question. Because h — h^O, 

2a = a + a + 6 - 6 = (a+ 6) + (a - 6), 

26 = 6 + fi+a-a = (a + 6)-(fl-6), v. fll], 

a + b a~b , , a + ft a-b . . 

•••^"•^•*--2-' and6«-^ — (9); 

put (a + 6) = SuM, (a - 6) = Diff. 
(9) is, i S =fc i D = a, or b, as you take + or -. 
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[28] HaS {ab) mol HaD {ah) is a or & ; 

i.e., Aolf the iS'um of (a and h) + Aalf the />iff'. of (a and 6) = a, 

Aa S - Aa D = ft, 

whatever two numbers a and 6 may be ; a, the fiirst named, being 
uauaUy not necessarily supposed the greater. 

If then A, B, be the areas of the two fields^ 

il = ixllf + ix3f, and5 = iof llf-^of 3f, 

giving A and J? in acres. You may reduce these to a moi^ 
workmanlike shape yourselves. 

Put now 

a + T^S, a-T*D; a = i(5' + D), t-^ (5-2)) by [[28]: 

the equations 5, 6, t, 8, become 

Sin5' + SinD = 2Sini(5' + D).Cosi(5'-D) .(10), 

SinS'-SinD = 2Cosi(-S' + D).Sini(5'-D) (11), 

CosiJ?+CosD = 2Cosi(5'+D).Cosi(5-D) (12), 

CosD-.Cos5'=2Sini(5'+X)).Sin^(5'-.D) (13> 

Now S and D may be any numbers of either sign, for 
a and T, whose values are determined [28] by given values 
of 8 and 2), are general symbols ; we can therefore write 
a for S and r for D ; for either S and D, or a and r, stand 
for any pair of numbers you please : 

Sma-.Smr = 2^j,^{i (a + r)} x s^{i(a-T)}. (10, 11). 

a 

Cosa*CosT=«fc2^^*|i(a + T)j x sfn {i(a-T)| , (12, IS). 

Suppose a = T in (1) and (3), we have 

Sin 2a = 2 Sin a Cos a, i ^ 

Cos 2a = (Cos a)-- (Sin o)», ] ^^^' 

or since a is any number, so that it have the same meanipg 
on both sides, 

Cos a = Cos' (i a)- Sin' (i a),) ^ 

Sina = 2Cos(ia).Sin(ia), J ^'''^ 

Observe that in (3), Cos a. Cost does not beconMj 
CosV, when o = t, but simply Cos a x Cos a = Cos'a, tbcj 
squared cosine of a : Cos'a' would be the squared cosine A 
a\ a diferent arc. 



1 
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Our second problem can now be solved in a trice; 
Mit first let me give you mnemonics for 5, 6, 7> 8, 10...16. 
~~ie first four are condensed thus. 



(5,6) 



Sin (a + t) * Sin (a - t) = 8 J^ (a) gj^ (t), .... 

Cos(a-T)*C08(a + r) = 2 ^^(«) ^ (r), (7, 8) 

or 

(in M (+ or -) Sin D = 2 (Sin or Cos) a (Cos or Sin) t, (5, 6) 
Jos D (+ or ~) Cos 3f s 2 (Cos or Sin) a (Cos or Sin) t, (7, 8) 
rhich may be pronounced^ omitting a and r, thus : 

[29] SlilfmolSiD'stwoS6rC.CorS, {5,6) gfv^f^*^' 
C6D mol CoAPs two C6rS.CorS. (7, 8) 's for =. 

Taking antecedents of the ot*ti with +, and consequents with - ; Sin 
cos) times cos (or sin) is SorC. CorS, a dissyL 

302 Sa mol Sir's two SdrCHaM.CdrSHaD, (1 0, 1 1) 

Ca mol C5t'8 mol tw8 C8rSHdM.CSrSHaD... (12, IS) 

Sine (or Cos) Half SuM x Cos (or Sin) HaU Diff. in m^ 11.) M 
id D are the suM and Diff. of a and r on the left. Pron. CH and SH as 
In Cheshire. 

;si] C6rS is SU'D or tw6 CHa.SH. (l6) v.SUD[20]. 

Cos or Sin is SUD (Cos ^alf, iSln ^alf ) or two (Cos ^alf . 51n ^alf. ) 
Vou should frequently write out these expressions (o, 6,) (10, 11,) &c. from 
memory, talking to yourself in these mnemonic syllables. 



&C,' 



Let the sides of our field be a, b, c: by [262 * ^4* ^> 



i" = fl" + c" - 2ac Cos B, and by [31^ 
Cos J? = Cos* i J? - Sin* ^B; « Cos is SuD CHaSH.' 

but 0=1- Cos* ^B - Sin* J B, by [25] « DUQ SiCo.' 



.'. Cos JB « 2 Cos* ^ JB - 1, by subtraction. 
Hence 6*=a* + c*-2ac(2Cos*iB-l), 
6*=» a*+ c* + 2ac - 4ac Cos* J JB, 
A* = (fl + c)* - 4ac Cos* i B, by [14] ; 
then transposing, and dividing by 4, 

,,.Cos*i5-(i±^=(l±|I±^ 

by [14, c]. 

here (a + c)' is the « sq.b,' and 6* is the < 8q.a' of [14, o]. 



P. 



a. 



A. 



D 
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Again by addiiion instead of subtraction above, 

CosJ? = l~2Sin«iJ5. qJ 

Hence 6« = a« + c«- 2ac (1 - 2 Sin"i E), 

6« = a* + c" - 2flc + 4flc Sin" ^B 

= (a-c)« + 4acSin"iB, b. 

rj. .,!> 6'-(a-c)» 6-(a-c) b + Ca-c) , -^ i 
^3rcSm45 = v__Z.= _v_ /, v^ -^by[l4,c] 

6 — fl + C A + fl — c 



2 



by [11]. 



BJ 



Next by multiplication of equals by equals in (A) and 



(B), 
aV.Co8«iBSin«iJB = 



a+b-^c a—b+c a+b—c — fl+6+c 



2 



2 



2 



n ^. .4. (> 

Let J = , the semiperimeter of our triangle 



(abc) ; 



2 



then * — a = 



s^b = 



s—c = 



a + b + c 2a — a + 5 + 



2 2 2 

fl + 5 + c 2b _a- b + c 
2 ""2"" 2 

a + h + c 2c_a + 6~(? 



2 2 2 ' 

whence by substitution^ 

cVCos'^B.Sin'iJB = *.(*- 6). (j-c).(*-fl), 
and, extracting roots of equals, 

ca Cos ^Bsm)^B=^^Js.(s-b).(s-c),(jS-a) 

Sin J? , f-«,-i 
= ca.— — -, by [31]; 



a 



for Sin 5 = ' 2.CHa.SH/ [31]. Now c Sin B, [H, 22], is 
the perpendicular on the side a of the triangle ; and 
^ ac Sin B is the area, giving 

Area of a = * Js . {s — a) . {s — b) , {s - c), C 

«:|ca Sin j5«ca.Cos|£.Sin|B. 
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In our second question, 

* = i (600 + 560+ 720), 

^ - a = i (- 600 + 560 -f 7«0), 

J ~ 6 = ^ (600 - 560 + 720), 

^-c«^ (600 + 560- 720): 

the field contains 163458*12 square feet The double sign 
in the expression for the area is explained thus. Two 
points A and B with a third point C determine a triangle, 
whose area is of one sign when C is on one side of the line 
AB, of either sign, when C is in that line, and of the con- 
irary sign, when C is on the contrary side of AB. To 
remember (C) and its demonstration, say : 

RodP slSb.s.slec.sM, le or 1 for less or - ; slSb.s a dissyl. 
Is Sine Bang hdlf cd, vid. [18]. 

[32] Is CH4SHca, is Area. 

Write ' sqb' in quaCH and quaSHaBang, 
By ' CorS is SUD'...and 'DUQ Si...' 

i.e. the square Root of the i*roduct (* — 6) . » . (» — c) . (« - a) (4 sylla- 
bles), = sin £ X \ca s Cos Halfx Sin Half (the same angle Bang) x ca 
- Area of tlie A whose semiperimeter is s and sides a, 6, c. The proof is : 
write * 6" [26 Bl in terms or quaCH, the agitate Cosine of Half-_and again 
in terms of quaSHa the s^ruore iS'ine of Half -Bang, by aid of the formal® 
[31J and [25 J, as in the equations a, b. 

37. By retaining [^32] you will be able to write down 
not only the area, but the Sines of the angles in terms of 
the sides: 

(c) SmBx^ca = ^Js.(s — b),(S'-c).(s-'a), 

or dividing equals by } ca* 

SinB = — jy*.(* — 5).(j~c).(* — a). 

By the same mnemonic you may recall the equations A 
andB, 

ca . Cos'5 B = (s-h) .J, A. 

ca.Sm^B = (S''C).(s-a). B. 

By multiplying together the equals on each side you get 
the square of (CHaSH.ca) ; by division of equals follows 
(Si by Co's tan), [22, K], 

* *.(«-0) 

D2 
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By going round (bcabc.) we deduce 

"*" * *.(* — c) * ^.(« — a) 

It is sufficient to retain the last. 

[JSS2 Tdsquaf A' is sl^. sl^c by 8.8la« l and le for lets. 

Tan tquate of htUfA s && Call A by its oame here, not Ang. for 
rhjme** sake. 

By going round the circle we obtain also 

Sin C = — T- Js . (s — c) .(s ~ a) .{s - b), 

Sini<=^^*.(*-fl).(*-6).(*~c), (c) 

a6 . Cos" i C= (* - c) . *, &c., 

fl6.Sin"^C = (*~a).(j-.J), &c. A, B. 

A step or two farther will place you in a position, so 
far as plane trigonometry is concerned, to attack multi- 
tudes of problems in plane geometry and practical science. 

Let ABC be the angle opposite abc the sides of any tri- 
angle. Let CD be sup- 
posed perpendicular on c. 
If D falls within the tri- 
angle, we have by ^22^, CD standing for the length of the 
perpendicular, 

CD^bSinA^a SinB, and 

if A be obtuse, so that D is without the triangle, we have 
(32) [23, L], 

CD = 5 Sin (tt- J) = aSinB, i.e. by [23, L], 
bsiuA^a Sin By 
in either case, and all cases, 

b a 





• . 



e. 



SinJB Sinil' 
from division by Sin A . Sin B. 

By placing the triangle on CB instead of AB for base, 
we prove the same about 6, B^ and c, C. 

Hence 6:Sin B = a:Sin A == c:Sin C, E. 
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It follows that - = -^^ — -J , by multiplying by Sin B:a in e. 

wherefore - db i = — — - eb i 
a Sin A ' 

rfea ±Sin-4 
or since ± 1 = — = -3^ — 3- j 

a SmA 

hd^a Sin Bdb Sin A 
a " Sin^ 

by addition of fractions : 

h + a SinB + SinA 



I.e. 



a Sin J 

h-a SinB-SinJ 



a Sin A 

b-ha SinJ? + Smi< 



; whence by division, 



6-a SinJB-SinJ* 

Now SinJ? + SinJl = SinJ(J? + Jl).Cosi(5-.il), 
8inB'SinA='Cosi(B + A).Sini(B^A), 
by [30], * Sa mol Sib's.' 

, SinB-fSin^ Sini(Jg>f^).CosH^-^) 

wnence ^i^js^^nA" CoB^(^B^A).Sini{B^A) 

Sin|(^ + Jl) Sini(B-A) 
"Cosi(J8+^) • C6si(JB-il) 

^tan^l^^ 
tan^(jB-4) •- -^ 

Sin Jg 4- Sin A _ b-^ tan^(jg+ J) 
^*®' Sin^~Sin^*"6-a''tani(5-J)' 

and consequently 

SinC + Sin^ _ c + h tan^(C+JB) .^. 

SinC-Sin5"**c-6"tan4(C-5V ^ ^* 

SinJ + SinC _ g + c _ tan^(^ + C) 
SinJ~SinC""a-c~tani(i<-.C)» . 

are also true for the sides and angles of any triangle. 
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You may repeat (G) and (F) thus : 

Side to Sin6p as side to Sinop (£). 

SubyD(Sine8 or Sides) is taf Sum by taf Diff (F). 

Side to the Sine of opposite angle, 88 Side to Sim of opposite angle. 
Sum by Diff. of Siiist {or of Sides opposite) = ton of hal/ Sum by ton of 
ha^fDiff, of angles opposite those sides. 

If we divide equals by equals Q30^, 

Sin (a ± t) _ Sin a . Cos t ^ Cos a . Sin t 
Cos (a ± t) ~ Cos a . Cos T ^ Sin a . Sin t * 

or^ dividing numerator and denominator by the number 
(cos a X cos t), which cannot change the value of the frac- 
tion on the rights 

Sin a Sin r 

Sin (g A t ) Cosa C^ ; p r9S Kl 

Co8(adbT) - ^ l^ina SJu;^ '* ^' ^^^' ^' 

Cosa * Cos r 

^ , ^ . tana^^tano) ,^x 

tan(a±w)=- — . (G). 

^ 1 SF tan a . tan a> 

I have put a> for t (which makes no difference, since 
both are equally general)^ for the sajce of saying more 
smoothly ; (pron. (o as o) : 

[S6] tan (a m61«)'s ta mol t« bj^ D6rS (iinta.t«). 

ia,y to), for tan a, tan w ; by DorS is by Diff w Sxxsdl^ (of unity and 
tan a . tan w) : take Diff. for + w, and iS'um for - co. This formula is true, 
like [30] for any numbers a and no. 



LESSON X. 



38. Richard ;— -We have been trying to find the angles 
of the triangle^ considered in Lesson YIII.^ whose sides 
are 6, S, and 9, by Hutton's tables. Making decimals of 
the fractions^ we have 

Cos B = 53:108 = -4907407 ; Cos C = 19:96 = -1979166 ; 
Cos J = 1 09: 1 44 = -7569444. 
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In the tables we find the following angles m degrees 
and minutes^ 

•4909038 = Cos (60'' S&) and -4906503 = Cos (60'' 37'), 
from which we gather that B is between 60^ 36' and 60" 37'. 

•1976573 = Cos (78'' 3&) and -1979425 = Cos (78" 350, 
so that C is between these^ and nearer to the latter angle. 

'7569951 = Cos (40" 48^ and -7568050 = Cos (40" 49'), 

shewing that A is very near 40" 48'. 

(60" 370 + (78' 350 + (^0" 48') = 180", 

as it ought to be. We must wait for the promised lesson 
on the use of the tables^ before we can determine the 
angles to a second. But I wish to know the exact num- 
hers of these angles. Why is it all degrees and minutes 
in Hutton ? You say that every arc has its own number, 
and every number its corresponding arc. How many inches 
are there in these arcs ? 

Uncle Pen,: — This you may find yourself by simple 
proportion. How many inches in our scale-semicircle, of 
180 degrees? 

Richard: — You told us tafalout^ i.e. tt, or 3'141593; 
well then, if proportion will do it, it must be thus: if 

-B = 60" 3&, 
180" : 3-1416 :: (6(^)<» : B in inches, * 

^ 60-6x3-1416 , ^^„^„r. ' u 
or B= — — "- = 1057672 mches, 

at least within the hundred thousandth part of an inch, or 
thereabouts. 

Uncle Pen. : — Generally, to reduce the linear measure 
of an arc of the scale-circle to circular, or circular to 
linear, if 6 be the number of linear units, and h that of 
the degrees in it, *you have the proportions hd = 180:w, 
and a:S = 'ir:180, giving 8 = l8O0:9r, and = wS:18O. Thus 
if 6= 100, we find h by 

S = S« (5729-5645)" 
= 15 X 360" + 329" 33' 52" = l6 x 360" - 30" 26' 8". 
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The arc whose length is 100 inches is between 15 x 2«- 
and l6x2ir; it is nearly 30^ decrees less than l6 drcum- 
ferences ; it has the same sine and cosine as + {S2y 3S' 59!') 
or as - (S0» 26' 8") ; v (32, F). 

In exact reasonings about the dependence of an arc on 
its sine or of a sine upon its arc, it is necessary to have 
both expressed in linear units; and, unless the contrary 
is affirmed, ^ or « or 0, or A, B or C, signifying an arc, 
will always stand in our equations for so many inches oi 
the circle whose radius is one inch. In practical mea- 
surements the circular division is more convenient, and 
for this reason is employed by Hutton. The linear meap- 
sure of m degrees on any circle is easily found by pro- 
portion. 

Let apq be any circle concen- 
tric with our scale-circle APCiy 
which is cut in d by the radius 
OP, Opa and OPA are isosceles 
triangles, and the bisector of the 
angle POA is perpendicular to both 
ap and AP [[18], which are conse- 
quently parallel lines, cutting the 
legs OA, OP; hence by Q6], 

ap:AP=Oa:OA, or since 0-4 = 1 
ap = OaiAPj 

let us suppose that ^P is the side of a regular polygon 
of n equal sides, APCtR,.., inscribed in tbe circle APQ, 
and apqr. . . the points in whibh the radii OP OQ OR^ . . 
meet the concentric circle; apqr. . . will be a regular poly- 
gon of n sides also, for the angles at will all be equal, 
and will stand (32) on equal arcs ap, pq^ qT"- The peri- 
meters of the two polygons will be nxAP, and n xap; 
and we have by the last equation nxap^Oaxn'x AP 
This must be true, however great n the number of sides 
of the inscribed polygon be supposed. If we suppose 
»»a million, we shall have two polygons immeasurably 
near in figure and area to the two circles. We may sup- 
pose n inconceivably greater than any assignable number, 
even to infinity. When n is infinite, the polygon coincides 
with the circle ; for a circle is a regular polygon the num- 
ber of whose sides is infinUe. It follows that, (r = Oa), 
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A. Circumf. apq... ^Oax drcumf. APQB .. = 2irr, 

^^. circumf. apq.,. ^^Oax ->,- . circumf. APQB..., 

or a degree of the circumf. apqr = Oa x a degree of the scale 
circle. If Oa' be the radius of any other circle^ it is proved 
in the same way that its degree is Oaf times the scale- 
^ degree; or its minute^ or second^ &c. ; i. e. 

I Similar arcs of ttvo circles (i. e. arcs on which stand equal 

I angles at the centre) are proportional to the two radii. 

39. A triangle has six parts or elements, three sides 
and three angles. Of these if any three be given, the re- 
maining three can be founds except the case in which the 
three angles are given. It is evident that any number of 
triangles abc^ aibiCi,...may have the same three angles, if 
a and a^ are parallel^ as also b and 6], c and Ci, &c. 

When the triangle is right-angled at C, we require only 
two more data to determine the 
three remaining parts. The dif- 
ferent cases that can occur are : 

1. Given c and a, 2. Given a and b, 

Eequired b, J, B. Required c, A, B. 

S. Given C and A^ 4. Given a and J, 

Required b, a, B. Required c, b, B. 

5. Given a and By 
Required b, c, A, 

1. Since c»=o» + 6», [7], c»-a»=6*, and b^^Jd^Z"^ 
Sin^ = ^; B = ^^A, (Prop.D.) or CosB = ^ [23]. 

From the tables, A is found by its sine, and Bis its com- 
plement, for ^ + 5 + C= w or two right angles, and C = -, 

2 
or one right angle« 

2. c = JcfT¥i tan J « J [22] * tan is vi (op. ad.)'; 

h 
tan 5 SB -, or B-lir-^A, 

3. hmcCosA [22]] ascSinJ, Co%B^a:c, 

D5 
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4. c = aiSin A^ by divirion, from a^c Sin A ; 
h=^a cot Ay by multiplication^ from hia = cot A 

= l:tan^; [24]. 

5. h^a tan JB by mult from h:a ^ tan £ 

c » a:Cos £ s a sec £; E^^l from c Cos B — a, 

The case of c and 6 given> differs in nothing, more than 
the exchange of two letters a and h, from the first case. 

When the triangle is oblique-angled^ the cases are 

1. Given aftc, 2. Given abC^ 3. Given ABc^ 
Sought ABC. Sought ABc. Sought ahC, 

4. Given ABa^ 5. Given ahA, 

Sought hcC. Sought BCc. 

1. Any of the formulae (C, 34) or (cABD, S6) are suf- 
ficient. The most useful in practice are (ABD, S6), the last 
of which ^tasquaf J..' is used whenever the angle A does 
not approach 2ir or 180°; and the first one when it does. 
Theoretically, all these formulae are equallv effective; i.e. 
supposing that no decimals are neglected m the computa- 
tions. 

2. Two sides and the contained angle are given. Since 
in every a, by Prop. D, J + -B+C = 7r, ^ + J5 is known: 
and, since | (^ + J5) = ^ tt - ^ C, 

= cot^C, by [24]; then 

by [35] ^ = tanT(i^^) - ^^^'" 

Xxat{A-B) a-h 
cot ^ (7 " a + b* 

for equal numbers have equal reciprocals ! thus, 

^10 J 1 2 
5 =a — , and — = — : 
2 ' 5 10 

.*. tan5(i<--B)« ^.cotgC, by multiplication by cot^ C; 

this is a given number, since a and b are known, and cot^ C 
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is given in the tables. We thus have ^(A^B) and ^{A+E), 
and consequently both ^1 and J5 by [28] ' HaS{ab) . .' (9, 36). 

The side c is found by [26^ B]. 

3. Two angles and the side between them are given. 
C^tr-A-B (by Prop. D); .-. Sin C « Sin (^ + J5), and 

« = c.SinJ:Sin(^ + 5) [34], 6 = c . Sin 5;Sin ( J + J5). 

4. Two angles and a side opposite one of them is given. 
n /^ UN JL Sin5 SinC Sin(J + B) 

5. Two sides and an angle opposite one of them are 
given. 

Sinl? Sin^ . a- u o- ^ jl 
— T — = gives Sin B = Sm A . 6:a. 

This gives the sine of B, but as B and w—B have tlie same 
sine, it remains doubtful which of these supplementary arcs, 
the acute, or the obtuse, is the one sought. 

We may sometimes decide it thus : 

If 6 < fl, B^A; for cut off from C on a a portion = 6, 
{CB'^CA) : then ACB' is isosceles, and 
CAB= CB'A, which is > CBA ; for CEA 
= CBA + CABy by Prop. D ; i.e. In any 
triangle, the greater of two sides is oppo- 
site the greater angle. If then A is acute, the obtuse must 
be rejected, for no obtuse angle J5 is < ^. If A is obtuse, 
the obtuse B must be rejected ; for there cannot be two ob- 
tuse angles in a triangle, by Prop. D. 

If b^a^ B>A. Then A must be acute, and both values 
of B, the acute and the obtuse, mav 
be suitable,^ or there may be two tri- 
angles {ABiC, ABC) which have the a 
sides a, 6, and the angle A. 

B being found, C7 is ir^A-B, and c = q^— -j ^f 

or c may be expressed in terms of the data abA, thus : draw 
the ± CD : then c = AD ± DB, according as D falls within 
the A or without it . (BDy + (DC)' = a'; 

.\ BD^^Ja'-ipCf^^^Ja^-Q) Sin J)', or, as^D=6Cos^ 

c^bCosA^Ja'" 6« SinM, 
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taking two like signs if D falls within the triangle^ and two 
unlike if it falls without. The two values of c answer to 
the two values of B, You are already in possession of the 
knowledge requisite for geometry in its original etymological 
meaning, the measuremetU of land; for every plane figure 
can be divided into triangles^ of which you can now discuss 
and solve all possible cases. 

Whole provinces have often been surveyed and mapped 
by measuring a single line^ and taking angles with a proper 
instrument^ such as the theodolite. Let AB be a base 

known by exact measurement. If the an- p SL 

gles PAB and PBA are observed, which 
can be easily done if P be visible, whatever a" 
be its distance, from the points A and B, the triangle APE 
is known, as in case 3 of oblique triangles. Thus the 
lengths AP and PB and the angle between them are known 
by calculation, and the position of P can be fixed on the 
map or plan. If the point Q can be observed from any two 
angles of the triangle APB^ Q is found in like manner with 
P : or if Q be visible only from P, not from A or J5, and if 
PQ is a line known either by measurement, or as may 
easily happen, from calculation of some triangle of which it 
is one side, the angle BPQ can be ^observed, and QB is 
found as in Case 2, as well as the angles PQB and PBQ. 

40. You can write the expression for the area of a tri- 
angle, if either ab and c'are given, or ab and C, as in £3i}, 
for it is ' Sine Gang half ba ;' or putting a for area, 

A = ^ a6 Sin C = 5 cfl Sin J5 = ^ 6c Sin -4. 

You can write it also in terms of the data of Case 3, A Be, 
by putting for a in i^ac Sin B its value in terms of ABc, 
giving 

_ J c Sin A c- J? _ 1 8 Sin .4 Sin B 
^"^•Sin(J + 5)-*'^'°^~5'' Sin(^ + B)- 

In fact the area can be expressed in terms of any data 
which are sufficient to determine the triangle. 

The three perpendiculars from the angles on the sides 
ahc are given with the sides and area, thus : 

api = bp^ = 2a, api = cp^ = 2a, 

wherefore pi = 2A:a; p^ = 2a:6 ; p, = 2a:c ; also 

a:b = p^pi; aic^Ps^Pi; 

from dividing the first equation by bpi, and the second by 

cpi- 
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We can substitute for a in the values of p,, p,, and ps 
any expression equivalent to a, and thus obtain various for- 
mulae for the perpendiculars. Thus by [^32], 

Pi = - ^s , (s " a) . (s - b) . (s " c), or squaring^ 

'4 

pi' = -^.s.(s — a),(s^b).(s — c)y or 

a__ a + 6 + c -~a+'b + c a-^b + c a-hb- c 
^ ■"*• 2a • 25 2 • 2 ' 

then dividing both sides by a\ 

Pi* . a + b + c -a + A + c a-6 + c a + ft-c 
a* * 2a ■ 2a ' 2a ' 2a ' 

for remembering that . means times^ the denominators on 
the right make 2ax2ax2ax2a= l6a* x a*. But the frac- 

^^^ — 9 ^"^ °®* altered by dividing both numerator and 

denominator by a ; therefore 

^ be , b c ^ b c ^ b c 

^t 1+-+- -1+-+- 1--.+- 1+ 

P}_^A a a a a a a a a 

a» 2 • 2 • 2 • 2 ' 

or multiply both sides by 4, 

a' \ a aj \ a aj \ a aj \ a a) 

b c 

If we now put for - and - the equivalent fractions just 

now founds Si and ^ , 

« \ P» Pi/ \ P2 P%) \ P% PJ \ P% PzJ 

'whence^ extracting the square^roots of these equals, 

2p, 

then taking the reciprocals of these equals, and multiplying 



aa 



tpx 



=*=V(l+;>i:|)j+p,:pj).(-l+Pi:p8+|)i:|)s).(l-pi:|)8+Pi:p,).(l+Pi:pjr:Pi:ps^ 

by which we can find the side a, ifpi, p^, ftnd p, are given. 
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This is the solution of the problem^ 

Given the three perpendiculars from the angles on the op- 
posite sides, to find the three sides, 

A more elegant exhibition of this solution is obtained by 
simply dividing the last equation but two by j^i^; Le. by 
Pi ' Pi * Pi * Pi> E^^'^^S after multiplication again by p' 

fl VPi Pa PJ \ Pi Pa PU VPi Pa PJ \Pi Pa PJ 

and thence you get 4:6' and 4:c", by (17) going round 
(1231...). 

The squared reciprocals of - - and - being thus known, 

n h r 

- - and - are founds and also a h and c, in terms of the 
2 2 2 

three perpendiculars. 



LESSON XL 



41, Jane: — I have wished to find the triangle whose 
three perpendiculars are 6, 8, and 9^ on the sides a, 6, and 
c. We have by the last equation you gave us, 

- X 20735. 



(72)^ 



8' 
-i X 20735. 



(72/ 
=^.x207S5. 
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20755 is (144)' nearly: so that § = ^ = 6 nearly; -=§ 

jgf J.44 Z #S 

nearly, and ~ = 4 nearly; or the sides of the triangle are 

nearly a = 12, & = 9, c = 8, at least within the thousandth 
part of unity ; a being, more exactly, 12'00029, 6=9'00022, 
and c« 8*00019. I confess that to me these arithmetical 
computations are not less troublesome than the algebraic 
reasoning, and require as great an expenditure of time and 
thought. 

JJncle Pen. :-«-It is evident that no triangle can have its 
perpendicular on h equal to c, except a right-angled triangle. 
The triangle just found is nearly right angled at A, as 
appears from 12' = nearly 9'+ 8*. 

Richard : — This is all very interesting about the sides 
and the perpendiculars. You have introduced us to fere, 
hk, and biCang QlSl: can the three bisectors of the sides 
and angles be handled in the same manner as the perpen- 
diculars ? 

Uncle Pen. : — You may readily find either the bisector 
of a side or that of an angle in terms of the three sides. 
Let Ce = A, be ' hie,' the bisector of c. 

By [26, B], 

a» = A3» + (i cy - V Cos BeCy 

6» = ^3« + (i cy - k^ Cos AeC ; 

but AeC and BeC are supplements, therefore by (23, L) 
a* + 6' = 2^b' + 2. a cy, or dividing by 2, 
V+(^o)' = 5(«'+nor 

if ^1 and h^ be the bisectors of a and b. 

The square of the line drawn from any angle of a triangle 
to bisect the opposite side^ together with the square of half that 
side, is equal to half the sum of the squares of the other two 
sides, 

[37] DUQ {bic (half c)}'s half DUQ {ab}. 

V. bic [18] ; v. DUQ [13]. 

The two squares of bid and (J e) are half the two squares of a and 5. 




88 PIRST 2CNEMONICAL LESSONS. [§ 41. 



• 




Let CF be the bisector of b; 
the angle C in the triangle ABC, 
Draw AB' parallel to CjP, to 
meet CB produced in J^. The 
line BB\ cutting the parallels 

CF, B'Ay makes FCB = CBA = ^ C, * ext = int op.' ; and 
AC cutting the same parallels makes FCA = CAB'^^C, 
'alter. ins=' Ql]. Therefore ACB' is an isosceles triangle, 
and Cf the perpendicular on B'A bisects B'A by [IS~\^ 
'perc is bic:' hence 

B' A ^9f A :^^AC. Cos CAF 
= 26.Cos^C4 

Now by [6], -^ = ^g> = ^|-^ , or, by the preceding, 

CF = J5'^.-^, = ^Cos| C; C. 

a+b a+b * ' 

which gives the bisector CF in terms of ab and C By 
"" squaring equals we obtain 

{CFf =^^ Cos»^ C: and by [32] (37, A) 

ab Cos' 5 C = (* — c) . *, whence follows by substitudoo, 

This gives us the square of the bisector CF in terms of 
a, b and c; s being ^ (a + 6 + c). If A;,, k^y k^ be the bisec- 
tors of Jl, Bf and C, we thus obtain 

InthcA^jBC, if e = ilF; BF^c-e: 
and we have CS4], 

a c — e 



Sin CFi? ""Sin^C 

6 e_ 

SinCF4"SiniC' 
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whence^ as Sin CFB = Sin CFA, [23, L], 

a c — e 



A. 



he' 
by division of equals by equals. 

The following theorem is expressed in this equation 
(A). 

The bisector of the vertical angle (C) of any triangle 
(ABC) divides the base (c) into segments {e and (c — e)} tvhtch 
have the same ratio with that of the two sides (b and a) 
adjacent to those segments, 

42. By help of this property we can make a useful 
transformation of the formula for the bisector. From 

D, T = * and - = , follow 

b e ' a c-e* 

-. + 1 = + 1, and- + l = + 1, or 

b e a c—e 

a b c—e e ^b a e c—e 

+ _- + - and -+ -=s + , or 

b h e e a a c — e c — e' 

r./ a + b c ,6+a c 

D . — =— = - , and 



b e* a c — e* 

^ ' St 2 

therefore V~ 7 ixi sJs-c)^ 4Mb . ^-7 — -jTi—, 

or hi^abXx- ^ S^^ah-c^. , tnj. 

I (0 + 6)* J (a + 6/ 

The multiplication of the equal members of the two 
equations D' gives 

(a + by c* ab _ e(c-e) 

ab "e(c-e)' ^"^ (ST5)"»~ c» ' 
whence by multiplying equals by c% comes, 

^ ab f V . . 

(^T6)^ ' ^ ^^ " ^^' «^^^°» 

V = «^^«(c~e); or h^^Jab-eip-e). E. 



90 FIRST MNEMONICAL LESSONS. [§ 42. 

Def. The number 2ab:(a + b), obtained by dividing twice 
the product of any tno numbers a andh by their sum, is called 
the harmonic mean of those two numbers. 

The equations (C) and (E), with (A), may be remem- 
bered thus : 

(E) BiCdng is RooFDuP {db, segs), vid. biCang [18]. 
[38] (C) Is C6sHaC tog of HdrM legs ; 

in CosHa pron. sh as in cash 3 of stands for ^mes. 

(A) And vi (06) is the vi (segs). vid. w. [6], 

[S9'\ HarM (db) is two db by S (db), S for Sum of. 

As either S or M is used for SuM, so either D or F may stand few DiF, 
or difference. DuP is two or duo Products of the indicated pairs ot num- 
bers ; RooF is square Root of l>iF ; biCang, i.e. *, = the square RoOt^ 
the DlFference of the duo (two) Products (a6 and the segmeaXs.e ana 
(c-e\ of c\ ; k. also is equal to the Cos of ^alf Gang of the Harmo- 
nic ilfean of the %s a and b. N.B. between two numbers^ of always 
mean Hme», as JxJ, is ^ of }, &c. The fourth line is the above de- 
finition. 

In equations (C) and (E) are expressed the proposition 
following : 

The bisector of any angle of a triangle, included wUhin 
it, is equal to the harmonic mean of the sides containing the 
angle multiplied by the cosine of half the angle; and the 
square of that bisector is equal to the difference of the rect- 
angles of those two sides am of the two segments of the third 
side made by the bisector. 

If it is granted, (and it shall presently be proved) that a 
circle can be drawn through three given points, the property 
(E) can be established very simply thus. 

Let the bisector CF be produced to meet at -B' the circle 
through AB and C; join AB^; then z BCF 
= ACB'; L CBF= CB'A, because these are 
angles on the same arc iiC [[a, 19]]« Hence 
the remaining pair are equal, or / CFB 
- z CAB' ; for the three angles of the tri- 
angles CFB and CAB' have equal sums, 
and make up in each two right angles: 
Prop. D. We have in these triangles, which are simikr, 
because they have angles of the same magnitudes, [^34[]) 

CF CB 

Sin CBF" Sin CFB' 

AC CB' 

Sin CB' A " Sin B' AC 
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whence by division^ 

Sin CB'A CF SinB'AC CB 
SinCBF ' AC^ Sin CFBCB'' 

CF CB 
^^ AC CB'' 

by reason of the equal angles and sines : 

Hence CF . CE^ AC.CBy 

by multiplying by AC . CB'; 

or CF{CF + FB')^ha, 
(CFy+CF.FB'^ba, 
{CFy^ab-^CF.FB''^ab-AF.FB = ab''e{c^e}; 
for CF.FB'^AF.FB, by [20]. 

In reply to Richard's enquiry about the handling of 
bisectors^ I shall only say at present that the sides a b and 
c can be found by equations (B), when hi, h^^ and A, are 
given^ and from equations (€') when k^, A*,, and ^3 are 
given ; but the solution of these problems^ especially of the 
latter one^ is too difficult for you to attempt, until you are 
more dexterous algebraists. Yet you may bear these ques- 
tions in mind, as matters of future interest and enterprise. 

Jane: — The device of adding unity to^both sides^ by 
which (D') is proved, was employed in the demonstration 
of [35] ' SubyD Sines &c./ and is a very pleasing con- 
trivance. 

Uncle Pen. : — It is both a simple and a fertile expedient 
Let abc and aJfiCi be triangles having the same angles AB 
and C or ^tmt'/ar triangles. From a: Sin u4 =5: Sin j& [34]], 
comes by dividing by 6: Sin J., a:6=3Sin J.:Sin£; and m 
the same way a^b^ = Sin J.:Sinj^. We have then 

a Oi b bi c _ Ci p, 

b bi c Ci a tti 

Add to each side of each ^ 1, and you have as in (37), 

adsb fl, *fti 6*c bi^Ci cdsg ^ (?, db flj 
6 bi c C| a Gi 
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Divide G with the upper sign by G with the lower^ 
member by member; 

a + 6 _ «! + 6| b + c _ 6| + C| c + o c, +gi „ 

Multiplying in (F) by bbi , &c., 

abi = ajft, 6ci ~ 6,(?, cflj = Cjfl ; F'. 

and then dividing by afi^, &&, 

araj = 6:6i, b:bi »= c:Ci , crCj = a:a,. F '. 

All the equations FGHFT* are true of the sides of two 
similar triangles. 

Thus, let CF be any line drawn from C to meet in F 
the circle through AB and C; join ^J?'; 
draw (y making z 5(2^= ^'0^1 : then the 
triangles CBf and CAB' are similar^ like 
CBr and CAB' in the preceding figure. 
Join BB\ and you have z CB'B^CAF, 
both on the arc Cj& [19], and ^fCA 
(^ACR+FCf), equal to the iFCB^{BCf 
+FCf); wherefore the triangles ACf and BCB' are also 
similar. 

It follows that /B.a5'=^B'.aB, and Af.CB^BB. 
ACy by the reasoning in (F) and (F'), (i.e. ca^ = Cja). 

Hence we have 

CB\(JB+Af) = CB.AB-^CA.BB', 
or CB\AB=CB.AB'^CA.BB\ (I) 

As ACBB' are any four points of the circle, we have 
(Euclid VI. Prop. l6, Cor. 4) in the equation (I) this propo- 
sition : 

The rectangle of the diagonals (AB, CW) of a quadri- 
lateral in a circle, is equal to the sum of the two rectangles of 
the opposite sides (AB'. CB and AC . BB^). 

[40] In quad, inscri. two opps. are ir, (c) (51). 

And pr6 digs is DuPdppo.si. (I). 

i.e. in a ^uocMlateral inseribed in a circle, two opposite angles are t, 
pr together make two right angles : and the product or the disigontds is the 
duo Products, or double product, of the opposite fides. 
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43. I promised to Drove that a circle can be drawn 
through three given points. Let them he A B and C, and 
let d and e be the middle points of the 
lines CB and AB: let the perpendicu- 
lars to those lines at d and e meet in the 

I point k. The triangles Bhd and Chd hav- 

' ing two sides in the one equal to two sides 
in the other^ and the contained angles 
equal (34« B), have their remaining sides 
KB and hC equal: and in the same way, in the triangles 
Bke and Ahe, the sides hA and hB are equal. The point h 
is therefore equidistant from the three given points : a circle 
having its ramus = kB, and its centre at h, wdl pass through 
them all. The perpendicular on AC horn h bisects AC 
bj {yj, a]]: hence it appears that the three perpendiculars 
to the sides of any triangle at their middle points meet in 
a point J viz. the centre of the circumscribing circle. 

To find therefore the centre of the circle which passes 
through three given points^ it is merely necessary to join 
one to the remaming two^ and to raise perpendiculars at the 
niid points of the joining lines ; these perpendiculars meet 
in the centre required. 

Let CD be the diameter of the circum- 
scribed circle, and Cf the perpendicular 
from C on the side AB or c. Join ADz 
then CDA and CBf are similar triangles, 
being right angled at A and/ Qipl, and 
having equal angles at D and JB, and con- 
sequently the other pair of acute angles 
at C equall Hence (F', 42), 

Cfy^CB = CB.CA, mdCD^CB .CA;C/. 

The same thing is proved by the consideration that the 
angles at J) and B have equal sines. Thus we see that the 
rectangle under any two sides (CB, CA) of a triangle is equal 
io thai under the diameter cf the circumscribing circle ana the 
perpendicular let fall on the third side from the opposite 
angle. (J). 

The area is ^AB.Cf, or (<f'="jn> putting a for area, 

whence by substitution, 

CD=:CB.CA.AB:2^f r CD « fl6c:2 a = 2-R, 





94 FIRST MMBMONICAL LESSONS. [§ 43. 

if we put R far the radius of the circle. Hence 
R=ab<rA^f or 
4-R = fl6c:± Js (* — fl) . (* — 6) . (j - c). 

The radius of the circumscribed circle is^ found hy dividing 
the product of the three sides by four times the area of the tri- 
angle, (K). 

Let CD the bisector of the angle C of the triangle 
ABC^ meet in D the bisector 
of A ; and let Df and De be 
perpendiculars from D on AC 
and CB. By [22], 

DC Sin ^ACB^ D/= 25e, 

and DA Smi CAB ^Df^Dg, 

.-. Dg=:Df=De, 

and since the sides of the triangle are perpendicular to these 
lines, these sides by [17) b] are tangents of the circle which 
passes through gf&nd e, having its centre at D. Thus it is 
evident that a circle can be inscribed in any triangle ABC, 
Because De = X)g, if we now draw the line t)B, we see that 
it is the bisector of the angle CBA ; for [22] DBe and 
DBff have equal sines. Thus the three bisectors of the 
angles of a triangle meet in a point, which is the centre of the 
inscribed circle. 

By Prop. B. (20), ACx. Df+ BCxDe + ABx Dg= twice 
the area of the triangle ABC, i.e. putting r for De the 
radius, 

r(a + b + c) = 2a, or, s being i(a + b +c)y 

r = a:s, (Z). 

The radius of the circle circumscribed about a triangle is 
equal to the product of the three sides divided by four times 
the area : and the radius of the inscribed circle is equal to 
the area divided by the semiperimeter, 

(J) Dim. out circ is ba to perc. ba is one syll. 

[41] f Z) In. rdd. of semp. is Ar'e, Are is one syl. ; of is x. 

(K) Four out. is bac by Are. bac a monosyl. 

' Diameter of out (i.e. circumscribed) circle is the quotient or ratio ^: 
perc. vid. [181 ; to is here equivalent to by. The inscribed radius o/(i.e. 
times, vid. [38 c.]) «cmiperimeter=s^rc (French for area) : four out {mii) 
=3 6ac bp AreA ; or 4/2 as baoiA, 
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If DA be the bisector of the anffle at A 
below the base AB, the perpendiculars Df, 
Dg^ and 2>e are still equal as before: and 
Dn being then joined is proved as before to 
be the bisector of the angle at B, below the 
base. Hence a circle whose centre is X) and 
radius De will touch the sides of the triangle 
below the base in ef and g. We have also 
(Prop. By 20), 

ACy^ Df+ BBxDe''ABxDg = twice the a ABC, or 

r, (ii + 6 — c) = 2 A, and exactly in the same manner, 

rg(a — 6 + c) = 2a, 

r, (— a + 6 + c) = 2 A ; 

putting Tj r, and r^ for the radii of the cirles touching the 
sides below the bases c b and a. We have also, as already 
proved, 

whence by multiplication of equals, 

A* being aaaa, 2* = a + ft + c, &c., 
rr^r^r^ . Ss (s - a) , (s - b) ,(s - c) ^ B a*, 
or dividing both^sides by 8 a", [32], 

rrir^Va = a", and ± Jrr^r^r^ = a. 

It is usual to call the three circles whose radii are rir^r, 
the escribed circles. You may add, if you think it will aid 
your memory, to the last mnemonic this line more, (in for 
inscribed, e for escribed, rad,) 

[41'] RooP. In. e. rdds is Are; vid. RooP [32.] 

which expresses the elegant theorem, that the square root of 
ihe product of the radii of the inscribed and three escribed 
circles of the area jjf the triangle. 

Example. If the sides are 6, 8, and 9, a « 23*525252, 
^ = 4-5908 1 , r = 2-045673. What are r^.r^^ and r^ ? Find 
them, and verify [41']. 

If c be 8, we obtain from (B, 41), (D', E, 42), A3 
=5 6-5192024, e = 48, A, = 6-2l6l081. 
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LESSON XII. 



44 DsF. Similar figures are such as have the same 
angles in the same order. 

Let ABC and AiBfii be similar triangles, whose sides 





are ahc and aj^iCi. The areas of these triangles (40) are 
^c" Sin A Sin B: Sin {A +J5), and ^ c j» Sin A Sin JB:Sin {A +B), 
of which numbers the quotient or ratio s c'.'Ci'. By this^ 
since c'lc' = a*:a' = b':b*, (F", 42) we see that the areas ^ 
two similar triangles are proportional to the squares of their 
like sides, i.e. sides opposite the same angles. Let now 
CBD and (7,^iA be similar triangles : ACDB and A/JJ)^By 
will be similar quadrilaterals, ACD and AfixDi being 
equal, as sums of the same l^ngles, and ABD also 
= AiBiDi. If we put OBiCiBi = N, we have (F", 42), 

N = DB:D,B = BCiDfi, , and also 

We have proved that 

(a C2)J5):(a CJ),B,) = iV», i.e. 
(a CBB) = iV» (a Ci AA), and 

(A^D5)=iV»(A^jD,A); 

whence, by addition, 

(a CBB + A ABB) = iV» (a 0, A-ffi + ^ ^i A^i), or 

^?^^ = iS^= U^)^U.A)" = (^^^^^^ 

If the fiffures be made similar pentagons by the addi- 
tion of similar triangles BBE and DiB^Ei^ it can be 
proved that 

A^= DB:D,B, = BEiB^Ey, 
and (a DBE) = iV» (a B.B^E,), whence 
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«(.i5)':UiJ50' = &c. 

In this way can be demonstrated, for any number of 
sides, the truth of the following proposition. 

Similar polygons have their corresponding sides in a con^ 
stant ratio, t. e. the ratio of every such pair is the same ; and 
the areas of the Jigures are to each oiher as the squares of 
the corresponding sides. 

In simils, quSt Ares 

Is vi(lik.8i. squares) pron. viUiksj : vid. vt. [5'.] 



[42] 




i.e. in two MintVar Agates, the quote of the areas is the quote of the 
iquares of like sides. Corresponding or like sides lie between like pairs 
of angles. This includes the former part of the proposition : for u the 
ratio of the squared sides is constant, that of the sides is constant. 

Let ah c d,,fhe 9L regular 
polygon of n sides inscribed in 
our scale-circle ; which implies 
that the n chords ab, hcja are 
all equal and Uiat each of the n 
angles subtended by them at 
the centre is 2w:w, or the »'** 
part of four right angles. If 
Op be perpendicular to af^ it bisects the angle aOp [1 8], 
and the cnord afy which is evidently twice the sine of 
flOp; or 

fl6 = Jc = ... =/a = 2 Sin ^1 . ^^ = 2 Sin (<«•:«). 

Let OA, OB..,OE, OF, be taken on Oa, Oh, &c., each 
equal sec ^:», and let AB, BC,..,EF, FA be joined, making 
a polygon of n sides. In the isosceles triangle OAF, Op the 
bisector of AOF is perpendicular on AF [181, which is 
therefore parallel to aj; and we have by [6], OqiOp 
^0A:Oa, or since Oa — l, 

Oq = Op.OA = Cos (7r:«) . Sec Qmn) = 1 ; [24] 

>^herefore q is the extremity of the radius, and the line 
^F perpendicular to Oq is a tangent In the same way it 
<^ be proved that all the n sides AB, BC, CD. . . are tan- 

E 
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gents parallel to the chords db, be, cd»..; they are also all 
equal (B, 34); and the zABC^zabc, &c. ; wherefore 
ABC...F is a regular polygon circumscribed about the 
circle and similar to the one inscribed. 

The side AF is manifestly = 2 tan (wm) ; and the peri- 
meter of the circumscribed polygon is 2n tan (v:n), while 
that of the inscribed is 2n sin (vin). Wherefore 

Perimeter of inner polygon 2« Sin («•:«)__ / . \ 
Perimeter of outer polygon 2n tan («-:») ~~ ^ ' *'' 

When n is exceedingly great, 9r:n.is exceedingly small, 
and its cosine is immeasurably near unity^ in which case the 
two terms of the fraction Sin (9r:n):tan (7r:n) differ in valae 
by a quantity immeasurably minute^ and either of these 
perimeters may without appreciable error be taken for the 
other^ or for that of the circle which lies between them. 
It follows that if we can find correctly the sine or the 
tangent of an arc w:n as small as we please^ we can find 
the perimeter of our circle as nearly as we please^ and 
thence by proportion that of any other circle whose radius 
is given. To find the value of ir, the length of our scale- 
semicircle^ is no more practicable^ and no less^ than to find 
the length of the diagonal of the square whose side is 

unity, i.e. the square root of 2. The value of J2 is 
bobodatusdipta, or 1*4142135623731, that of v is tafaloud- 
sutuknoint, or 3'141592653589793> at least within a ten- 
thousand-billionth; these decimals have been extended to 
hundreds of places, but it is idle to seek for the termi- 
nation of these infinite series of figures. There is nothing 
difficult, except the laboriousness of the arithmetical work, 
in finding the perimeter of a polygon of a million sides 
or more. 

We know [31], Sin = 2 Sin 1 1? Cos § $, 

m f -m 1 ^ Sin Q 

and [221 ^^'^^^"C^' 

Sina'tanJ0 = 2Sin»i0. a. 

Also [25], 1 - Cos* i + Sin« | tf, 

[31], Cos d = Cos'^ e - Sin" ^ 0, 

l-Cosa = 2Sin»^a; b. 
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Hence Sin ^ tan ^ 6 = 1 - Cob 6, c. 

,^ 1-CosO 

^""^^^ l-Cos»d 

l+Co8^' Li*>cj' 



d. 



the numerator and denominator being both divided by 
(1 - Cos d). 

By formula b, if we know the cosine of the angle at the 
centre subtended by the side of any regular polygon, we 
can find the sine of its half; and knowing the sine of 
that angle we can find the tangent of its half by equation 
cf. This half-angle is the angle subtended at the centre 
by the polygon whose sides are in number double of the 
first ; the half of this half-angle is that at the centre under 
a side of the polygon having four times as many sides as 
the first: and thus we can proceed bisecting angles and 
doubling the number of sides and finding the perimeters, 
2» Sin (xin), and 2n tan (vm), as far as we please. 

45. Thus to Jind the perimeter and area of the inscribed 
and circumscribed squares. 

Let p and P be the perimeters; we have « = 4, and 
|) = 8 Sin (7r:4) P = 8 tan (7r:4). In equation (b) (44), 6 is 
the known angle at the centre, which is ir:2, the fourth part 
of the circumference ; and ^ is found by 

Sin"(7r:4) = ^(l-Cos|), 
or Sin . (9r:4) = ^f = 1:^ = J-S. 

rr 8 4.2 ;- 

Hence l' = ^ = ^=*V^- 

By equation c', we have tan (7r:4) = (1 - 0):1 = 1, there- 
fore P=: 8 xl*8. 

£2 
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The area of the inscribed polygon (vid. last figure) is 
n X (area of triangle aOf), or []S2], 

i nOa . Cy Sin aOf^ i n Sin (2ir:»), 

and that of the circumscribed is 

i nAO. OF. Sin AOF = in Sec* (ir:«) . Sin (2ir:n). 

-_ Area of inner polygon _^ 2 ^ ' / 

"«=* Area of outer polygon " « ^^^^^^ ^^^^^^^ 

1 



Sec*(w:«) 



= Cos* (ir:n). 



Whereby we see that these areas approach without 
limit to equality with each other, and consequently to the 
area of the circle^ as n increases without limit until Cosf 
(ir:») = Cos' . = !• These formulae give us, 

since Cos - = a / 1 - Sin* - = — =. , 
Area of inscribed square 

4 IT 

a= o Sin ^ = 2 square units. 

Area of circumscribed square 

= |Se<5'JS5n| = 2:Cos»^ = 4. 

These are the perimeters and areas when the radius is 
unity. When r is the radius, we have, considering the tri- 
angle made by any side of the polygon of n sides and the 
radii through its extremities^ in the two circles whose radii 
are 1 and r, if s, s' be those sides^ 

y s 

-=-, or *'=*r, 

r 1 

whence it follows, na^=r.ns, or 

perimeter for rad. r = r -a perimeter for rad. unity. 

In the same way the areas of the similar elementary tri- 
angles of the similar polygons in these two circles are as 
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r*:I', [^42], and area of polygon for radius r^r^xarea' 
for radius 1 ; i. e. 

area of inscribed = -— Sin ^^, 

area of circumscribed = — - Sec* - . Sin — • 

2 n n 

Required the sides, perimeters, and areas of the inscribed 
and circumscribed regular octagons, the radius being r. 

The inscribed side is 2r Sin (w:8), 

and Sin («-:8), by (44, b) is 



y; 



1-Cosj 

' * '' " 3826834. 



-J^.- 



2 V 2 



The circumscribed side is 2rtan(9r:6), and tan(Tr:8)^ by 
(44, c'), is 

i^^ - >y :^ - 1 = ^2 - 1 = '4142136. 

The perimeters are therefore 

l6r X 03826834, and l6r x 0-4142136, 
at least within a mQlionth of unity. 
For the areas we have 

Sin (2ir:8) = J^= -7071068 ; 

. ^ ^ Cos(7r;8) ^l-Sin«(«-:8) 
^ =l-0823922» 



^1 -(-3826834)" 

The area inscribed is 4r* x 0*7071068. 
The area circumscribed = 4r* x (1-0823922)" x 0-7071068. 

We can now find 

Sin(7r:l6) and tan(7r:l6), from Sin(7r:8); 

for Cos (ir'.S) = J I - Sin" (7r:8), in the formulae (b) and (oT); 

and thus we determine the perimeters and areas of the 
outer and inner polygons of sixteen sides, and finally o( 
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polygons that approach inconceivably near to each other 
and to the circle. 

Jane : — I see that in Hutton's tables^ the Sine and tan- 
gent are set down as equal for arcs below 18'; thus, 

sine S' = -0008727 = tan 3'. 

Now 6' is ^ of the circumference ; according to Hutton^ 

the semi-sides and perimeters of the inscribed and circum- 
scribed polygons of 3600 sides are sensibly alike. Then 
either perimeter is equal to that of the circle, at least 
to our perception equal. We should have 2^ for the 
product of 2 X 3600 x -0008727 ; but this is 2 x 3-14172, 
and 27r « 2 X 3-141593 ; how is this ? 

Uncle Pen. : — ^You have a right to say that the sine and 
tangent of 3' or 7r:3600, and therefore the sides of the poly- 
gons, are sensibly equal ; for they differ certainly by less 
than one ten millionth of the radius^ a difference which in 
itself is an error of little importance ; but when you infer 
that the perimeters are also equal, you multiply that error 
by 3600, and it then becomes of consequence. ^You may 
however see plainly, from what we have been doing, that 
you can calculate tr, and solve the famous problem of squar- 
ing the circle, as nearly as you please by arithmetical opera- 
tions. To square the circle, is to find a square whose area 
is equal to that of the circle. The area of the inscribed 
polygon of n sides, when n is unlimitedly great, is the area 
of the circle, and this is n times the area of the elementary 
triangle of the polygon. This element is the product of the 
perpendicular into half the base, 

or Op X Ap = Cos {inn) . Sin (w:ii) 
for radius unity, 

and = r* . Cos (mn) , Sin (v*ji) 

for radius r, [[42]. The perimeter of 

the polygon is 2nr Sin («r:»), so that the area is perimeter 

times - Cos (wrn), which, when n is great beyond limit, 

making the angle w:n small beyond all limit, {that ur, 

r 

nothing,) becomes = perimeter x -, or (since the perimeter 
of the circle is 2wr) {38 A) = wr". That is. 
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C. The area of a circle is the product of the radius and 
semiperimetcr, and=ir x (rad.y. 

It is easily seen that the area of any polygon, regular or 
not, circumscribed about a circle, is the product of the 
radins and semiperimeter of the polygon* 

To square the circle whose radius is r, we have to solve 
the equation s^=trr*j giving s^rjv, the length of the side 
of the sought square^ which is found by extraction of the 
root, with more or less exactness, as you take more or 
fewer of the decimal places in v. The important equa- 
tions (b and c) may be easily remembered; thus, putting for 
1 - Cos e its value ver. 6 {De£, 5, 32) ; 

[433 Tdf . Sin is ver. ; (c) vid.uf.[36.] 

Two qudsif is ver. ' (b) 

[433' I^™*s two . IT . rad ; Are's r\w. rad. (A. 38.) C. 

Sif means <ine of half, as taf is /an of half: (tan of half 0) times sin 9 
*s ver 6 ; and 2 (squared sin of hal/6) = ver 0. You can safely omit after 
taf, sin, sif, and ver. The rim or cireumf, = 2mr ; Area = rirr = irr» » 
rad . •JT • rad ; pron. r py rad, 

I should have remarked, just now, that you will be 
hereafter introduced to more expeditious methods of calcu- 
lating the value of ir, so that it would be a profitless labour 
to attempt this by the method pointed out above. There 
are too methods of determining the sines, cosines, &c., of 
arcs, somewhat more compendious and generally applicable 
than the one I have described ; of which you may see some 
stated in the introduction to the tables. My object is an- 
swered for the present by giving you the information you 
now possess. From the known sine and cosine of 90° or of 
any other arc, the sines, cosines, &c., of all arcs can be 
found, by [[27], pp], and |l433, to any required extent of 
decimal places. 



LESSON XIIL 



46. You know that if a be any number, 

fl'fl a fl* = fl'+* ; a'a'a = a' = a*+*+* « a*a = a^\ 
a-a^aa = a* =^ «*+*+*+* = ii*-«" = a*^ = a»fl' = a»+* ; 
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and whatever whole numbers b and c may be, 

«*•«* = {«•«•«••• (6 factors)} (a'fl'a-'-c factors) = c/^; 
or (a to &**•) X (a to c*) = fl to (ft + c)^ (power). 

Further a*:a=fl'=a*"^; a*:a*=a'=a!^ ; a*:€^^a}=a*~*—ai 

a*:a* = a^ = a^ = 1 ; for fl*:fl* is certainly =1, 

so that we may affirm that a^ia^ — a°f if by a® we mean unity. 

s . aaaa 1 . . aaaa I 

a :fl = — — ; a :a = = — i : 

aaaaa a aaaaaa or 

hence we may affirm that a*:a* « a*~* « «-*, and that fl*:a* 
=«*"• = «"*, if we mean by a~* and a~* merely the reciprocals 
of a and o^. In the same way, we can always affirm 

a\a' := o*^, whether 6 > c, or 6 = c, or A < c ; 

if we understand that a*^ = a® is unity, and a~^ is the reci- 
procal of a?. We are to remember then that a"'', (a to lessp,) 
=5 reciprocal of ft', (cip a to p). 

[44] (d to Ig pO is cip (d to pQ* 

We have proved that af^ means a*xfl% and o^^ means 
«*:«% for all integer values of b and c. What if they be 
fractions ? Suppose ft = ^ = c : can we maintain intelligibly 

that aKa^ = a*^^ = a* = a ? Certainly, Ja x Ja = a ; so that 
we may affirm aKa^ s a, if we define a^ to mean the square 
root of fl ; and a^.ar.a^ = a* "*"*■•■ 3 = a^ if ^js j^^ ^^ ^.jj^ ^^|Jg 
root of a. If then ft = J = c, can we say, a*, a' = a^ +i _. ^5 p 

Unquestionably a*, a* = (« )" ; for (the cube root of a) times 
itself must be the square of (the cube root of a). We are 

then safe in putting a^ for a^,ar, if we define that 

a^ = the square of a* = (a' ) • , 



i_ 1^ 1 2. £. 



and it is plain that a ^ a*" = a*" *"=«'',. 
if it be understood that 

a'*^ = (a*")* = the square of the r^ root of a. 

Can we then say^, a^. c?. a* « a* "*"* "*"* « a » = a* ? We know 
well that ^ .tja* ,^^a^; for the same reason that 
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m/2.!^.l/2 = 2. We can then affinn the preceding with 
sskfety, if it be laid down that 

a* « the cube root of o*. 

Are then the cube root of a', and the square of a^ the 
cube root of a, the same number? To consider this^ let us 
denote the cube root of a by ^, and write the identity 

A ^ = a ; thence^ cubing equals^ it follows that 

^^a, and, squaring equals, 

The cube root of a' (or ^') is clearly y, for y'.y.y*=^' ; 
and the square of a% by A, is also if\ 

i, e. the square of a^, which is a', is also the cube root of a*. 

[45] S to vl((tw5 three), v. vi. [5] pron. tovvy. 

is Croot of sq.e, Croot for cube root, 

is squared Croot e : sq. e = «>. 

i.e. e^, e to yL {2^Z), e to the (2:3)^^ power, is the Cube root ofsquated, 
e^ and is the squared Cube root of e, Croot e is cube root of e» You will 
digest this little nicety best with this mnemonic, which will prompt the 

m 

meaning of e»» 

Generally, let y denote the n^ root of a« 

From ^ = a*, comes, taking «*** powers of equals, 

If* = a, and then taking m* powers of equals, 
^*.y".y*. . . (wi factors) = a*, or ^"+?*<--("» **"»••) - ^"» =- a*. 

Now since ^"'.^'^.^"'...(n factors) =^"'^***'"^»""">=y«, it 
is dear that the »'** root of a'"(or ^"") is ^"'; and the m'** 

power of a " is ^"', by the first equation. 

Therefore the m'** power of a", the «"* root of at, is also 
the n** root of a"*, the m* power ota; 

and o* is either this root or this power, whichever yoii 
please* You can easily generalize e^ of the last mnemonic 

£5 



106 VIRST MNBHONICAL LESSONS. [§ 



into e*. It is not necessary to read e* at length, as the m*^ 
power of the »"* root of e, or the n^ root of uie m^ power ; 
for we may call it the (m by ny^ power at once, and read it 
e to (wi by n)'**, or e to (m by «). A little attention will pre- 
vent us from confounding to in the reading of a power witli 
lo in proportion. We can distinguish the reading of eip anci 
€^, &8 e top and e to p*^ (power understood). The (wirn)** 

power of a number is always given: thus 2' the (2:3)* power 
of 2, is obtained either by squaring 2, and then taking the 
cube root of 4, or by finding the cube root of 2, and then 
squaring that root 

47. No power of a is altered in arithmetical value by 
changing merely the form of the index. 

1 S fl * ** 

Then a^ = a' = a* « a*" ; for a*" is the «"* power of a** , 

i . 

i. e, of a*, the m^ root of a^; but the w* power of the m*^ 

root of a number is the number. You may feel, and you 

ought to feel satisfied, without trying to conceive exactly hotv 

it is, that whatever real number (f or a" represents, a*", or 

a"* must represent the same; and you have a right to affirm, 
when once the interpretation of a fractional index is fixed 
upon, that the (mc)^ root of the (mby^ power of a is the c* 
root of the b*^ power of a ; or that the m^ power of the 
(6:otc)*^ power of a is the m* root of the (tnbicy^ power of a. 
Thus we can dispense with the word root altogether, if we 
please : it is perfectly correct to call 12 the (^y^ power of 
144, or 10 the half-power of 100. We may write 10=100°**, 
and 12 = 144°'*; which assert that 10 is the 5* power of the 
10* root of 100, and that 12 is the 10* root of the 5* power 
of 144. 

We are satisfied, that for a*, tf we can put a***, when b 
and c are equal fractions ; is the same allowed when they 
are unequal? Thus, is a%a^ = a^"'^* = a® ? It is certain 
that a^, a* = a*, a*. Let a* the 6th root of a be denoted by 
y: then y"..v^ is a . a^, the product of the third and fourth 
powers of a* : but y.y =y ; i. e. o«. a* =y ; 

•'. a^ a* = y^ and is = a«, the 7th power of ^, or of a*. 
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Further, «*:«' = a*"' = a"*; for 

In the same way it can be proved that the product of 
any powers of a' number, positive, or negative^ whole or 
fractional^ is the number raised to the (sum of all the in- 
^ces)*^ power. Thus, 

2" S^ 1 -ft 1 ft 

'^ = 2^ 2*. 2~*. 2 • = 2»-«.2*'« 

2'.2« 

or twice the square root of 2, divided by the sixth root of 
2' is the cube root of 4. We can thus prove^ 



t^ -J* yfi 1^ _ «.(#ffr4«f •••) 



9 



where x, a, b, c, d,,., may be any numbers of either sign. 

[^46] prod, any pows. o£ x, is 

X to (sum of -dexes). 

Prod. foT product ; pows for potctts ; -dez for index. The sum is 
here of course the algebraic sum. 

The product wiW = (fnhy, or the product of the cubes of 
two numbers is the cube of the product of the numbers, and 
the like b true of all powers : thus 

mh . mh = mm , hh^ or tw*. h* = (mhy^ 

and for any integer e, 

{mm. . . AA. . .), (each e factors) *= (mh) (mh),..(e factors), 

or m'. h* = (mhy. 

It is plain also that 
1111 
(m'h') (trfh') ... (e factors) 

11 1 i 

= n?nf... (e factors) x A*A*... (e factors) : 

1 1 

now (m*h') is the e* root of the product on the left, and 

Uierefore of its equal on the right, which Um.h; 

1 1 1 

i,e. nfh'^(mhy 
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whence it appears that whether J be an integer or a frac- 
tion, ^ ^ 

if. a^^ {cay. Ca) 

This property enables us to make convenient trans- 
formations of surd&, that is, fractional powers which cannot 
be exactly found. 

Thus Vl2-(4xS)l = 4ix3i-2^/3; 
1/12 + ^ = ^/12 + (9. S)i 
= ^A2 + 9^•Si = (2 + 3)^/s = 5^/3. 
As m and h above are any numbers, they may be 

f»s=n% and A=o'', 
so that whatever integers c d and e may be, of either sign, 

(nf . (a"/- (n'. a'f, or by [45], n\ a'= («% a'f. (h) 

Thus, 5*. 6*= 30*, 5*.2*-:5^.2?=.(5».2»)*=(500)^ 

or the square root of 5 x the cube root of 6 « the 6th root 
of 500. 

Again, 
5*: 2* = 5^ X 2"* « 5* X 2"? = (5» x 2-')* = (^ = (31 -25)^ 

or the square root of 5 divided by the cube root of 2 equal 
the 6th root of 31:^. From (a) follows c^:a,'' = (crai)" ; for, if 
a may be any number, it may be any fraction 

— ; and ( — ) =—5. 
From (b) it follows equally that 



e d 



if:n'= (a':n% 
It is plain that C^. a"*** (c^y* is the same affirmation as 



[c tod a tod's c^ t6d, c to d, Slc 

[c tod by a tod's quo. tod. quo for quote c:a. 

[47] (b) n t6 vice 5 to vide is the e*** root of n' toe 

a tod * vice and vide are monosylL 



(«) {; 
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(c) Pdr Quo. pow8 is power of PorQ, 

PorQuo, PorQ. is prod, or quote. 

(d) Por Quo. roots is root of PorQ. 

The first line is c'- 0^ = (ca)<<, the second c':a's(cMi)' ; the third is (6). 
These three lines are examples of the general principle enunciated in the 
fourth and fifth lines, that tne Product qt Quote of the <fth powers or roots 
of two c|uantitie8 u the t^th power or root of the JProduct or Quote of the 
quantities. 

From [^47] it follows that 

{afd^ ^ = (acy¥ = (acky, and that a', c'iifc' = (a . ciky, 

and so on for two quantities each composed of any number 
of factors having the index d. 

What are the powers of 10 between 10' and 10"? 
Plainly they are all above 10 and below 100> and they are 
in number equal to that of the indices which lie between 
1 and 2, i.e. they are infinite in number. Thus 

10'*» or 10*=Vl000 = 31-6227766 ; 

therefore 31 is some power of 10 ^ess than 1*5, and 32 is a 
power of the same greater than 1*5. In Hutton's tables of 
logarithms, you find opposite the numbers 31 and 32, the 
numbers I*4gi36l7> and 1.5051500, that is, 

S1^10''^'*''\ 31-6227766 = 10^*, S2 = 10''""». 

If then you seek the , ^^^^^^^ th power of 10, you will 
^ 10000000 *^ ' ^ 

obtain 31, or a number which differs from 31 by a quantity 

of no sensible value; i.e. 31 is the ten millionth root of 

1000 000; the zeros being in number I4913617, nearly 

15 millions. The number 1*4913617=' log 31, or is the 

'logarithm of 31 to the base 10. 

Richard: — ^There is a sum for you, Jane; you shine in 
evolution. How many miles would those zeros occupy ? 

Jane: — I fancy that Mr Hutton did not find out by in- 
volution and evolution what power of 10 31 is ; but I should 
greatly like to know how he discovered it. This is one of 
the most interesting subjects we have yet seen opened. 

Uncle Pen. .'—You will be introduced to this secret b\ 
due time. For the present, you may safely take it fo|r 
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granted that Hutton is correct, and be satisfiedwith a lesson 
about the use of his tables, leaving the full theory of their 
construction till you are more advanced. And I can assure 
you that it is a rich remuneration for all the previous study 
required, to be able to understand the beautiful doctrine of 
logarithms. 



LESSON XIV. 



48. Every number is some power of every other. 
1 1 

:^ ^ ^ 1 
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are in order equal to 
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2' 


2', 


all powers of 2 ; 


3 


9 


27, 


are the foil*, powers of 3, 


3' 


3» 


3*; 





— 1 10 100 1000, are powers of 10, viz. 

10-» 10-* 10-' lO'* 10' 10* 10». 

The numbers between 4 and 8 are powers of 2 greater 
than the square and less than the cube; and so on of the 
rest. A list of numbers, 1, 2, 3, 4 &c., having under each 
the index of the equivalent power of 2, would be a table of 
logarithms to the base 2 : and such a table can be con- 
structed to any base. The base commonly employed is 
10, and it is usual to write 

2 = com. log 100, 3 = com. log 1000, &c. ; 

or the base is sometimes written as a subindex, thus : 

2 = logio 100, 3 = loga 27, &c., 
read 2 is log 100 to base 10 ; 3 is log 27 to base 3 ; 
but it is usual enough to omit all indication of the base 
when there is no risk of being misunderstood. 

Whatever the base may be, is always log 1 ; for, (46), 

3^= 2' = a'= 10*^=1 ; 

also if the base be greater than unity, all proper fractions 
will have a negative, and all numbers above unity a posi** 
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dve^ logarithm. The contrary would be true if die base 
were a proper fraction. 

The chief use of logarithms is to save the labour of mul- 
tiplication and division^ and to facilitate evolution and in- 
volution. 

Let n and m be two numbers, suppose each of six or 
eight places, and let / and /, be their common logarithms. 
We have thus 

n = Itf, m = lO**, and i« 10^1 r44l, 

nw = lO* . lO'i « 10^1 by [46], and mm = 10'. lO"'* = 10"i ; 

or log (hot) = / + /, = log n + log w, 

and log(«:TO)=:/-/, = log»-logm. 

To find the product or quotient of n and m, we find 
their logarithms / and /] standing opposite n and tn ; then 
their product nm is seen standing opposite the logarithm 
{I + 1^^ and their quotient n:m opposite / — /j. Thus, in- 
stead of a tedious multiplication, we have only an easy 
addition, and, for a long division, a simple subtraction to 
perform. All products of two quantities {t and a), are ob- 
tained by the rule 

log t + log a = log (ta), a. 

which includes all quotients, for 

i:a=t.^, and log;- = - log a; [44], 
so that 

log^+log- = logU.-V or log /-log a = log (/:a). 

All involution and evolution is effected by this rule, for 
all values of p, 

log a' a p log a. b. 

To prove this, let p = q:r, where r may be unity, if p is 
integer. Then if / be the logarithm of a ; we have / = log a, 

and a = 10'=10^***" 

a- = (lo'y « i(f by [45] 

f i ^ 

a'=a'=(10')'=10% or 

loga'«-./=ploga. 



a'. 



3 
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a's your Mse to (fit log a) 
a is ten to com. log a, 
[48] ldg^andldga'8l6g(ta), (a) logt a monogyl. and ta. 
(le log a for vi(ta:) (a') 1* = !«»• ^i- " q«otc 

Wg(«t&p)i.pl8gd. (6) {' ron^" •"'""' • 

Any number a u j3^^^ ^, or the base /3 raised to the^^ power (log^ a), 
calculated for that base: a =» l(f^ ^^ = 10togio«, 

49. I shall next show yon how to find from the tables 
the logarithm of a given number^ or a given arc ; and, con- 
versely^ how to find the number or the arc corresponding to 
a given logarithm. 

Let the number given be of not more than five significant 
places : e.g. 12345, or 1*2345> or *0012345. Opposite 12345 in 
the tables of Hutton you find 0914911 ; this is the decimal 
part of the required logarithm, and we need no more ; for 
we know that 12345 is between 10^ and 10^ that 1*2345 is 
between 10^ and 10^ and that *0012345 is between 10"* and 
10"*, &c.; hence we have 

log 12345 :=4*091491i> log 1234-5 =3-0914911, 
log 123-45 =2-0914911, log 12-345 =1'0914911, 
log 1-2345 = 0091491 1, log -12345 =-1 + -0914911, 
•log -012345 =-2 + -0914911, log -0012345— 3 + -0914911: 
the last three are usually written thus : 

I09149II, 2-0914911, 30914911. 

The integral part of the logarithm is called its characteristic 
or index. Use sanctions this index of an index. 

A. The index of the logarithm of a number marks 
always the power of 10, positive or negative, which is next 
below the number. 

Next let the given number have eight places, as 1 234*5678. 
It is best to consider for a moment me first ^ve figures as 
integers, and the three following as decimal places. We 
shall look for log 12345*678. 

The tables give log 12345 = 4-091491 1, and 

log 12346 = 4-0915263 
log 12347 = 4-0915614. 
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The difference of the first and second is 352, that of the 
second and third is 351^ and log 12344 is 352 less than 
log 12345. Oiir sought logarithm is somewhere between 
the, two first ; and we must add to the first a number less 
than 352. As the logarithms in this part of the table 
manifestly increase at about the rate of 352 for every 
added unit in the number^ we have a right to conclude 
that 12345-500 has its log = 4-(()91491 1 + ^352) = 4-091 5087, 
or very nearly ; and that the increment due to 0'678 will 
be given without sensible error by the proportion 

1 : 0-678 :: 352 : 352 x 0-678 = 238 656. 
Adding 238 to 0914911 we have 

log 12345:678 = 4-0915149, 
and consequently 

log 1234-5678 = 3-0915149 by A. 

Let the first five figures of our given number be called 
i\r and treated for a moment as an integer^ and let the 
remaining figures^ whether one, two, or three, be called 
the decimal » ; we want log (iV+ 1). The tables give log N, 
and the difference between this and log (N+ 1); call this 
difference exhibited in the table, this tabular difference, 
A log N. We want now log (N + 1) - log N, the quantity 
to be added to log N to msJce it log {N + 1) ; and we ob- 
tain it by simple proportion as above, or the equation, 

1:« = A log N:{\og (N + 1) - log N}, 

which if we multiply these equals by i • {log {N + ») — log N} is 

» • A log iV= log (iV+ - log iV. 

We have only to add to log N the product i.AlogN^ 
and log (^N + i) is found, in which we have to introduce 
the proper index or characteristic. 

If now a logarithm be given, by which we have to seek 
the corresponding number ; we are to look for the decimal 
p€tii of the logarithm in its place. If it is found exactly, 
the number is found on a line with it; if not, call the loga- 
rithm next below it log A", and the given one log {N + »). 
We want to know i ; and denoting the difference between 
^og {N + 1) and log N, as before by A log N, which we 
obtain by subtraction, the preceding equation gives us 

i = {\og{N+l)--logN}:AlogN. 
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Thus to find the number whose log is 1*2345678. The 
table gives 

log A'=log 17161 =4-2845426, 

treating N for a moment as integer and the sought i as 
decimal. A log N is 253, and log (^+ 1) - log N is 252, so 
far as the difference of the decimals is considered only. We 
have then to add to N 

i = 252:253 - '9960 ; or 
4-2345678 = log 17l6l*996, and consequently 
1-2345678 = log 17-161996. 




and [^48, a] 



50. All cosines and sines, being less 
than the radius unity, are proper frac> 
tions/and have negative logarithms. If 
instead pf tabulating the values of pq 
as sin 9, we tabulate those of PQ, tiie 
ordinate of the circle whose centre is O 
and radius PQ== r, we have always 

PQ= OP sin POQ«r.Sina, 

log PQ = log r + log Sin 0. 

The negative value of log Sin 9 augments numerically 
as + ^ diminishes ; for ioiosSin«= Sin 0; and the index be- 
comes negative infinite when ^ = 0. But if r be great 
enough, log PQ will still be positive, for even small values 
of Sin 9, .To avoid negative indices of logarithms. Hut- 
ton takes OP = 10^**, = ten thousand millions, instead of 
Ojp = 10®=l, for the radius of the circle; and thus the 
smallest arc he has to consider, 6=1", has an ordinate 
PQ > 1, and therefore log PQ > 0. He tabulates this 
logarithm, which is 10 too great, for 

. log Sin a =log PQ -log 10" = log Pft- 10. 

And every circular logarithm, log sin 6, log cos 6, &c. is 
too great by log 10*" or 10, in his tables. We have then 
always to subtract this 10, which is added for typogra- 
phical convenience and correctness, from the tabulated 
value, in order to obtain the accurate logarithm of any 
circular function of 0. An example or two will suffice for 
illustration. 
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To find log COS 6*. 8'. 42''. Call this log cos (iV'+t)', 
1 1" being 0-7' = 42". 

We read 

log cos 6**. 8' = 9*9975069 « log cos iT, and 

log cos 6'. 9'= 9-9974933 = log cos (iV+ ly, whence 

log cos Q\ 9* -log cos 6^ 8'«-136 
= A log cos N' =5 log cos (N+ iy — log cos N', 

As the log cos decreases at about this rate^ — 136 for 
each added minute, in this part of the table, we obtain the 
decrements due to 0*7' by proportion, as before. 

We want to know 

log Cos (N 4- 1)'- log Cos N" ; 

and we have it by 

log Cos (N+i)'- log Cos N" : - 136 :: 07' : l'> or 

log Cos {N + 1)'- log Cos N'= (A log Cos iV) ^ * • 

= -136x0-7 = -95-2. 

Adding this decrement - 95 to log Cos N', we obtain, by 
deducting 10, 

log Cos {N + 1)'= log Cos 6^. 8'. 42" 

« 9-9974974 - 10 = - 1-9974974. 

You see that this is exactly the process by which we 
find the logarithm of any given number. The odd seconds 
are our i, and are to be expressed as a fraction or decimal of 
a minute. 

To find the arc by the logarithm of its sine or cosine, 
4i c. >' as to find that whose log cosine = 9*9974974, or more 
correctly, whose log Cos is T-9974974. We want i in the 
*rc {N + iy ; knowing N from 

log Cos i\r= log Cos 6\ 8'= 9*9975069, by table ; 
logCos(iV+i)'= 9*9974974, as given. 

log Cos {N + «)'- log Cos i\r' = - 95 ; 

also A log Cos JV'= - 136, by the table. 
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therefore by the equation, 

logCos{N + iy--logCasN'^{AiogCosN)i', 

f '= ;j^ = 0-698'= 42" nearly, whence 

6°. 8'. 43'' is the arc required. 

If you digest this well in the shape following, you wiU 
have a sufficient general knowledge of the use of the tables. 
For more detailed information, particularly about the 
method of finding i when the tabular difference Alog^i, 
varies greatly froin minute to minute, you can consult the 
introduction to the tables. 

You want to fi', fi for find. 

Dil6gsor». Di»Diff. 

and Di{16S(iW)loAr} is (tdb. diff.) i: 
[49] first take i for point i. vid. S. [U], lo = 1<«. 

Neg. is 16. of frac. pro. 

Pow'.ten next sub num. is -dez. (A, 49) 

tub = below. 

Vou always want to fiad^ after the fint inspection, either the IHf of 
logs log(iV+fJ — logJV, when iV+i is given, or the decimal i, when 
log (iV + t) is given : and both these are found equally from the equation 

log (iV'+f) - log iV= (todular diff. ) x • : (line third.) 

loS(Ni) » log Sum (JNT+t). Di(loS loN}»the Diff. (log Sam ^ log N"). 
You. may first take t for 0*t, point t, as in our first example. The num- 
bers 0*1, 5'9, &c, are best read, point 1, 6 point 9, &c. ^egatiye is the 
log of a /Taction proper. The power of ten next $ub (= below) the num- 
ber is marked by the index of its log. 

It should have been remarked^ that^ as there are no 
negative logarithms in the table, in order to find the num- 
ber answering to such^ as to ~ 3*5678921, it must be 
written under the equivalent form 1*4321079, for, (2), 

- 3-5678921 = •4321079 - 4*0000000. 

Note also that the numbers whose logs, are in the table 
ate positive numbers : of the logs, of negative numbers you 
have some curious knowledge to acquire hereafter. 
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LESSON XV. 



5]. You can now comprehend and remember the 
solutions of innumerable questions of the greatest practi- 
cal importance and scientific interest. 

£x. 1. A triangular field has its sides 

a =^ 1050, b^SOO, and c^SOO yards: 

required the side of an equilateral triangle of equal area. 

The an^le of an equilateral triangle is Ix 180^^=60*; 
and if js be the sought side we must have by L^2^, 

i 2« Sin 60^ = Vj.(*«a).(*-6).(*-c), 
or, dividing both by ^ Sin 60, 

and^ extracting square roots of equals, 

z - (2:Sin W)^ {«.(*-«) . (*- b) . (j-c)}*. 

(el«e'; ^45] generalized, orci = v^.) 

If a perpendicular is let fall from an angle on the oppo- 
site side of the equilateral, it bisects that side, by QS^; and 

[221 

z Cos 60* = ^ Zy whence Cos 60*= |, 

Cos" 60+ Sin* 60 = 1, [25], 

f and Sin 60 = ^1 -J = 5 Js ; wherefore 

s = (4:73)i {j. (*-a).(jF-6).(j-c)}i 

° H • •* (' - «)* (* - ^)* (' - ") ' ^y n*7. dj and [iS], 

s 

log a: = log 2 - Jlog S + i log* 

+ ilog(j-a) + ilog(*-5) + ilog(*-c). 

#=|(a + J + c) = 1075, *-a«25, (*-6)«475, s^c^515. 



I 
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log 2 = O^SOIOSOO 

i log 1075 = 0-7578521 

i log 25 = 0-3494850 

i log 475 = 0-6691734 

\ log 575 = 0-6899169 

2-7674574 
-i log 3 »- 0-1192803 

log s = 2-6481771 = ^og 444-8126, 
and 2 = 444-8126 yards, 
the side of the equilateral required. 

Eic 2. CP is a perpendicular cliff, surmounted by a 
beacon P, seen across a creek from ^ 

A. Wishing to know the height PC, 
and the distance AC, I measure AB 
= 500 yards level with (7, and I take 
the angles 

PAC^5\r^3(y\ Cii? = 45*.48'.7", 
and CBA = 94^ 2'. 9". Required PC and AC. 

The angle 

ACE = ISO^'- (139'. 50'. 16'0 = 40". 9'. 44", by Prop. D. 
By [34], AC= AB . Sin 94^ 2'. 9":Sin 40^. 9'. 44^ 
logAC^logAB-h log Sin 94^ 2'. 9"- log Sin 40^ 9'. 4*'^ 

or, since Sin (^ + 0) = Cos (- 6) = Cos a, [23, GJ 

log ^C = log AB + log Cos 4'. 2'. 9' - log Sin 40^. 9'. 44", 
log .4(7 = 2-6989700 + T-9989216 - 1-8095286 = 2-8883630. 

.-. ^(7=773-3267 yards, by the table of logs. 

Next CP^ACtan 5\ 1\ 30", 
^ log CP = log Jl(7 + log tan 5^ 7'. 30" 

= 2-8883630 + 2-9527310 = 1-8410940 

= log 693576, 
••. CP = 69-3576 yards. 
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Ex. 3. A and B are two lieht* 
houses^ neither visible from the o&er. ^{ 
AC and CB are two level roads making 
the angle ACB = 6l\ 32', ^(7=4 miles, 
BC^8'75 miles. The distance ^B is 
required to be fomid by logarithms. e 

c** i«+ b'-^ab Cos C, [26, B], 

gives the value of c or AB; but this is not adapted for 
logaridims, which are of use only in finding products and 
quotients. You can obtain o*6*, but not a" + 6", by the 
, logarithms of a and 6. A convenient formula is obtained 
from the preceding, thus, by [31] and [25], 

c«= a«+ &«- 2a5 (Cos^ 0- Sin* i C) 

^a^'+b'-Qab (2 Cos«i C- 1), 

or c"= a"+ 6" + 2a5 - 4fl5 Cos'^ (7, 

= (a + by - 4a5 Cos" ^ C, by [14], 

for the same reason that 8 - 3 = 8 {1 - 1}. 

Now I say that 4a6 is not greater than (a + 6)*, for let 
it be supposed that it is greater by c, c being positive : 

then a*+ 2a6 + 6* = 4ab — c, or, transposing 4a6, 

a*-2a6 + 6' = -c, or(a-6)* = -c, [14], 

which is absurd ; for the negative quantity - c cannot be 
the square either of (a — b) or of (b - a), (v. 23). 

Therefore 4a6:(a + by is not an improper fraction, and 
consequently Cos'^C.4a6:(a +6)' is a proper and still 
smaller fraction, the value of which is known. We may 
caU it Sin*y, and we can find by the tables the arc y whose 
(sine)* is this fraction. We have now the equation 

c«=(a + 6)'{I-Sin*7} = (« + ^)'Cos-r,[25]; 

••. c= (a + 6) Cos 7, (a) 

and log c = log (fl + 6) + log Cos y - Ic^ 10*®. 

In our problem 

ab^35, fl+5 = 1275; iC7= 30^46', 
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Cos 4 C.2jab:(a + 6) = CosSO*. 46' 

X 2 7^- 12-75 = Sin 7, (b) 

log Sin 7 = log Cos SO*". 46' + log 2 + ^ log 35 - log 1 2 75 
= 99341234 
+ -3010300 
+ -7720340 



11-0071874- 1-1055102 = 9*9016772 
= log Sin 52\ 52'. 58", .'. y = 52^ 52'- 58", 

log Cos 7 - 10 =T-7806407 
log 12-75= 1-1055102 

•8861509 = log 7'6939»; 
.-• c=^AB^ 7-69398 miles. 

This is a much readier mode of finding c, especially 
when a and b are large numbers, than the formula [26, BJ, 
and it must be remembered. Putting Si.7 and C0.7 for 
Sin 7 and Cos 7, say : (pron. 7 like g) 

[50] The Side c' is C67 Sum W, (a) 

Where Si7 mean (^^ys CHfiCdng. HarM {dh). (b) 

vid. mean {ab) [8] ; HarM {ab) v. [39] ; €Ua, v. [31], Cang [18j. 

To detennine the side e in tennii of a, 6, and C by logarithms, we use 
the equation above (a), in wliich 7 is given by 

Sin 7 . Va6 » cos } C. 2a6:(a + b), the equation (fi) above, 

with the multiplier Va3 introduced on both sides, for mnemonical con- 
venience. Vid. (15). 

If we had wished to obtain the angles CAB and CBA 
in terms of ahCy and not the side c, we have them by \S5} 
and case 2, {SQ) : 

logtani(^ - jB)«log (a -6) -log(a + 5) + logcoti (7 

. = log 4-75 - log 1275 + log cot SO". Aff 
= 0-6766936 - 1-1055102 + 10-2252412 
= 97964246 = log tan 32*. 2'. 1 5"; 
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^(J+5)«59M4'.0"; 

for ^ (^ + ^ + C) = 90^ (Prop. D). 

Therefore A = gi'. l6'. 15" and B = 27^ 1 1'. 45", [28]. 

Richard: — The right side of (b) as written last, is 
*CosHaCang of HarM.legs/ or biCang [38]; so that I 
could make a shorter mnemonic still, by saying Where Siy 
mean(ahys biCang, instead of the second line of [50]. 

Uncle Pen.: — You are right: and the readiness with 
which you have observed this, proves both the power of 
these mnemonics, as instruments of rapid thought, and 
the attention you have paid to them. Here then you 
might make a little theorem, if it were worth while: 
the bisector of any angle of a triangle is never less than 
the mean proportional of the containing sides. This is evi- 
dent from the consideration that no sine can be greater 
than unity. If Sin 7=1, Cos 7 = 0, and the base c = 0, by 
(a); this is the case of C = 0, and gives no triangle at all. 
Our theorem then is : the bisector of an angle of a triangle is 
always less than the mean proportional of the sides. Scores 
of such theorems can easily be made. But it is a great 
and common mistake, to lose about triangles and circles 
that time and labour, which would be more profitably 
employed in mastering the magical secrets of the more 
advanced analysis. 

Ex. 4. B, A and C are three lights ashore, whose 
mutual position is known ; M is a sand-bank, whose exact 
position is to be determined by observations thereat made 
of the two angles, BMA = 6, and AMC « 0* 

Let c^BAy b=:ACy A^ 
= angle BAC, all numbers 
already supposed known. 
Let AD be the unknown 
diameter through A of the 
circle passing through B, A, 
and My and AE the unknown 
diameter of that through A, 
C and M. Because by [19]* 
AMD and EMA are both right angles, DME is a straight 
iine to which ^M is perpendicular. 

F 
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zBDA'^iBMA^e by [19], 
CAEt^ CME^ip-^ir 

^AMC-'AME 
^D « JBrSin JifB = c:Sin ^, [22], 
AE « ^CrSin AMC « JC:Sin AEC, [40] and [23,L3, 
» 6: Sin 0, 

.'. log -4D = log c - log Sin Q ; log -4£ = log h - log Sin ^, 

by which ^D and AE are readily found. In actual com- 
putation it will of course be necessary to deduct 10 from 
the tabular log Sin d, and log Sin 0. Knowing now in the 
triangle DAE the sides AD and AE, and the contained 
angle, which is ili + ^ + ^ ; for 

DAE = BAC + CAE - DAB 

we can find by case 2 of oblique triangles {SQ) the base 
angle ADE, which gives us DAM ^ \ir ^ AIlEy and finally 
AM =. AD Sin JD^. Also 5.4M =» BAD + i)J3f is known, 
being = BAC+ CAE - DAE + Z>J3f, the first of which four 
is previously given, while the remaining three have been 
found. Knowing thus AM in length, and the angle BAM, 
we have determined the point M, which can be laid down on 
a chart Vid. Legendre, TraiiS de Trigonotnitrie, § lxi. 

£x. 5. A quadrilateral field ABCD is to be divided 
in a given proportion by a line drawn from T a point 
in AD one of its sides. 

Let the sides BC and AD 
be produced to meet in Z; 
the area of the triangle CD!i 



can be found by [32], and 
also that of the field : 1( 




let these areas be called a and F, 
and let jf be put for the distance TZ, which can be found 
by measurement We need to know the angle CZT^ whidi 
we shall call 6. If the angles of the field are known, B 
is the supplement of the z (A + B) the sum of those at A 
and B (Prop. D), and is given ; or we can observe 6 by a 
proper instrument for taking angles ; or we may raise at 
any point p in BZ a perpendicular pq by the bricklayers' 
theorem [7], and then, measuring pq intercepted between 
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the produced sides, and also qZ^ we have S'm 6 =: pqiqZ. 
The portion ABET of the field to be cut off is m times 
F, m being a known number less than unity. Call the 
sought distance ZE, x\ we can express that the triangle 
EZT is to be =^a+I!CDT, thus, ECDT being F^-mFy 

\ xf. Sin 6 = A + F— mF^ a + (1 — «i)-F, whence comes 

X = ^^. ^ . {a + (1 - fn)F}, by division of equals^ 

which gives ZE in known numbers^ and TE can be 
drawn. 

To Jlnd the area of a quadrilateral, it is merely neces- 
sary to draw a diagonal, making two triangles whose areas 
can be determined by [82^. If both diagonals are known, 
h and ky inclined at the angle 0, no matter whether obtuse 
or acute^ the whole figure is the sum of the four triangles 
having their common vertex at s^ the intersection of the 
diagonals, and is 

= ^ Sin (As.Ds-^-As.Bs + Cs.Ds+Cs.Bs) = ^Sin . hk. 

Thus [^32[] the area of a quadrilateral is equal to that of a 
triangle whose sides are the two diagonals inclined at the 
angle between the diagonals, either the obtuse, or the acute 
angle. It is plain^ from the consideration that Sin = Sin 
(▼ — </>), that two distinct triangles can be made to have two 
given sides and to contain a given area, except when that 
area is half the product of the two sides; in which case 

£x. 6. The base (c) of a triangle, the difference (B) of 
the two angles at the base, and the difibrence {d) of the* 
sides being given ; find the triangle. 

Let c = the base, l^B-^A^ the given difference of 
angles, and d^^b^a, the given difference of the sides. 

We shall know B and A by Q28]] if we can find 
<r«jB + ^; forjB = ^(a + <r), and^ = i(<r-8). 

Hence by [34] pS], b - ^Sini(<r+a) ^ for C= .r - <r ; 



Sin 



cSin|(<r-n 
Sin<r 

F2 
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•••*-(='0 = slb-{«ng.|)-Sin(|-,^} 



= Si^-2Cos^.Sin| by[293 



Sin 



S 



S 



= c 1 by [31], 

2 Sin - Cos - 

c . Sm - 

or a= » 

Sin^ 
2 



ivhence^ multiplying by Sin~: J^ 



c.Sirt^ 
Sin^ = 2; 

log Sin - =: log c + log Sin - — log A 

Thus - is found and thence ul = :r — -« and jB = — + ~ . 
2 2 2 2 2 



Vid. Hirsch's Geometry, § lxviii. 



LESSON XVI. 



52. Jane: — Wb have heard nothing of the co-ordinates 
of Des Cartes^ for many lessons. I should like to know 
how far these questions about distances and areas can be 
solved, when the data are all lines measured parallel to axes 
of X and y, and how the answers would be both expressed 
in terms of given points (a?i^i), (^a^a), &c. 

Richard: — If the points are given *in co-ords recta/ we 
know by Q2[] all the joining lines, and we can put for 
every symbol of a given length the equivalent polh.. 
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All our results would then have the shape you wish to see, 
would they not? 

Jane : — So far as distances enter into them, they would, 
and a very inconvenient shape it would be^ with so many 
square roots in it. 

• 

Richard: — The sines and cosines of angles also might 
be represented in the same manner, for these are expressed 
in [32'1 and ^33] in terms of the sides a, 6, c, about them. 
How dfo you express the area of a triangle in terms of the 
co-ordinates of the three angles ? 

Uncle Pen, : — This is worth knowing. Let the origin 




be one of the three angles^ and ^, (*iy,) and p, (x^tft), be 
the other two. Let x^ and ^, through q and p meet in r, 
and a?, meet ^j in *: join Os. The triangle Oqp=pqs + Oqs 
+ Ops, if all the co-ordinates are positive^ as in the first 
figure, and = pqs + Ops — Oqs, if x^ is negative, as in the 
second. The triangle pqs is half the parallelogram sprq 
(D 34) ; the triangles Ops and Oqs are halves of the parallel- 
ograms RpsQ and sqmP^ being on the same bases pSy qs^ 
with diem, and between die same parallels, i. e. having tiie 
same altitudes (Prop. B, 20). Therefore 

A Oqp = ^ {prqs + sqmP + BpsQ} in one figure, and 

« ^ {prqs + sqmP - RpsQ] in the other : 

the first is i {ORrm - OQjsP) ; the second is 5 (prmP- RpsQ)^ 
or ^ (ORrm + OQsP). 

From (D 34) and [[32]], it follows that the area of a 
parallelof^ram ivhose sides a and b include the angle lu is 
ab . Sin «. (E.) 

If then YOX = ta, we see that as 

Om-Xi, OR = i/a, OCi=yiy PO^x^, 
A Oqp = i j?iy. Sin w - i jr, OTj Sin « = ^ Sin a . («,ya - ^i^j)> 
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in either figure; for— ^id;,»a positive area in the second^ 
a^ being negative and ^i positive^ [33* 

[[51] Sin ni (xy Ig yx) at iin two, pron zy Ic wix at untd. 
Is twice Are (Or' un tw6). un for unity. 

i.e. Sinosx (^iy2—yi't)> *!f ^^ h 3» '^s yxat 1, 2, is iwiee the area 
included within the points Origin, (jr^,y,) and (^^3,^3): «» being the 
angle between the co-ordinate axes. This is true for everif pair (^1, yi), 

('2. ya). 

The area may have either sign, as it is considered to be 
space from Oq to Op, in the positive direction from OX to- 
wards OY, or space from Op to Oq^ in the opposite direction 
from OY towards OX; and these two spaces, if the sign is 
to be taken into account at all, must 
have opposite signs. Look now at 
any triangle 1 2 3 ; we see that, if Ol 2 
is the A (012) &c., 

A 123 = 012 - (013 + 032), 

if we consider Ol2, 032, and Ol3, 
to be spaces described by angular 
motion from OX towards OY. Then, 
if 1, 2, and 3, be (ar^j^O, (a?,j^,), and (a:,y,), 

A(123)«^Sin«{x,5^,-j^,Xa-(ar3^,-^3ara)-(x,5f3-5'tJ^8)}by[;5l],or 

a(123)=^ Sin«{j:i.(j^a-^,)+j:a. (j^*-J^i)+^». (^i-i^s)}- 

This then is the area of anif triangle, whose angular points 
are(j?-j?t,y=yO, (^=J?«, 5^=5^,), {x^x^.y^y^; provided 
that in this expression you take care to put for Xj, &c. the 
proper numbers with the proper signs. Can you remember 
this? 

Richard: — ^Why it is exactly 'ter xDi.y's is nil,' if you 
put for 3 ; just like the equation to a given line through 
1 and 2. [9]. 

Uncle Pen,: — It is not * nil* however ; for it is 
/ \ f N / N 2. area (123) ,jy. 

which is never nil, unless the points 123 are in the same 
line. Let 3 fall anywhere in the line (12), and then it 
becomes 

^••(5^i-i^a) + *i-(j^»-3^o) + ^a.(3^o-^i) = = 2area(012):Sia«, 
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^o^o being any point on that line. T^is merely affirms that 
the area of the triangle whose angles are at {x^y^^ (^i^i)^ 
and (ar,y,) =» 0. 

Jane : — How elegantly does this interpret the formula, 
* ter xDijr's is nil !' 

Having fixed the algebraical meaning of Ol2 and 021 to 
be i Sinw (j?,^a — y,j:a), and ^ Sinw (oTa^,— ^jX,), it is evi- 
dently true diat 

012 = -021, and Ol2 + O21 = = no area. 

We may give to these equations a congruous geometrical 
meaning, and consider them to be brief methods of affirming 
the obvious truth, that the angular description of the area 
Ol2 in the last figure, by a line through which sweeps 
from 1 to 2, while its extremity travels along the line 12, 
and then sweeps in the same way from 2 to 1^ has done and 
undone the same thing, and has traced out no area, the two 
spaces described having destroyed each other. It is as 
though the line had not moved at all. We may write the 
triangle 123 thus : 

A 123 = 012 + 023 + 031, 

and give to the right member either its algebraic or its geo- 
metrical meaning, including this conception of motion. 

In the same way the area of the quadrilateral (1234) 
made by joining uie points 1234 in 
that order, may be symbolized thus : 

(1234) = 012 + 023 + 034 + 041 ; 

for it is plainly the sum of the triangles 
012 + 023 + 034, less the triangle 041, 
i.e. + the triangle Ol4; since 041 = 
~ Ol4. In algebraic language, 

Area (1234) 

and this certainly true, whatever be the points jr,^, &c., or 
the co-ordinate axes employed, if in this expression the 
proper values and signs be put for the co-ordinates. The 
same thing is true of the area of any polygon 123456... n 
made by joining n points in that order, 

Area of polygon =» 012 + 023 + 034+...+ 0(« - l)n + Owl, 

where 0(»-l)w = 5 Sin w (0:^1^,-^^, ar„), in which for jr„ &c. 
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are to put their proper values with their proper sighs. All 
this is true, even of polygcms whose sides drawn in that 
order cross each other (not produced) ; but you had better 
not trouble yourself with such figures at present 

53. Let Jx'¥By= C, 

be the equation of any line PQ, 
and AiX — 5^y = Ci, 

X y 
or — = 1 

that of a line PiQi, the two lines subtending supplemental 
angles at O, and let the co-ordinate angle POCi = «. It is 
required to find from these equations the length (disregard- 
ing the signs) of the perpendiculars OL and OL^ on these 
lines from the origin. By Prop. (B 20) and CS23> we 
know that 

OL . QP = Sin «. OP . OQ = 2 (Area OPQ), 

OL, . Ci,P^ = Sin {ir - «) OP, .OQ,^^ (Area OPjQ,) ; 

whence by division of equals, 

OP.OQ 




OL = Sin « • 



QP 



and 0L, = Sin (ir-«)^*-i^*; i. e., [26 3], 

OL = Sm ft) . r ; 

± {OP' + OQ' - 20P . OQ Cos . «)'i 
and 

OL, = Sin (^ - «) OiVOQ. 

^ ^ d= {OP,' + OQ,' - 20P, . OQ, Cos (ir - «)}i 

Observe, that in [26 B] a and c represent two numbers 
of the same sign, and consequently OP, and OQ, must be 
considered as of the same sign; to find Q,Pi, we have no 
account to take of their signs, but of their lengths only, 
which are by QsQ C,:B, and C,:A,. Then 
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0L= £-i 5, 



} 



fC* C* ^C Cf. \ 

Sin (t "^ «) • Tq- • "T" 
and 0L.= ^' ^' 



The numerator and denominator of this latter fraction being 

both multiplied by -j~ or its equal (-778") > w® ®^" 

tain, £23], 

^i- «fe C| Sin « ^ 

• " /^.MAi / C' ^ C' ^ 2(7,' ^_ \i ' 

or by £47] * Prod, roots, &c./ 

sfc Cx Sin a» 



OLj« 



(ill* + jB," + ^A,B^ Cos «)^ ' 



B*A* C • 
for ^/ *gT = ^i'; &C-* 

and 0L= "^^^"« 



When « = 90*, this is 



(^i» + 5,')i' (A' + ^^J* 

The denominators of OL and OL, are exactly of the 
same form, if you take into account that i?, is negative, 
while B is positive: so that if ax + by ^c be any line/ re- 
ferred to these axes, the perpendicular on it from the origin 

= =fc c Sin w:(a" + 6'- 2a5 Cos fl»)i 
For example, the perpendicular on ^ + 3x = 4 is 
± 4 Sin «:(1^ + 9 - 6 Cos w)i, 
and the perpendicular on 5^ — Sj? = 4 is 

db 4 Sin «:(!• + 9 + 6 Cos a>)i. 

¥5 
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We can in general take our choice of si^s, as in ^ Jk ; 
and may consider the perpendicular positive, so long as we 
contradict no previous supposition thereby. 

Let us for shortness call the perpendicular on any line 
from the origin the Lor of that line, distance of Line from 
Origin. And let us call the expression (a* +6*— 2ab Cos «)i, 
bas{abw), (pron. itbd;): it represents, rvhen a and b are 
numbers of' the same sign, the base of the triangle [^6 Bl 
whose sidfes are a and o containing the angle ». If a and o 
in bas{ab») are numbers of unlike signs, this geometrical ex- 
planation fails ; but, from what precedes, you can see that 

(«* + 6" + 2a^Cos«)i 

is the base of the triangle whose sides are + a and + 6, con- 
taining the angle (n- — m) : in fact it is 

{a* + &• - 2a5 Cos (ir - «)} J. 

Let us call A and B, in Ax + By - C = 0, the Jlcs, i. e. 
the coe^cientf of x and y : then bas(fic8 ca) will stand for 

the expression {A* + B'^ ZAB Cos «)i, whether the Jics 
have like or unlike signs, i.e. whether ^^AB represents 
a negative or positive number. You may say 

[52] Lor's Con. Sin a> by bds(fics w) : 
Is C6n. clpoth fics, if right is «. 

ds dp, V. [44], poth vid. [12. J 

i.e. the Lor s (the constant term of the equation) x sin u, divided 6y 
has (fics (o) explained ahove ; and = when u is 9QP Constant x the reci- 
procal of the poth (21) of the coef/Scientf. You will find the value of 
these abbreviations as we proceed. 

The two lines ^ + Sar = =*= 4, have Lots of the same 
length, and the pair y - Sj? s= * 4^ have equal Lots also. 

If the equation of the first line were written 

y ^ - 
4^4:3 ' 

the Lor would be 

Sin »;^yg + 16 - lis Cos «j , or l^y^jg , when » = 90- 
You see readily that this is the same value as before, p. I29. 
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54. Let ax -^ by ^c he the equation of any line referred 
to any axes OX Oi, and let / be the Lor of this line> or 
perpendicular on it from the origin. It is evident that 
max + mby « mc is the same line still ; for every value of 
X and y that satisfies the first will satisfy the second equa- 
tion. Let 971 = l:Cy then mc = l; and 

max + mbi/ = /, or a^x + bit/ = /, (if ma^ai &c.), 

is the equation to the same line. What is the geometrical 
meaning of Oi and bi considering their 
values only and not their signs ? Suppose 
PQ, to be the line ; when x = 0, we have 




bty=^l, or b^^hy^OLiOP^ 
i. e. b, = Sin OPQ ; 
and when ^ = 0, we have 

a^x^l; a^ « Ux ^ OLiOQ = Sin OQP. 
The equation then is 

SinOQP.j: + Sin OPQ. y=:/; 1. 

whence it appears that if the absolute term of the equation 
to a line is the Lor or X from the origin, the coefiicients of 
X and ^, considering their numerical values apart from their 
signs^ are the sines of the angles which the line makes with 
OX and with OF. And you may easily prove also> by 
writing the equation in the form 

X y 

I'SinOQP'^l.SinOPQ''^' *s in [91 

that if the coefiicients are numerically the sines of these 
angles, its absolute term is exactly the perpendicular from 
the origin. 

Let then ax -^ by -1=0 be a line PQ whose Lor is /. 
We know at once what the numbers a and b are. The 
equation is noi true for a point (^i^i) not in the line ; 

axi + J^i — / is not = 0, but 

axi + %i — / == A, or axi + iy, — / — A = 0, 

is the truth, \ being some number positive or negative. Yet 
the equation ax + by — l—X^O represents some line pq of 
which {xi yi) is a point, because its equation is true at 
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('i^i); And by [52 we know that this line is parallel to 
ax -i- by - I '^ 0, both lines being parallel to ax + hy=: Oj 
Hence both lines make the same angles with OX and OY, 
and the coefficients a and h of the variables in each line are 
as just pointed out^ numericaUy the sines of these angles ; 
therefore 

is a line whose Lor is 

/ + \: i.e. OL^^OL + \ 
and X^OL-OL^LU. 

Thus we find that 

ox, + 6yi — /= X B LLxt 

and this is exactly the perpendicular distance between the 
lines PQ and pq : in other words^ ax, + 6yi - / = the perpen- 
dicular from (xi ^i) [2]] upon the line JrO, which has for 
its equation ax + 6y - / « 0. 

. Thus we have proved that if in the equation 
L. ox + 4y — /=0 «u, u standing for (ax + hy — t), 

I is the perpendicular from the origin, a and b being the 
sines of the angle between the line and the axes OX and 
OY, the values of u for different co-ordinates (x, ^i) (x, y^ 
&c., which values we may call u,, u,, &cc, u, being 
(aX| + %, — t) &C., are exactly the lengths of the perpen- 
diculars, from those points respectively, on the line u = 0. 
This affirmation u = is true of all points in the line u =' 0, 
i.e. the perpendiculars from any point of this line upon this 
line = 0* If a line be given by any equation 

y + cx-6 = = tt, 

in which b is or is not the Lor or perpendicular from the 
origin, we obtain u = of the form L, by multiplying u by 
/:6, 1 being the Lor ; so that (/:&)« = u, as a^ the begmning 
of this article, when m = he* 

[SS"} val8'. vl LorCon is per lin. iipon. 

i.e. if « = = »(dev) be the equation ( a» + 6y ~ c b: 0) of any given line ; 
Tal 0, the ffl/ue of that v{Uv\ (made by patting anv («|jfi) for the co-ordi- 
nates.) x the quotient IiOr:Con, (m LorCon), is the p^pendicular upon 
the line from the point («iyt). Con means the constant or absolute 
term* 
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Jane : — What is this ^lev} 

Richard: — It is Greek for nothing; you are to pro- 
nounce owden; » is ou. 

Uncle Pen. : — Find now the distance of the point 
(or, = 2, yi « 7) from the line Sy — 5* + 4 =■ = ir, 
referred to axes inclined at the angle « — 3(f, 
Richard : — By [5S3 the perpendicular is 

(%i - 5xi + 4) . (/:4), if / be the Lor ; 

and by |[52], 

/ Sin 30 

4 *" A^3* + 5*+ 30 Cos 30"' 

What now is Sin 30? 

Jane: — ^Half the angle of an equilateral is 30*^; and 
besides. Sin 30 must be Cos 60 by L2S, G] ; and this we 

Js 

have seen (51, Ex. 1) to be i- Hence by [25], Cos 30 =+ ^ . 



The expression for the perpendicular is 

(3 V| - 5Xi + 4) . ; 7=-r 

(9 +25 + 15^73)* 



= (21-10+4). ^ 



2 J 34^ + 15 Js 
T5 



^Jsi + isjs 

Uncle Pen, : — Find now the distance of the point 
(j?i = — 3, ^1 = 5) from the line 8x + 7.y = 0, 

referred to right axes. 

Richard : — This will be simpler, I fancy : but there is 
no Con ! and of course no Lor, the line passing through the 

origin. Then vi. Lor Con is - . I give it up. 

Uncle Pen. : — Proceed boldly to find Lor by [52]. 
Richard : — Am I then to say 

= — ■ , and- = t — , f 

^Js^+f ^ *V8'+7" 



« 
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Uncle Pen. : — You can safely say, putting / and c for 
Lor and Con, 

J c .1 1 

/= , — , and-=-7==, 

of any line %x-^1y^c\ and this is true for all values posi-> 

tive and negative of c> each different c giving of course a 

different line and Lor, It is true also when c = ; for we 

know that the value of / vanishes when 0=^0, i.e. when the 

. . * . 

line passes through the origin. Here then is a case of -- , 

arising from the unlimited diminution of both numerator 
and denominator of a fraction, the value of the fraction con- 
tinuing still undianged. The perpendicular required is 
certainly 

8x-.S + 7x5 11 

^J6^+W^ ^/^13* 

and this you will find to be the Lor of the line^ 

8jr + 7y = -8xS + 7x5, 

which passes through (— 3, 5), and is parallel to the given 
line through the origin. This Lor and the perpendicular 
are equal, being opposite sides of a rectangle^ of which the 
two parallel lines form the other sides. 

Generally the perpendicular from 

Xiitfi on flx + 6y — c = is 
■D / . JL \ Sin« 

The abbreviation bas is founded on 'sq.b &c.,' pQ, 
and always has the same import^ as to signs of the alge-^ 
braical symbols^ whatever shape it may assume after sub- 
stitution of arithmetical values. 

The following observation will presently be usefuL If 
we have the given lines 

u = 0^ax + by-^c, » = == aidP + ^i^ + c,> 

fi; s = OgX + bj^ + c^ z^O—a^, &c., 

and /, my n, be known numbers; then 

M + /w + mr9 + nar = 0, 

is also a given line; for it is 

(« + &!+ ma^ + iia,) a? + (6 + fti + mb^ + nh^ 

y + (c + /cj + »ic, + «c,) = 0. 
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LESSON XVII. 




55. Thb geometrical meaning of « in y — ft = ear, when y 
has the coefficient unity^ and 
is on the opposite side of the 
equation from ex, is very im- 
portant Take ^5] the paral- ^^^ /^^ 
lei line y = exy or Op. If />g 
be the ordinate at j9> 

^q\Oq = e, or by [34], 

^m'pOq Sin pOq , u . , r,T 

S5%t="=SEr^' '.dter..n8.=, Q]. 

Let the angle between any line Ax + By^C^iOy and 
OX, on the «ip/7er side towards the right, be called jS ; then 
is yOp = m — Pf pOq being the /? oIl Op: 

. ^ Sin/? _ _ SinpO^ 

W Sin (a, -^) "^"Sin(rOX-i)Og) ' 

or by [27], 

Sin /3 - e (Siri « Cos /3 - Cos oi Sin /S), 

whence, transposing. 

Sin /i? + e Cos A) Sin /9 = e Sin (0 Cos ^^ 

and by division by cos/3, [22.] 

tan /3 + e Cos oi tan/3 = e Sin «; then dividing by 1 + e cosw, 

(b') tan /3 = e, if « = ^ w, 

the case of right axes. 

An lines parallel to y = ex have the same /3, as 

and Sin/3 and Sin(a>-)S) are the same for all, consequently 
e has the same meaning and value, Sin ^: Sin («-^), in 
them all* 

You may pronounce /3 like 6> and say, 
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[54] (a) Si^ to SiD(«)3), or td/? in RAx, 

pron. Dw/3, dObe; to for (:). 

Is ^ in jf' s ^x: P np right Lin Ax. *s for =. 

(b) ta/9'8 S Sin » by S(un S Cos «). vid. D S [14], 

The ratio of fin /3 to iS^tn (Z>iff. of ufi), sin /3:8in (« - /3), which is ton ^ 
in Aight ^ ores, is «, in v » «dr : /3 being always tipper angle on the riffhi 
between the Ltne and tEe ^xis of jr. For all axes, to/3 »« sin w ^ Sum 
(unity and e eot to). 

It is very easy now to Jlnd the angle between any two 
lines y = ex + b and ^ ~ e,ar + 6|> the axes and their angle w 
being given. 

Let them be PQ and PQt, meeting each other in P in 
the positive angle, and OX in Q and Qt ; draw the figure, 
and suppose PQiX:> PQX. Then by Prop. D, PQiX = 
QPQj + PQX, PQ,X'PQX^I3,'-fi=QPQ, the angle 
between the lines. 

By [36] Un(/3.-^ = -»;?A^, ^ by [5*, b]. 

€| Sin « e Sin m 



(c) tanQPQ. = . g- g. g.^^ =tm(fi,-^. 

1+^1 Cos to' 1+e Cos « 
When « = 5W, this is simply, [25], 

(d) Un QPQ. =^ij^ ,. =tan03.-i8). 

You may effect for yourselves the reduction pf (c) to 

(cO tan QPQ, - (er-e)Smo. ^ ^^ 

^ ^ l+(e + ei)Cos«+ee| ^ '^^ 

This gives the angle between two given lines for any 
axes right or oblique ; the distance between two points you 
know for the case of right axes by [12]. Try for your- 
selves to prove that when w is oblique, the distance r 
between the point (I, a) and (or, y) is always 

r = {(ar-.Z)* + (a-^)»~2.(a?-/).(a-5r)Cos«}*, e. 

or =s the base of the a whose sides, when both of one sign, 
are (a? -- /) and (« — y), and the vertical angle «, not (w — w). 
Call the angle (/?,-/3), LiL Di/?s, Diffo£/3% angle between 
iine and Line, and say : 
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£552 (e) bi8[Di(xl) i« D(ay)n joins xj^ to la, 

D = Difi*. ay a dissyl. 

(c) LiL 01/3*8 you kn6w by ' tan(d mol «), Q36]. 

^«» here as in [521 ; Di(xl) and D(ay) are the Hides containing the 
angle co, and this 6a«*become8 the poih of [121 when w = 90. The second 
line, together with Prop. D [36] and [54hj wfll always put you in posses- 
sion of tan {fii -/3). Cos « changes sign with (s^l),(a - p). Draw this. 

56. If ^ = ex + 6, and y ~ e,x + &,, are lines at right 
angles to each other, /^— A=s^i ^^ c^s® A^/^^i^y whence 
either A=5^+A o** A^i^"^*'- I^ **^® fi^^t case, 

tor, A? - 1*„ z'/? a. 1 ^^ Sin(^+ijr) 
-rgsGI Cos(-^) ^ Cos/9 -1 
in the other case, 

SO that, in either case, 

tan /Si = - cot /?, and cot /3i = - tan /3, (a) 

1- I- #» ^ t_-i ^ Sin ai 1+^1 Cos M ^- V 

giving, by [54. bl ^^,Co8. =- e. 8in , ' ^^^ 

or, mul. both sides by (1 + e Cos ») (e^ Sin »), 

e^i Sin* « = — 1 — e Cos « — e, Cos « — eci Cos* w, 
whence by transposition and [2539 

e, (e + Cos ») «= — (1 + c Cos «), and then by division, 

1 + e Cos » * ^ 

vbich becomes ei = — , for right co-ordinates. 

To remember (a) (b) (c), say, thinking of []54, b], 

[56] gil's le cot&.l3 is perlin's ta/?. 

gil is atYen line ; a ffiven linens negative cota /3 (/« = — or neg,) is the 
ton /3 of the /tne perpendicular to it. Thus fii and ei are found hy /3 and e. 

Let now the sides OB = a, and OA = 6, of any triangle, 
be taken for the positive axes of y and x. If BP and li^/{ 
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be perpendiculars from B and J^ on OA and OB^ and 
^ BOA » Wf 

and ^-^ — + T=1> w '^'2' 

L/08 w o 

When jr and y are the same in both these, by subtraction 

multiplying both sides of this equation by ah Cos w, the line 
1/ . (6 Cos « — a) + « (6 — II Cos ») = 0, (p) 

contains the intersection of AB and BP. 

The equation to BA is [[5Q 

y X a 

the perpendicular on this line from is of the form ^ = e^x, 
[[4], i.e. 

•^ " " ^^aib J Cos ^ ""' ^^ ^^^ '^^ ^^*' ^^' (eheing ^a:b) 
which you can easily prove to be none other than the line 
(p), through the intersection of AR and BP. We have 
proved that the three perpendiculars from the angles of any 
triangle let fall on the opposite sides meet in a point. 

57, Jane: — You have shewn us how to find 'perc bic 
and biCang' in any given triangle, and the equations of 
these lines can be formed by [9]> if we have two points 
known in each. Suppose that a triangle is given, can you 
find from its three angular points the equations of these 
three lines ? We can find the sides and angles. 

Uncle Pen, : — Let us try what we can make of the 
problem: the co-ordinates of any three points hang given, 
determining a triangle, to Jind thereby the equations to the 
perpendicular from C on c, the bisector of c from C, and the 
bisector of the angle C in the triangle. We can write down 
the equations of the sides, having two points in each, by [|9] 
whatever be the axes and origin chosen: we can find by 
Z522 the Lor of each line, and reduce the equations of the 
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three sides to a » 0, b » 0, c - 0, of the form (54, L). What 
meaning do you see, Jane, in this symbol a ? 

Jane : — I see three constant numbers, two of them sines, 
and one of them a hor : I see my friends x and y amusing 
themselves as usual: so long as a =0 is true, they drag each 
other along the side a of the triangle ; and when a not =: 0, a 
is always the perpendicular on that side a from the point 
(xj^) exhibited. 

Uncle Pen, : — If I now say, without taking the trouble 
to form these equations actually, let a — ^b = = 7 be the 
equation of (7e, (Art. 30), the bisector of the angle (7, what 
do you gather, Richard, from this assertion, a — ^b = ? 

Richard : — I understand that a certain perpendicular on 
the side a is ^ times a certain perpendicular on the side b, 

Jane: — But, surely, the two perpendiculars are drawn 
from the same point (^^)* 

Richard : — How does that appear in the assertion ? I 
stand by what is written. The points in a = have no con- 
nection with those in b = 0: how does it appear that the 
same x and ^ must stand in a as in b ? 

Uncle Pen. : — Plainly from what I laid down ; 7 = is 
to be considered the equation to a line, and cannot contain 
two values of a; at the same moment, or two values of y. 

Richard: — The assertion then simply is', that from 
every point of the line 7 = 0, the perpendicular on a is 
times that on b ; but what is <p ? 

Uncle Pen, : — It is intended for a constant, whose value 
we have yet to find: every different (p gives a different 
. line ; but, whatever ^ may be, the line will pass through 
C the intersection of a = and b = 0, for 7 =s must be true 
for the a and t/ which make these two each = 0. There are 
as many values of ^ assignable, as of lines through C7, i. e. 
an infinite number, and thus we shall have the equation of 
the line Ce before us, if we can determine the proper <p. 
This is easily done, because (p is constant, and the same for 
every point in 7 = 0. If you draw, the perpendiculars from 
e on the sides a and b, you see by [^22 HJ that they are 
equal, C being bisected : that is, a = b or a — b = for the 
a and 1/ of e. Thus ip is found to be unity, and a — b = = 7 
is the equation of the line Ce, being true at two points of it^ 
(7 and e. 
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We seek next the equation to Cd the perpendicular oa 
d and it is evident that a — ^|b ^O^P^is this equation/ if 
01 can be properly determined. This asserts that a:b = ^i, 
!. e. the ratio of the perpendiculars from every point of 
Ps=0 on the sides a and b is the number 0|. Draw these 
perpendiculars from d : one is Cd . Sin BCd or Cd • Cos B 
by L23, G], and the other is Cd . Cos A, the ratio of which 
two products is Cos J?:Cos A, This is <pi at d, and there- 
fore at every point of P^ « ; hence 



a- 



CosB 
Cos 



-jb = 0; P, = aCosJ[-bCosJ5=:0, 



both sides being multiplied by Cos A, is the perc required. 
You can easily prove from [22 IT} that toe ratio of the 

Perpendiculars let fall from f on a and h is Sin^:Sin^ ; 
ence 

aSin^-^bSinB = 0=Q, 

is the Hsector of c, being true at C and at fy two points of 
bic. It will be wery profitable for you to remember and to 
meditate these results : you can say to yourself 

[58] a C5s A'ng's b Co.Bang, 
a Sin Ang's b SiBang, 
b's a, (in Rom ba) Sre pSrc bic and biCang. vid. [I8J4 

i.e. a cos ^ ~ b cos B, a sin ^ = b sin B, b = a, the sjrmbols b and a 
being Roman letters, denoting the form (54 h\ are the equations of the 
perpendicular on c, the bisector of c, and bisector of C 

58. By going round the circle abca ... we obtain 



7=a-b=0 
a=b-c=0 
^=c--a=0 



aCosJ-bCos5=0=P, 
bCosJ5- cCos 0'=0=P^ 
cCos(7-aCosi4=0=P4 



aSinJ-bSinB=0=Q^ 
bSin5-cSin(7=0=Q. 
cSin(7-aSini4=0=Qt 



for the three bisectors of the angles^ the three perpendicu-^ 
lars on the sides, and the three bisectors of the sides. When 
7 and a are both = 0^ which can only be at the point of their 
intersection, you see by addition, that 7 + a = = /3 = a — c; 
for b in 7 and b in a are the same number for the (xy) of 
intersection. This point is thus also in fi=-0, or the three 
bisectors a, /S, y, as m (43), meet in a point. By the same 
argument P* = when P^ = P„ = 0, and the three perpeneU'^ 
culars on the sides meet in a point, as already proved above. 
Also Qt-Oy if both Qi and CU^O^ or the three bisectors of 
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the sides meet in a point. In this article and (43) you have 
proof of this proposition : 

Jn any iriangky the three perpendiculars at the centres qf 
the sides meet in a point, as do also the three bisectors of the 
angles y the three bisectors of the sides from the opposite angles, 
and the three perpendiculars on the sides from the angles. 

JjetBPB% APA\ CPC be lines drawn from the angles 
of a triangle ABC through any point P without or within 
the triangle to meet the sides in A'B'C* Draw two .figures. 

By QS4] wie have in the triangle ACP^ &c.. 



AB'=^mAPB\ PASm AB'B 
B(y^ Sin BPC. PBiSinBaC 
CA'^ Sin CP^'PC.Sin CA'A ; 



^(7'=Sin APC\PA:SmACV 

BA'=-S'mBPA\PB:SmBA'A 

CB'^Sm^PB'.PCiSinCB'B 

whence it follows that 

AB\ BC.CA'=^AC'. CB'. BA\ 

if you put for Sin^PC its equal Sin CP.4', for Sin ^C'C 
its equal [^25 I/] Sin BCC, and so on. Further we have 
[34], 



Sin A CC =:AC. Sin A:CC' 
Sin BA'A = BA'. Sin B:A A' 
Sin CB'B = CB\ Sin C:BB' 



Sin ABB'=AB\ Sin A:BB' 
Sin BCC = BC . Sin B: CC 
Sin CAA'==CA'. Sin C:AA' ; 



whence it follows, of the six left members, 

Sin ABB\ SinBCC. SinVAA'=SinACC\ SinCBB\ SinB^^'. 

To see this, it is merely necessary to perform the equivalent 
multiplications of the right members of the equations: and 
it is a beautiful and easy deduction from Q34] and [23 L]. 
The reasoning and results are unaltered in their truth if 
you put, for PA'BX\ P,A^B,€,. This is the general pro- 
perty of three lines drawn from any point P through the 
angles of a triangle ; and is worth remembering, 

C^9j P...Ang ciits a'' in dot A', &c., 

AB\BC\CA''8 AC.CB\BA'; dot dlt^rna' 

proD. Hbhicci, Sckibbd. 
Then for lines put oppo. sines : 

i.e. If the line through P and A cuts a in dotted A\ through P and B 
cuts h m B', &c. ; you dot the cUternate letters in the assertion AB'. BC\ 
CA' = 4C. CB'.BA' ; then you may put for the 6 lines AB', &c., the 
Hnes of the 6 angles AtA^C oppottite to them ; and it is still true. 
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ABC 

of the 

ofthejirst^ third and fifth is equal to that of the second, fourth 
and sixth, and the like holds of the sines of the six angles 
which stand over the segments at the vertices of the triangle. 

What is proved above concerning a point and a triangle ' 
can be readily established by a similar argument of a point 
and any polygon of an odd number of sides. 

59. It frequently happens that a line is required of 
which we know only expressly one point, as when we were 
looking for the equations to * perc. bic. and biCang/ in Art. 
{56). Suppose that we were in search of the equation of i 
the line which passes through the given point (x^e^y — i), 
and through the intersection of two given lines 

aa: + 6y — c « = V, and a^x + b^y — c, = = «• 

We can write down what we know about the first point 
thus: let 

X — c = ^(y — t) be the line required : 

for this is one of the innumerable lines passing through (e, t), 
the equation being true at that point, whatever tp may be. 
What value of ^ belongs to the sought line we know not; 
but we know the intersection of the two given lines by [[10], 
and that the sought line contains that point : call it (X, Y). 
Then we are certain that 

As ^ has the same meaning and value in this and the lart 
equation, we deduce by division of equals by equals^ with« 
out interfering in any way with the values of x and y, 

x^e y — i 

<l> is now eliminated, and the equation required is found. 
Putting for X and Y their values QlO]], this is 

x—e y—i 
s2 _, 0r 



c,6 — cbi Cta — ca* 

dividing both sides of the equation by (a,6 — ab^), 

A. 



X — c y — » 



(jcfi - cb^) - e {oib - abi) - c,a + Cflj - i (a,i — ab^) ' 
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.This line we can now draw by the method of Art. (9), even 
I though the point (X, Y) should be ten thousand miles off. 

[ We might have begun the investigation thus : let 

( ax + by- c = <p{aiX + 6,^ — c,), or v = ^ . fi 

be the sought line. This passes evidently through the in« 
tersection of the two given lines, whatever (p may be, being 
at that point = 0.0, which is true. This equation must 
be true also at (e, t), i. e. 

fl^ + W — c « 0(ai« + 6|t — Ci), must be true, 

whence by division comes 

ax + hy — c «,ar + hiy — Ci ^ 

L ._- SB y-h . U. 

ae-{-b% — c fljC + b^% — Cx 

You may prove for yourself that A and B are the same 
line : you are to multiply both sides of A by the product of 
their denominators^ and both sides of B by the product of 
theirs, then transposing you will have in both cases the 
same expression 

(^iia-Cjfl-6iai+ca,)a?+(a,e6-Ci6-ae6i+c6i)y==fliec+&itc-fl^Ci--5tc,. 

Suppose now that we required the equation of the line 
which passes through the above intersection (X, Y) and is 
parallel to the given line y — ex. We write 

y-~(p = ex for our sought line Q5]; 

and as (X, Y) is a point in it, we are certain that 

F- <p ^ eX, although ^ is unknown. 

By subtraction of equals from equals, we get rid of this 
unknown quantity, and obtain 

the equation required. And you can easily prove from this 
equation that it gives a line parallel to ^ = ex, and con- 
taining the point {X, Y). 

Let sought (pron, saul) stand for sought /ine ; and say (pron. 0, phi.) 

C60J Dt(xe)'s ^. Dt(yi) is sotighl thro' ei ; Di. v. [91 
Nil's vl^^ii is soughl through(vti) ; ^u pion. fn. 
(y le ^)*s ex, soughl pari to y's ex. 

i.e. * - tf = «^ . (y - ») is a aottght Tine through the point (e, •) ; 0=v - 
<^tt is a sought /ine through the point (v, v) the intersection of v s and 
u^i^f p^i>^e* U A sought line parallel Xxi y = €»» 
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LESSON XVIII. 



60. /flfte:— You have not yet shewn us how to write 
down the equation of the circle through three given points' 

(^1^1)9 (•'^3^33' ^^^ (^s^s)* I Ai^ somewhat curious to see hoW' 
it will look, and I expect it to be no less entertaining when 
understood than the equation of a line through two points, 
so easily acquired in Q9^. 

Uncle Pen, : — You will learn this most agreeably when 
I have given you a lesson on permutations and combinations; 
but first we must talk a little about progressions. Do you 
remember what you have met with on this latter subject in 
your arithmetic ? 

Jane : — Indeed I do not ; I never understood them. 

Richard : — And I never tried^ for I do not love the look 
of them ; do give us a trial with some mnemonical aids : I 
will be very attentive. 

Uncle Pen, : — ^Well then, here is an arithmetical series, 

a, fl+^f, a + 2d, a+3dj,„a+(nS)dy a+(n-2)rf, a + (n-l)rf; 

the number of its terms is n, and each is made from the 
next preceding term by the addition of a certain number d, 
called the common difference. The sum of the first and last 
term is 2a + (n — 1 ) . (/, that of the second and last but one 
is 2a + i + (« - ^)d = 2a + (« ~ 1 J . J, that of the third and 
last but two is also = 2a + (n — l)d, and so on. Let us sup- 
pose then n is an even number, say n = 2.6 » 12 : then will 
there be 6 pairs of terms, first and last, second and last but 
one, &c. each pair = 2a + (n — l ).<;?, or if we call the last 
term z^ each pair = a + z, the sum of the first and last. The 

sum of all the terms is 6 . (a + z) = - (a + 2). Next suppose 

n odd, say n = 2.6 + 1 = 13. In this case there will be a 
middle term; call it 31. It stands between M-d and M+d, 
which make one of the 6 pairs each equal to a-^z. Mis 
half the sum of this pair, or = ^ (a + jar). The whole series 
consists of 6 equal pairs + M ; i.e. 

m 

6 . (a + ^) + ^ (a + 2) = ~ (a + s) = I (a + 2). 
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Thus whether n he 12 or 13, if 5 stand for the sum of the 
series^ -we have S^^n.(a + z). If now you suppose n to 
he either equal Qm, any even number, or 2m + 1, any odd 
one^ and put m for 6 in all the preceding reasonings you 
have a demonstration of the theorem, 

(a) tS=-(a + z); and 

(b) z = a-k-(n-l),dy 
is evident of itself, and may be written 

a--z=^d — dn, by transposition. 

[60] If abc. . .f6rth Is Ari.Se : 

Ult and a is penult, and b ; 
Sum Ari.'s half n.Siim(az), 
and (d 1^ dn) is Dif.(dz). dn a dissyl. 

i.e. if a, 6, e^ , and m forth, be the terms of an artthmetic «^e8, 

the (uUixntite term + a) = the {penuUimsite + 6), and so on. The sum of 
the artthmetic series is always }n times the sum (a+z), and (d^dn) 
= the Diffi (a-z.) 

By the equations (a) and (b) we can determine any two 
of the five quantities S, d, a, z, n, if the other three are 
given. This gives rise to ten different problems, for the 
two unknowns may be any of the ten pairs, S and d, S 
and a, S and 0, S and n, d and a, d and z, d and n, a and z, 
a and n, z and n. If S and n are unknown, and a z and 
d given^ we obtain first n from (b) by transposition and 
division, 

n = -i ; then putting this for n in (a), 

f^ d-a + 2 , . 
S 2^(« + »). 

What is the number of terms, and the sum of the arith- 
metic progression whose first term is 1, last term 10, and 
common difference 1^? These formulae give 

»«i:il±i2=i±ii.7, and -S = i(l+'l0)-38i: 

the series is 1, 2*5, 4, 5*5, 7^ 8*5, 10, whose sum is 38^. 

What is the number of terms and sum of the series whose 
iiTftt term is 10, last term 1, and common difference -1^^^ 

G 
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The answer is as before n » 7, ^ ~ 38| ; for neither » nor 8 
is altered in valae, if you exchange s and a, and make d 
negative. The series is the former one read backwards; 
This is the solution of the fourth of the 10 problems above 
mentioned: and you will find it a profitable exerdse to 
prove that the solutions of the other nine are in order from 
the firsty as follows: 

1. 2S^n{a+z\ rf = (a-z):(l -»). 

2. 2S=n.{22-d(n^l)}, a = ;?-J.(«-l> 

3. 2/S'=».{2a+rf(»-l)}, ar = a+ci.(»-l). 

5. rf = (2/S-2«Js):(»-»"), a = (25~iL5>ji. 

6. d= (2an-25):(ii-fi'), z = (2S-na):n. 

7. rf = (a*--2"):(a+2-2^, Ji = 2S:(a-hs). 

8. a*S:n+^(d-dn% [28] s:=&ii-J(J--rfii). 

9. n = [22r+rf±{(22+rf)'-8;Sa}*]:2d; a=2+rf.(l-«). 
10. » =[;d-2fl±{(d-2fl)'+8iSrf}*]:2d, s=ii-c?.(l-«). 

The reason why the ^ninth and tenth problems require 
the solution of a quadratic equation is^ that (a) with (b) is 
of the second degree in the unknown quantities, containing 
their product^ an and zn. If (a) had happened to contain 
both n and d, the seventh would have been also a quadratic 
problem^ because the product dn occurs in (b). 

In the ninths n must be of course an integer ; therefore 
the data z d and S must be such that {(2z + d)'-^ 8Sd\ shall 
be a square number M\ and that 2d shall divide without 
remainder either the sum or the difference of 22: + df and M^ 
or else both. When it so divides both, and both quotients 
are positive, there are two values of n, and consequently 
two of a, found by putting for n its values successively in 
the equation a = z + d(l — «). 

What is the first term and the number of terms of the 
series whose sum is 67, its last term 18, and its common 
difference 2^.^* Here 

(2z + d)*- SSd^ (36+2-25)' - 8x67 x 2-25 = 257*0625, 

which is not any square M% and there is consequently no 
number n assignable ; that is, no such arithmetic series ex- 



§ 61.] FIRST MNEMONICAL LESSONS. 147 

ists. But if we put 6?^ for S in the question, the data are 
foond to be congruous : we have (15*75)' ^ M\ and 

S6+2-25±7(38-25y- 8 x 67*5 x 2'25 54 22-5 ,^ 

»= — \, ^V.^ =7-ror--— ~ = 12or 5. 

2x2-25 4-5 4-5 

Thus there are two values of « ; and 

a=18 + 2-25x (1-12) = -6|, or a = 18 + 2-25.(1 -5)^9. 

There are in fact two series having 

2 = 18, rf = 2-25, and S^67'5, viz. 

9, Hi, ISi, 15|, 18; and -6f, -4^, -2i, 0, 2^, 4^, 6f, 9, 
ll4> l^i) 1^1, 18; the first of 5, the second of 12 terms. 

If the three numbers - , — , t > are an arithmetical pro- 

a m o 

gression, they must be of the form d, — , — + J, for 

m m tn 

some value positive or negative of d. The middle term is 

evidently half the sum of the two extreme terms, i. e. 

You have learned already by definition (42) that 2aft:(6+a) 
is the harmonic mean between a and b ; but this mean is m; 

hence if -, — , -r form an arithmetic progression, a, »i, 6, 

form an harmonic progression. The reciprocals of the arith- 
metical series taken in the same order form an harmonic 
series; and generally, if abed., 4o n terms, are a progression 

of the former, - y ~ -i...the reciprocals of the same n terms, 

abed . 

are said to be a progression of the latter kind. Thus 5, 2|, 
5, are an arithmetic, and 2, ^i) h ^^^ ^^ harmonic pro- 
gression. You may add to the preceding mnemonic this 
line 

QSO'] cips Ari.Se. are Harmo.Se. dps for reciprocals of. 

61. A geometrical progression of t terms is seen in 
the following series: 

a, ae, ae", ae" ae^, aV"*, a^e^"^, 

in which e is the ratio, and every term after the first is e 

G2 
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times the preceding one^ a and e being any positive or 
negative numbers. If we put z for the last term^ and S for 
the sum of the / terms, yre have 

S-a-\-ae + ai^-ha€F+ + ae'"* + oc*-* + r, and 

eS = ae '\- ae^ + ai^ + + a^-» + a^-* -hz + ze^ whence 

S—eS^a--ze, and 5' = (a - iie):(l - c). 

We have here, as in the last Article, five quantities, 8, 
a, z, t, e, viz. the sum of the series, its first and last terms^ 
the number of terms and the ratio, and two equations about 
them: 



(G) 



z = cu^\ S^ 



a — ze 
l-e 



Ten problems may be proposed, by considering in turn 
every pair of these ^ve quantities as unknowns, viz. the 
pairs 

zS, eS, aS, az; ae, ze; ta, iz, te, IS. 

The first is already solved; the second gives, Q47> d]. 

The third and fourth are easy. The fifth and sixth you may 
attempt, but you will arrive at an equation beyond your 
present power to solve. The remaining four are readily 
managed by the application of [^48 &]]• Thus, when t and e 
are the unknowns, 



e^ 



S-a 



z 






S-a 



z 



^'\s:^zy 



5-2' \S--z/ ' S-z 

whence 

log(/S'-a)-log(*S'-2)+log2=logfl+/.log(5'-a)-dog(5'-2), 

from which / is readily found after transposition and 
division. 

When e 18 a positive proper fraction and / is a very 
great number, ef~^ is very small ; if e=: •! and /— 1 = 100000, 
z-a^'^ = a millionth part of a, and z diminishes, as t, the 
number of terms, increases. When t is infinite, z = 0, and 



a 



2e = 0; i.e. -5 = - =^ a -¥ ae + ae' + ae^ +,.,ad infinitum, by 

(G), so that represents a geometrical series of an infi* 
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nite number of. terms. Thus, if a^l, e^0% / = infinite, 

— r =-;-== 1 + -1 + 01 + 001 + -0001 +...&C. for ever, as 

1 — O'l 9 

vou know already by decimal arithmetic. And, £3"], if the 

iow^er sign on the left be taken with the lower signs on the 

right, 

(H) - — = 1 tfcc+c*±€^+ c* ±e*. „ad infin. (e a prop, frac). 

Here you must remember that ^ is a proper fraction, posi- 
tive or negative; when e=l, the series first written becomes 
a + a + a + a+...a^ infin,, which is in fact no progression at 

all. You are not to consider as representing nutneri" 

callu an infinite geometrical progression, for any values of e 
which do not lie between e « 1 and e = — 1, nor for e = 0. 

Let us call e^-^, for ear-memory** sake, e tos, to power s, (tos one syL) 
s being the letter of the alphabet one short of i. 

z's 6, of (S tos); num. t^rm. is t ; 

of x= times, V. [38.] 

a 15 z^ by D(une) is Sum Geo. Se. 

D « Diff. iin cs nnitj. 
One hf D(une) is fr» on e, 
is Sum, if 5*s frdc. of an infi. Se. 

i.e. »ssax(eiot power) ; the member of terms is (« + 1 ) or / ; {a le9B 
(«e)} by Z>iff. (unity -e)= the sum of ^eom. ««ries whose first and last 
terms are a and x, and the ratio, e» 

One, or e on, is e +«'+«'+ and so on, with increasing indices. 

Fr8 one,ise on/rom oviev power or c® +e' + «•+ vid. H [63J and (46.) 

One by DifF. {\ — e)is^ + e' + e' + ^ ^^ ^ ^® ^^^ if « is' a proper 

/faction (pos. or neg.), of an infinite tencs. 

Examples on these progressions may be met with in 
most treatises on Arithmetic. 




LESSON XIX. 



62. Of three symbols 1, 2, 3, you can make six =1 .2.5 
different permutations and no more^ 123, 231, 312, 132, 
321, 213. With each of these and a new element 4, you 
can make four permutations, as with the second you obtain 
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2314, 2341, 2431, 4231. This gives 1.2.3x4 pennuta- 
tions. Again, yriih each of these and a new element 5 can 
be found five different permutations of 5 elements, making 
in all 1.2.3.4.5: and thus it is easily proved by continu- 
ing the argument to a new element p, that of p symbols the 
different permutations are in number 

1.2.3.4...(p-2).(p-l).p. 

Suppose p to be 6, you have 1.2.3.4.5.6 permuta- 
tions. Take up any one of them, as 142365, and collect 
under it those which differ from it only in the mutual 
arrangement of 1 2 3. You will have 243165, 341265, 
143265, 342165, 241365 to write under it: and you may 
place by the side of this a second row of permutations 
which differ in nothing but the mutual arrangement of 1 2 
and 3 ; and so on till the 1.2.3.4.5.6 permutations are 
distributed into rows of six, each six all alike save in the 
mutual position of 1 2 and 3. If now you put 3 for I, 
and 3 for 2 also, throughout, your six elements become 
333456, and every row of 6 becomes 6 repetitions of one 
permutation. The number of different arrangements is 
now only equal to that of the rows, or ^ of what it was at 

first: it is — — ' 1 ' * , and this is the number of differ- 
' 1.2.3 

ent permutations which can be made with the six elements 
3334>56. If you now take up any one of these 120 per- 
mutations, as 343365, you will find another to place under 
it, 35336^, which differs from it only in the mutual position 
of 4 and 5, and thus you will have 60 pairs each alike, save 
as to 4' and 5. If now you put 5 for 4 throughout, your 
six elements are 333556, and the number of different per- 
mutations is half what it was : it is exactly * ' ' * ' . 

1 • 2 • 1 . 2 . o 

By repeating this argument for any value of p, you prove: 

Jf p elements contain m a's, e b's, i c's, the different per^ 
mutations of those p elements are in number 

1.2.3 (p- 2).(p~l)«p 

1.2.3...(m-l).w.l.2.3...(e-l).e.l.2.3...(t-l).r 

The permutations of aaaaabbbbcccdddef amount to 

1. 2. 3. 4. 5. 6.7.8. 9>10» 11 -12. 13. 14. 15. 16.17 
1.2.3.4.5.1.2.3.4.1.2.3.1.2.3 

Let fags stand for /actor digits: then 1.2.3 is 3 fofiSt 
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1 • 2.3.4.5 is 5 fags^ &c: and jou may say the above 
proposition thus: 

[62'2 If p Kleins, have m a's, e b's, i c*8. 

The perms, in p's are p fags by (m fags, e fags, 
i fag8> 

63. There are many permutations of the same combination. 
Thus abcdf acdb are the same combination^ but different per- 
mutations of it Suppose six symbols^ 123456; Tvith each of 
them you can combine in turn every other^ as 

12, 13, 14, 15, 16; 23, 24, 25, 26, 21 ; 34, 35, 36, 31, 32; 

and thus can be completed six fives; but every pair is 
twice written, as 12 and 21, so that the exact number of 
combinations two together that can be made out of 6 
elements is j . 6 . 5. In the same way you can make with n 

elements — - duads, or combinations of two. Again, 

each of the 15 duads made with 6 symbols can be combined 

with the remaining 4, as from 12 are made the four, 123, 

124, 125, 126, and thus you can complete 15 such fours; 

but 123 will be thrice written, being made once from 12, 

once from 23, and once from 31. The correct number of 

combinations of threes made out of 6 is one third of those 

6*5 .4 
15 fours, or ' ' . In the same way can be proved that 

with n elements can be made triplets in number 

w . (« - 1) . (» -* 2) 
1.2.3 

With every different triplet can be combined each of 
the remaining n •> 3 symbols, thus forming 

>..(»-- l).(n-2) 

1.2.3 ^ ^ 

quadruplets or combinations of four ; but each of these will 
be made four times over, each time by adding a different 
fourth single symbol; and this consideration reduces the 
number of different 4.plets to 

n.(«-l).(w-2).(«-3) 
1.2.3.4 ' 
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the fourth part of the preceding^l . By. carrying on this 
mode of reasoning, it is easy to prove that* 

The number o^ non-repeating combinations of d together^ 
that can be farmed with n symbwi, is 

n.(n-l).(n- S)...{ n ~ (<f- l)} 
1.2.5...(rf-l).d 

We may call the quantity 9 • B . 7> three nine-backs, 
and 9. 8. 7*6. 5, ^ve nine-backs; n.(« — !).(«- 2) is 
three n-backs, and the numerator just written is d n-backs. 
By non-repeating combinations are meant such as contain 
no repeated letter : abcde is a non-repeating, and aahcd is a 
repeating combination. You may add to your stock of 
mnemonics the following: (com. for combinations, repea, 
for repeating). 

[[63j] Comb. n6n-repea.'s of n in cTs, 

Are d n-backs by d fags. fags Tid. [62J. 

The number of repeating combinations qfn things taken d 
together y is 

(the proof foUowi below ) 

w « (ft + 1) . (» + 2)...{w -^{d- 1)} 
1.2.3.,.(d''X).d 

And you may join this mnemonic to the preceding: 
(repe. combs, for repeating combinations). 

[^64] The repe. combs, of n in d's. 
Are d n-ups by d fags. 

Three 6-ups is 6-67 ; 4 n-ups = n • (n + 1) • (» + 2) • (n + 3). 

Among the repeating combinations of 7 in 4's are 
counted 2222, 2776, 44*41, &c., as well as all the. non- 
repeating combinations of 7 in 4's. The proof of this propo- 
sition [64j] is not so easy as that of the preceding, and you 
will perhaps have to meditate it somewhat longer tJian those. 
Now, I say, that the theorem is true for any values N and 
D, of n and J, if it be true for all values of n and (^ both less 
than D. We are seeking the number of repeating D-plets 
that can be made with iV symbols: and our hypothesis shall 
be that for values of n and d both less than D, [j64i^ is true. 

64. Let D be divided into any two positive numbers, 
m and e, so that m not > N^ and suppose all the non-repeat- 
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ing 2).plets to be written out that are possible with 
(iV'+ D-l) things. Their number, by C63], is 

D (N+D- l)-backs by D fags, or 

(j\r4-D-l)(iSr + D^2)...{iSr + i>-(D-l)}(Ar4-D-D) 

1.2.3...(D-1).D ' 

which is D ^-ups by D fags also, the same fraction with 
that over |^64^, when n=N and d=D, We may suppose our 
iV" + D — 1 symbols to be letters in alphabetical order. Let 
A represent any D-plet of those just written out, which 
contains m letters and no more of the first N: A will, con- 
tain e of the remaining 2) — 1 letters, because D=^m + e; 
and the same m letters of A will form part of D-plets A, 
A^, A 2^ A^, &c. in number equal to the non-repeating 
6-plets that can be made of those D — l remaining letters. 
That is, this m-plet, which we may call a, will appear 

(D~l)(Z>->2)(D~3)...{D~l-(g-2)}{2>~l-(e-l)} 

1.2.3...(e-2).(e-l).e 

times, by {^GS'^, or, since 

m = D-'€, f7i + e-l = Z)-l, 

fyt.(mH>1).(ffl + 2)...{tii-f(e~2)}{iit + (e-.l)} . 

1.2.3...(e-l).e ^^^^* 

which is e m-ups by e fags, the exact number of repeating 
combinations of m symbols e together, as, by hypothesis, 
we know beforehand; m and e being both less than I\ 
whatever numbers they may be. If we now erase all the 
letters, that lie alphabetically beyond the first iV, from 
these D-plets, A, Ai, A2 &c., we can replace the erased 
e-plets by the repeating combinations e together of the tn 
letters in a, and we shall have in place of ^, ^1, &c., all 
the 2>-plets that can be made by adding to a e repeated 
letters out of its tn symbols. When D is greater than N, 
our restriction, m not > N, makes it necessary that e not 

< (X) — N). As e will have every value less than Z), and 
not <: (Z) — N), we shall, after thus collecting together all 
the D-plets of those above supposed written that contain 
m of the first N letters, for all values of m not > N and 

< Z), and substituting repeated letters out of those m for 
the letters beyond the first N, we shall, I say, thus have 
before us every J)-plet possible with N things, in which 
there is any D - 1 repeated letters, or any D - 2 repeated 

Q5 
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letters, or any e repeated letters, whatever e may be. We 
shall have ako, among the system supposed written out, 
all the non-repeating JD-plets possible out of N letters. Bat 
we have made no change in tne number of the X)-plets by 
these erasures and substitutions, which is still 

A^.(iVr+i).(Ar+2)...{iV^4-(D--2)}(JV + D-l) . 

1.2.S...(D-l).D ' 

and this proves the truth of [[64^, for n = N,d= D, if only 
it be known true for n = m and d = e both less than D. 
Now we see easily that when n = 2 and d==2, Q64]] is 
true ; for 2 2-ups by 2 fags = 2-3:1*2 =r 3^ and the repeating 
combinations of 2 in twos are aa, ah, hb, exactly three. 
Therefore ^64] is true, by the preceding argument, for 
n=^N, d=s3; because we do know it to be true for n=2 
and <f=:2, which are less than 3: consequently it is trae 
for n = N, and (f — 4 ; for we can prove it true for all values 
of n and d less than 4 : and thus proceeding, we can esta- 
blish its truth for every value of d. In all this N may be 
any number we choose. 

The above argument will be at first perplexing. I 
advise you to read it aloud putting small numbers for N 
and D;^ B&y N=6, D = 3, and again iV«6, D«4, all 
through. When D is 3, m and e must be either 1 and 
2, or 2 and 1 ; when D is 4, m and e may be 1 and 3, 
3 and 1, or 2 and 2 ; and when m » 1, a is of course a single 
letter. 

The repeating combinations of 5 in threes are, in 
addition to the 10 non-repeating, aaa aah aac aad oat 
abb ace add aee bbc bbd bbe hcc bdd bee ccd cce cdd cee 
dde dee bbb ccc ddd eee, 25 more, making in all 5*6*7: 1'2'3. 
Those of 5 in sixes are 210 in number, aaaaaa, aaaaah, 
aaaaac, aaaaad, aaaaae, aaaabby &c. 

65, If you take all the non-repeating combinations of 
six in threes, and write down the six permutations of each 
one, you have what are called the non-repeating variatiotu 
of six in threes, which are in number 6*5*4, viz. that of 
the combinations [^GS^ multiplied by the number of the 
permutations of each one, ^62^. 

The non-repeating variations of n sifmbols taken d toge- 
ther^ are Qn.(n- l).(n-2)...{n- (d- 1)}]. 

{65^ Non-repe. vars. of n in d's 

Are d n-backs. 



i 
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If to the non-repeating variations of six in twos jou add 
the six repetitions, 11, 22, S3, 4A, 55, 66^ joa obtain the 
repeating variations of six in twos : the number of which is 
by [65'^ ^.5-^6 = 6.{fi-'l) + 6=^&. And the repeating 
variations of n in twos are in the same way n . (» - 1) + it » n*. 
By adding to each of these n' duads in turn the n symbols, 
n . It' triplets are formed, which are the repeating variations 
of n in threes. Every symbol of the n can be added to 
each of these, giving » . n' « »^ 4-plets, the repeating varia- 
tions of n in fours ; and so on. 

The repeating variations of n in p'j are in number n^. 

^^ The r^pe. vars. of n in p's 

Are n to p***. pth power 

How many different whole numbers of seven figures 
can be made with the digits 1, 2 and 3? The answer is 
the number of repeating variations of three in sevens, which 
is = 3^ -2187. 



LESSON XX. 



W. The product (1 + r,) (1 + r,) 
= l + (ri + r,) + rir, = ^;(l+r,).(l+r,),(l+r,) = (l+r,).^ 
= 1 + (ri + Ta + r,) + {r^r^ + r^r^ + r^r^ + r^r^r^ = JB ; (1 + r^,B 

+ (n V4 + »•« V4 + r^r^U + n Vs) + r{r^^r^ = C. 

The first bracketed term in C contains the non-repeat- 
ing combinations of four in ones, the next those of four in 
twos, the next those of four in threes, the last the only one 
of four in fours, as is evident from the subindices. If now 
the product (1 + r,) G be formed, r^ will be combined with 
the six duads r, r^ &c., making six new triplets rir^r^ &c., 
in the product, and the four triplets r^r^r^ &c. being mul- 
tiplied by unity, will be added to those six, forming ten 
or 5.4.3:1.2.3 triplets, which are by [GS"} aJl the non-re- 
peating combinations of five in threes. In the same way 
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it can be shown that the product (1 + r^) C wjill contain 
5'4'3'2:1*2*3'4 quadruplets r^tr^u &c«i i«e- ^ the non-re- 
peating combinations of five in fours. 

And as ^'(^'•0'"{"'"(g-^)}{"»-(g"^)} 

1.2...(e— l).c 

m.(m — 1).. ,{m — (c — 2)} • 

■'^ 1.2...(e-l) 

(ffi--g+l)[w.(ffi--l) ..{wt-(g--2)}] 
"" 1.2.. .(e— I). g 

e[m.(m~l)...{?ii-(g-2)}] 
1.2...(e-l).c 

(m + l).m.(m--l)...{m-(e-2)} 
"" 1 .2...(e-l).g 

= e (m + 1) -backs by c fags, 

it is evident by ["63"] that the number of non-repeating 
combinations of xa %n e's + that of those of m in (e - l)'s 
s= /Aa/ of those ^ (m + 1) i» e's. 

We had m « 4 above> and again, 

9.8.7.6 9.8.7 ^ 10.9.8.7 
1.2.3.4^1.2.3* 1.2.3.4 ' 

By forming thus the product (1 -{-r^C-D^ (1 +r^L 
s £, &c., until (1 + r.) is introduced, it can be proyed that 

(l+r,)(l + rO(l+ra)...(l+r^O(l+'-«) 

= l + P, + P,+ p8+ ... +Pi + P^, + ... + P^i + P,; 

in which Pj is the sum of the non-repeating combinations 
of the n letters rj i*, &c., in t's, whatever t may be from 
t •= 1 to t = n. 

All this is true whatever be the numbers r, r, &c. ; let 
us then suppose them all equals r^ — r^^ ... = r„ ; the sub- 
indices may be erased now, and the last written equation 
win be 
/. N. * '**('*-l)^ «. («-l).(n-2) , 

^ n.(n-l).(n-2)...{n-(t-l)} ^ 

JL .Z.9*..» 

ii.(>i-l).(«-2). ..(«-«) 

1.2. 3. 4.. .1.(1 + 1) '^ ■^••* 
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+ n. («-!). (n-g)...{»-(n-a)} ^, 
1.2.S...(»-1) 

^ >».(n-l).(i»-2)...{»i-(n-l)} ^^ 

for every pair rr will be now r", and the number of these 
pairs is ' \ — - by \!^^\ every triplet rrr will be r", 

of which there are — ^-^^ — Toq ^ * ^^' 

Thus> if for n we put in succession the values it » 1, 
It = 2, n = 3, 1} = 4^ n = 5^ we obtain from the last equation 

(l+ry = l + r; (1 +r)"- 1 +2r + |^r* as in [14], 

X. * At 

(1 + r)»= 1 + 3r+f^ »^ +t44 '^= 1 +Sr + Sr»+ f', 

= 1 + 4r + 6r* + 41^ + r*, 
(1 + r)' = 1 + 5r + 10r« + lOr* + 5r* + r\ 

If m = 2m + 1, any odd number, there will be an even 
number of terms, namely, 2m + 2, and no middle term ; if 
it=:2m, there will be an odd number of terms, namely, 
2in + 1, and therefore a middle term ; in the former case 
every coefficient will occur twice, as in the last equation 
1, 5, and 10, each occur twice, for the first term, unity, or 
1 r®, may be called the coefficient of the zero power of r ; 
in the latter case every coefficient will occur twice, except 
that of the middle term in which r"* appears. The reason 
of this is, that one n-backs by one fag = n « (n — 1 ) n-backs 
by (n— i) fags; two n-bachs by two fags = (n — 2) n-backs 
by (n — 9)fags^ as you easily convince yourself. 

We have now proved the celebrated Binomial Theorem 
of Newton, at least for whole and positive values of the 
index it ; and this theorem is expressed thus, A. 

, N- . it.f»-l) , it.(n-l).(ii-2) a ^ 
(i-fr)" = l + itr4 ^^^^ V -f ^ g 3 ^r« + &c., 

the &&, denoting that the terms are supposed to be con-* 
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tinued to the right for ever, the powers of r constantly 
rising by one, and the t*** power of r, r", being always mul- 
tiplied by (t n-backs by t fags). 

Jane: — ^Are we to conceive the terms carried on for 
ever, when n — \ or 2 or 3 or 4 or 5 ? How can this be 
true when we see, in the examples you have just written^ 
that they do not so go on } 

Uncle Pen. : — You are to distinguish between the alge- 
braic form and the arithmetical value o^the series. The 
form is the same for innumerable values of n ; for the truth 
of the equation depends no more on any particular value of 
n than on the value of r. The number of terms must be 
always the same if the form is the same. Now we can 
prove that however great an integer n may be, the number 
of terms is at least n -f 1 ; i. e. number of terms is greater 
than any number, however great ; it is therefore, no finite 
number, but infinite. It happens that, when n is a positive 
whole number = n', the (n + 2)*** term and all the succeed- 
ing ones become zeros, by reason of the factor (n — fi') in 
the numerator ; when n = 1 the third term » by reascm of 
(n-l); when » = 2, the fourth becomes zero by reason of 
(n - 2), &c. But if you put for n on the left side of the 
equation, a value which is not a positive whole number, 
and the same value for n on the rignt, none of the terms can 
vanish, because (n — %), whatever positive integer t may be, 
cannot be zero for such a value of n. Thus put n = f ; 

(1 ^rr^l^-75r^ '^^^j^^-^) r'^ •75(-75-l)(-75-8) ^^^^ 

is what Newton's theorem becomes, and no term will ever 
become zero. The question now arises, is this infinite series 
on the right really equal to (1 + r)*'* ? We have proved the 
truth of this equation only for the case of n whole and posi- 
tive. It is Just possible^ that there may be, in the expanded 

value of (1+r)^, besides the infinite series of the form above 
written, a certain term T which has a value for n = f , and 
which vanishes for every whole and positive value of ». If 
so, the series on the right will be either greater or less than 

(1 +r)% and its real value will be some unknown number 

jB, different from (1 + r) . For the present you must take 
it, on my assurance, that this theorem of Newton is per- 
fectly general, and true for all values of r, whole or frac- 
tional, positive or negative, possible or impossible. I shall 
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content myself with giving you a clear notion of the shape 
of the successive terms when n is negative or fractional. To 
prove a negative, e. g. the non-existence of this supposed 
term T, is a very difficult task ; and I strongly suspect that 
some of the proofs which I have seen in writers on Algebra 
of this pointy are no proofs at all. When n is the fraction 



{ — )» the fifth term of the series is 



».(w~^l).(«-2).(w-3) 4_ (n:e)(n;e~l)(n:e-2)(n:e~3) ^ 
1.2.3.4 ^ ~ 1.2.3.4 ^ 

_ (n;e)(n;e-l)(n;e~2)(n-3e) , (n;e)(n:e~l)(n-2e)(n-3e) ^ 
1.^.3.4.e ^ " 1.2.3.4.e* ^ 



_ n.(n-e)(n-2e)(n-3e) r* 
1.2.3.4 ■?' 



because the numerator and denominator are both multiplied 
by the same quantity e.e.e.e, which makes no change in 
the value of the term. A similar transformation of every 
term being made, we have 

^ ' e 1.2 e* 1.2.3 e" 

n . (n-e) . (n- 2e) . (n-3e) r* 
"*■ 1.2.3.4 •?**■'•• 

wbich differs from the expansion of (1 +r)" in these two 

points — first, that it proceeds by the powers of - instead of 

those of r, and secondly, that every digit 12 3 4 &c. in the 
numerator of any term, is multiplied by e. When e is nega- 
tive, the minus signs in all the numerators will of course 
become plus signs, for — (— e) is + e ; and if r be not also 
negative, every odd term, first, third, &c. will be negative in 
(B), because r;(- e) =— r:e. 

If both r and e are negative while n is positive, every 
term of the series (B) will be positive, and the signs in the 
numerators will all be positive. But whatever be the signs 
of r n and e, you can always obtain the correct expansion of 
(1 + r)"'% if you put for those three symbols their proper 
signs and values in the last written equation. To develope 
or expand (1 + r)", you first write out 

r»+ r'+ r«+ r«+ r* + ...&c. (H>=1), 



160 FIRST MNEMONICAL LESSONS. [§ 67. 

then multiply r* by (i n-backs by i fags). If you have to 

develope (1 + r)*, you first write out 

t^ r" f* f* r* ^ 
?"■ ?^ ?"*• ?■" P-*-^^-' 

and then multiply r' by an expression differing from (t n- 
backs by i fags) in this, that the subtracted digits, 1 2 3 &c 
in the numerator, are multiplied by e. To remember (A) 
and (B), say 

[67] Sutdn(un r)? write fr« 5n r; ▼. [61 H.] frtfM. 

Theu r to i you multiply (A). 

By (i n-b&cks by i fags): vid. [62], [63], 

If n h&s dSn.e, (B). 

Put r vi(re); top dits w^d e. vi vid. [6]. 

Do you want the expansion of Stem to power n of unity and r ? Write 
&c. : r to « is r' (to power «). There is no fear of your mistaking this for 
the ratio r:«. Den. for <i&nominator. If the index has e for its den^ you 
write frb on y\{re) for frti on r. vi(r0) ^ncj and the top di^ts (or the 
numerators) 1, 2, 3, &c., wed e, i.e. are multiplied by e, as in (B). 

67* Examples of expansions when n is fractional are, 

_i_ 
(1 dbr)-» = l^r + r«:F/' + r*:F&c., as in [6l H] v. [44] 

(1 - r)-' = (1 - r)"* = 1 + 3r + 6r« + 10r»+ 15r*+ ... 

(l-'-)*=l4r-lr'-^r'-&c.... 

All these you may prove from (B) by making the requi- 
site substitutions for n and e, and then simplifying. 

You will now find no difficulty, except the mere length 

of arithmetical operations, in expanding (a + b)*, whatever 
numbers a h n and e may be. This is called a binomial 
quantity; (a + J + c)* is the m'** power of the trinomial 
(a + b + c); a binomial or a trinomial is a quantity consist- 
ing of two or of three terms. Since 

a (1 + b:a) = (a + b\ (a + 6)* = a* { 1 + 6:a}*, by [47, c], 

you have only to put (b:a) for r in (A), to expand (l+&ff)*i 
and then to multiply every term by a*. For example, 

(a + 5)" = a" (1 + biay = a" (1 + 2b:a + h'la') = a* + 26a + b', 



§ 67.] FIBST MNEHONICAL LB8S0NS. 161 

= a" + Sa^b + 3ab^ + 6», 

(a + by = a» (l + -Y- fl» + 5a*b + 10a*6« + lOaV + Sab"^ + b\ 

" 1.2.8 ^«^*' + &<=- 

In all these you observe that the sum of the indices of 
a and h in any term is equal to the index of the binomial; 

2 15 1 

as in the last line but one 1— t:=««> 2 — -=-, &c., and in 

3 3 S S 

the last line, « + = », »-l + l = », i»-2 + 2=n, &c. You 
may exercise yourself to prove the following expansion of 
the cube root of 31 ; 

+ 0*0006 - 000006 + ... = 314138 ; 

• 

a result correct to the last decimal; and this correctness 
might be increased by taking a greater number of terms of 
the series. In this expansion the terms diminish rapidly in 
value^ and therefore a small number of them will give a 
tolerably accurate result^ the rest of the infinite series being 
so small that it may be neglected. Such a series is said to 
be converging ; but not every infinite series is of this kind : 
many are diverging, and of no use for arithmetical calcula- 
tion. On this subject there are very many curious and 
interesting things known to mathematicians^ and many 
more yet to be discovered. 
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LESSON XXL 



68. We have now cleared oar way fairly into the most ' 
attractive fields of geometry, and are about to commence in 
earnest the study of the circle and those other curves of] 
the same family, whose beautiful properties were for so 
many centuries the delight of the Indian, the Egyptian, and 
the Grecian sages of the olden time. You were curious, 
my dear Jane, to see how the equation to the circle through 
three points ('i^i) (^s^a) (^s^s) w'ould look^ and to compare 
it with that to the line through two given points. This 
last has a secret to reveal to us of immense importance, if 
we arrange its terms in the fashion following: 

which is merely the equation (8) of Art. (l6), the units 
being introduced for symmetry only. Looking at the 
subindices, you see every permutation of 012, and observe 
that every two terms, whose subindices differ by the ex- 
change of a single pair, are of opposite signs ; as the first 
and second, differing by the exchange of 1 and 2, the first 
and last, differing by that of and 2, as also the second and 
fifth. The effect of this arrangement is, that if you suppose 
any two subindices to coincide in value, the whole expres- 
sion is reduced to pairs of terms that destroy each other. 
Suppose and 1 to coincide, in other words, let Xq = Xi and 
^o=^i; then the first and fourth terms destroy each other, 
as do the second and third, and the fifth and sixth ; which 
proves that the line represented passes through the point 
(a; = Xj, y =y^. The same thing happens if and 2, or if 
1 and 2 be supposed to coincide in value. This last suppo- 
sition is of course only admissible by defining {x^y^ as one 
of the two given points, and either (a?,y,) or {x^^ to be the 
co-ordinates of the current variable point. 

Further, no two terms which have the same sign can be 
made alike by the exchange of a single pair of subindices. 
Thus Xo^ils requires two exchanges, 102 and 120, before it 
can be made the same with the third term, first that of 
and 1, then that of and 2. We see then that in this equa- 
tion the whole of the 1.2.3 permutations of 012 occur 
[162]], and that the signs are determined by this law, that 
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two terms which can be made to agree in their subindices 
by one exchange of one pair^ performed in one term^ have 
opposite signs ; while two terms^ which cannot be made so 
to agree without performing two such exchanges, have the 
same sign. 

If we put :^ for every x the expression becomes 

Vyiia - x^y^^x + j?i!yaio- J?i!yoij + a^s^yoii - '%yy\^ = o, (b) 

which vanishes like the preceding if 

x^^Xy^ and y^-^y^, or if x^ = or, and yo=y«> 

and for the same reason, being then reduced to three pairs 
of terms, each pair equal zero. But this is no equation to 
a right line, for it is of the form 

where ABC are constaift numbers ; and gives 

d? = ± ^(^By + C):A, 

yielding two values of j? for every value of y. Thus if 
^ = 0, which is true only in the axis of x, (1 1), 

ar = sfc JCiAy 

80 that this locus has two points in the axis of J?, equidistant 
from the origin. It is, however, not a circle, (28), because 
the coefficients of or* and y^ are not alike. It is in fact, 

zero being the coefficient of ^. Look now at the expression 

+ {y^ + J?>*) yoii - (5^/ + «>*) yi\ == : (c) 

the arrangement of subindices is exactly as before. If you 
suppose ar„ = a?, and Vo=yi> the first and fourth term, the 
second and third, the fifth and sixth are self-destroying 
pairs, as in (a) and (b) : wherefore (ar,^i) is a point of this 
locus, the equation being satisfied at that point ; and if we 
put a;^,«4r,, y^^y^y we see in the same way that {x^y^ is 
also a point of it. This equation is exactly 

+ (yi" + «i') yt - W + 't") y I = o> (O 
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of the form" H (29), and is therefore, when the axes are 
rectangular, the equation of a circle (28) which passes 
through (j^iyi) and (x^ya), and has its centre in the axis <rf 
Xy with radius 



This becomes 



Q if yi,=yj and arj'^Xa", 



an indeterminate quantity, having anj one value as muc^ 
as any other. This shews that if (^i^i) be (3, 4t), (e.g.) and 
(xsVg) be (-3, 4), an infinite number of circles can be drawn 
to have their centres in the axis of x, and to pass through 
the two points : and it is obvious, if you draw the figure, 
that every point in that axis is equidistant from them. 

We have seen that the equation of the line through any 
two points (j?i^i) {Xg^a) exhibits all the permutations of 012, 
with a certain law of signs : this makes it probable that 
the equation of the circle through any three points (xitfi) 
(^s^s) (^s^a) "^iU exhibit all the permutations of 0123, 
arranged by the same law of signs. At least it is worth 
while to examine this. 
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70. ' The law of the signs in (a) may be thus stated : the 
permutations made hy going round any triplet^ or as it is said 
by cyclically permuting \l, have all one sign : those made by 
going round any du&d have alternately + and — . Applying 
this law generally to all odd and even multiplets, we have the 
rule: if in a multiplet of n symbols abcdefghi,,. you consider 
any continuous portion^ and carry the first letter (or last) of 
that portion to the place below the last (or above the first) 
letter of it, you either change the sign of the multiplet abed. .., 
or not, according as the portion considered has an even or 
an odd number of symbols. 

By this rule the signs in the preceding equation are de- 
termined ; the first six terms, as also the next six, &c. are 
merely the arrangement (a), if you consider the last three 
subindices. The first, seventh, thirteenth and nineteenth 
terms have alternate signs^ being cyclical permutations of 
the quadruplet 0123. The subindices of 5^ and a?* are to be 
counted as one and the same. It follows from the law of 
the signs that if for Xq and y^ you put any of the three pairs 
^\$^\» ^9^39 ^85^8^ ^he equation is reduced to a system of self- 
destroying pairs of terms. Take the third term, 

+ (^0*+ *o*)^s«J?8. li, and let (a?oyo) be the point {x^y^. 

The term is now identical in value but not in sign with 
{^3-^B3)y%'^o'^\> which stands (the 23 permutation) in the 
equation with a negative sign, for by our law, 0231 and 
3201 have contrary signs, as the first can be transformed 
into the second by one exchange of a pair, 3 and 0. Or 
they have contrary signs, if you like, because the first be- 
comes the second by first going one step round 023, thus — 
302^ which changes no sign, and next going round 02, thus — 
320, which changes the sign. In fact you may easily see 
that any term of the (4*3*2*1 =) 24, [|62], if you give to any 
pair of co-ordinates the values of any other pair, (as if you 
supposed Xg^Xa, ya=ya) will become identical in value, but 
not in sign, with another term. Thus (^/+X2*)..y,.ar3. 1^ and 
(y8* + *3*)*^i«^8«lo are of opposite signs, and destroy each 
other, if (xay^) and (x^y^) be the same point. It is enough, 
however, if the coincidence of {xoyo) with any of the other 
three points reduces the expression to zero, in order that 
the equation be true at those points, or that the locus may 
contain them. As this reduction to zero does thus happen, 
we are sure that, whatever this locus may be, it passes 
through (a?,y,), (x^ya)} and (^s^V^)* and this too, whatever 
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co.ordinate an^le we employ. As the above equation is of 
the fonn 

(tf* + Xo')A + %o+ Cjpo+ D = 0, 

it represents a circle, if otfr axes are rectangular, (28) which 
passes through the three points. The coefficient A is all in 
the six first terms of (d), and by (51 B) this is exactly 
2 (a 123) the double area of the triangle made by (^i^rj, 
('a^j)* (*iyj)- The coefficient B is 

-{(yi'+*i')-(«.-J?»)+(y«*+«t')-(*t-«i)+(ys'+*«")-(^i-^«)}; C is 
and D is 

These are all known numbers, so that, as in (28), the centre 
and the radius can be instantly found, of the first the co-or- 
dinates, and the length of the second. We may write the 
equation (d) thus, {Sin « » 1 in (51 B)} 

(a 123) (j^,« + O - (a 230) (y,- + x,») + (a 301) (y/ + x/) 

-(A012)(y,« + «,«) = 0, 

a form of little value, except for its sjrmmetry, and for prac- 
tice in algebraic symbols. Or it may be more briefly sym- 
bolized thus, 

in which X is the token of a summation of terms, the terms 
being all alike, except in their subindices and signs, and all 
deduced from + {(y^'+x ^^yi^x^. Is} by permutations of the 
subindices, with tneir signs determined by the rules above 
given. The symbol (±), bracketted, may denote that the 
signs have to be properly affixed, after the permutations are 
written out. To remember the rule for affixing them, you 
may perhaps find it sufficient aid to say by rote, 

^68]] Round ev. or o. with pin or no 

For signs you go, pin is + - + - + -. 




Thus + 123456 - 162543 + 162345 - 312654, are four of 
the 1*2 '3*4*5*6 permutations of six things, with congruouslj 
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determined signs. To find the sign of the second^ I take 
the following steps to reduce the first to that shape, 

+ 123456 + 1(62345) + 162(534) - l625(4S). 

As I have gone a step round an odd multiplet^ a 5-plet, in 
the second of these last, I have changed no sign, nor in the 
next hy a step round a triplet, but the next step round a 
duad changes the sign. The sign of 162345 requires the 
steps - 12(6345) + 1(62)345, the sign of 123456 being twice 
changed in its transformation; or two operations on— 162543 
would have sufficed, thus, + 1625(34) + 162(345). If we had 
before us all the permutations of six things, there would be 
no study at all required after a few steps : you can see that 
in equation (d) all depends in the correct writing of the 
first six terms, the rest being three sixes made from those 
first by going round quadruplets — of course with alternate 
signs. 

I may state here, although somewhat too early perhaps 
for strict method, that a curve of the second degree can 
always be made to pass through any five points. Its equa- 
tion is 
C. 2;(±)yo*.^,a?, . jr,«.y,. j?4. 1, - 0. 

The number of terms is 6 Jags ^^2], and if you understand 
what I have just said about the signs, + or — , of the permu- 
tations of six symbols, you can write out the equation your- 
self; the only difficulty being the length of an operation 
almost merely mechanical. It matters not what origin or 
axes be chosen ; the curve thus given passes infallibly through 
every point. Suppose e. g. Xq = a?a, ^o = 5^*5 *^® ^®^"^ 

is destroyed by the term 

and the whole equation = 0, as it ought to be, by similar 
pairs of internecine terms. What the nature of the curve is, 
whether a circle or otherwise, will be a delightful enquiry 
that will ere long occupy us. 

You can easily see that, referred to right axes, 

2(*)(*.*+y.')i. = o 

is the equation of the circle which has its centre at the 
origin, and passes through the point (x,, y,): that 
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is that of the circle (29 G) which touches the axis of x at 
the origin, and passes through (<r,^|) ; and that 

touches at the origin the axis of y, and passes also through 
(«,, ^i) ; as also that 

is the equation of the line through the origin and through 
the point (jti, ^i). What curves are represented by the 
above equations when the co-ordinates are not rectangular, 
is reserved to be examined hereafter. 

The equation C contains the terms following : 

which are exactly the following, 

+^0* (y 1*1 . arg'.^a • *4- 1 «) - ^0*0 W- ^s'-^s • ^^4 • 1 s) 

+ ^0' Cyi'.j^2*2-ys- JP4- Is) -yo {yi-yi^i'^z- *4- la) 
+ *o (y i*-y**« • *8'-y4 • 1 s) - 1 W-y^^t • ^z-y^ . x^y 

"Let A stand for ^(^^yxX^.x^.y^.x^.l^, the sum of 120 
terms made by permutation of subindices only, and let B^ 
C, &c. each stand for such a sum ; then the equation is 

Ay" " Byx -^ Ca/" " By + Ex-'F^O. 

It is easy to write out completely any of the coefficients : 
thus 2> is obtained from yi^-y^x^'X^^.x^A^ by adding to it 
119 terms differing only in subindices. Writing subindices 
only, — X) is 

- { 12345 - 12354 + 12453 - 12435 + 12534 ~ 12543 

- 13452 + 13425 - 13524 + 13542 - 13245 + 13254 
+ 14523 - 14532 + 14235 - 14253 + 14352 - 14325 

- 15234 + 15243 -^ 15342 + 15324 - 15423 -f 15432 

+ 23451-23415, &c.} 

The same series of permutations of 12345 will give all 
the six coefficients from their six first terms. 

Something further on this mode of writing out explicitly loci, plane or 
solid, of any class or order, may be seen in a Memoir by the Author On 
Linear Constructions, in the ninth volume N.S. of the Menmrs (/ ^ 
Philosophical and Literary Society of Manchester, 



JUVENILE CONVEESATIONS. 

On §§ 2, 3. 

William: — I see no difficulty in adding or subtracting negative 
quantities. Putting on a decrement is taking off something positive ; and 
taking off a decrement is an augmentation, evidently, for it must be the 
reverse of taking off a positive quantity. It is easy to see that 

5+ (- 3) is 5 -(+ 3), the same as 5- 3 = 2, 
and 6-(-3) is 5 + 3 = 8, vid. [11.] 
Between 5 + (-3) and 5 -(-3) there is a difference of 6; and while 

«+(-*) is =«-*.«-(-*) is »« + *• 

But I am puzzled about these co-ordinates. You say that every pair 
of numbers determines a point ; shew me then the point belonging to the 
numbers 2 and 600. 

Richard .-—Do you want the point (2,500) or the point (500,2) ? Just 
now^ you read for me the points here written, 

(3,4) (3,-^4) (-3,4) (-3,-4), 

(4,3) (4,-3) (-4,3) (-4,-3); 
read them again. 

William : — The upper line is — the point whose or is 3 and whose 
ff 18 4, the point whose jr is 3 and whose y is minus 4, the point whose jp is 
minus 3 and whose p is 4, and that whose x is minus 3 and whose $f is 
minus 4. The lower line is — the point whose df is 4 and y = 3, that 
whose jr is 4 and y =- 3, and so on : that is the lesson you have taught 
me. But points should have no magnitude — ^they cannot be one bigger 
than another: shew me the points (3, -4) and (2, 500), that I may 
compare them. 

'Jane : — I think William does not quite see the use of x and p. Two 
numbers can determine a point only by measurement ; and, before we can 
measure, we must know from what point and in what directions we are to 
measure. When you ask Richard for the point (2, 500), you should give 
him your origin and axes : there is no sense in co-ordinates without these. 
You must have settled the point O, from which to measure jp = two units, 
(i.e. two inches, on our supposition) along a fixed line OX, and yss 500 

Dg, or rather in the direction of, the fixed line OF. 

William : — Well, then, I draw two lines, and mark them XOX" and 

)F': you now take two inches along OX, and 500 inches along OYi 

y where is the point (2, 500) ? You have foupd a brace of points, one 

each axis ! 

Richard: — Look again, you philosopher, at my first figure, (vid. p. 3.) 
shewed you three ways of coming at the point q, (3, 2) : first, your 

H 
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ptesent method, to take Op b 8 and OrtsS, inches, and then to draw 
through p and r parallels to OF and OX^-^these will meet in the point 
(3, 2) : secondly, to take on the axis of jr Ops 3, and at p to laise an 
ordinate pq parallel to OY, two inches in length ; this brin^ yoa to the 
point (draS, 'ys2) or (3, 2) : thirdly, to measure y^two indies on the 
axis of y, to r, then from r to draw a parallel to OX, three inches mea- 
sured on this parallel brings you to the same point q* The second of these 
methods is the one to bear in mind, when you think of the point (3, 2). 
Now tell me how you would find (3, -4), and (2, 600). 

William: — I first march three inches on OX to p, and thence foDY 
inches on an ordinate in the negative direction parallel to OF*, this^vea 
me (3, - 4) : two inches along OX, and then 500 inches along a positiire 
ordinate, bring me to (2, 600). 

Jane : — You see it now, and in the same manner you can find your 

(1 — 5\ * 

a*'Y) vhose X is half an inch positive, and whose p 

is five-sevenths, negative. Did you tell William what we mean by the 
points 

('i>yi) (-'i,yi) ('i,-yi) C-'i.-yO? 

Richard: — By x and y in general we understand the co-ordinates of a 
Tariable point, some point or other, no matter for the moment what or 
where : it is enough for us that » and y are the two distances of a point 
from two given lines, its distance from each line being measured in a 
direction parallel to the other line. By Xi and Pi we understand the 
co-ordinates of a fixed point, which we Imow of and can find. Perhaps 
Xi and Pi are two numbers of which we have thought, or which we liave 
down in a list along with other numbers, marked ^2, p%, 's* Pa* ^^ * o' 
they are numbers which we can find, when we please, by measurement, of 
the distances of the given visible point from OX and OV. The points 
above written are, the point whose jr is the known length (« at 1) and 
whose y is the known number (y at 1), that whose or is the given negative 
length (or at 1) and whose y, &c. vid. p. 5. The same thing is meant bj 
the point (or = m, y = n), or the point (m, n). We conceive m and » to be 
known numbers. Suppose now you had before you the given points 
(m, n) and (-p, A), m, n, g, and h being positive numbers; where 
would you look for the points (— m, -m) and (^, ^h) ? 

William : — I should expect (m, n) to be somewhere between the lines 
OX and OV, as both the co-ordinates are positive ; but (—ffy b) ia found 
by proceeding g inches along OX', and the point must be within the angle 
X'OY. As the co-ordinates of (-m, — n) and (g^—h) have signs 
contrary to those, the former of these is within the angle X'OV^ and 
latter within XOF. 

Jane : — True : and you can see that the eight points first writtei 
Hichard form the angles of two distinct parallelograms, whether our i 
are oblique or rectangular. Have you read, William, the points (^i 
('s9 3/2)9 &c,, in (3) ? p. 6. There is nothing like reading alott4« 
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WUHam : — The first is that whose or is f and whose p is one ; the 

second that whose d? is } and whose y is }, and so on ; the fifth (jr^, yg) has 

its x=| and its y=f : all easy enough. But how is this, about the point 

(0, 0) at the end of (3) ? 

jRtcAareT;— .Do you not see, from (a'), that if ar=0, y being f of it, it 
Bothing also ? How much is | x ? 



OnH* 

William : — I am ashamed to say that I stuck fast for a few moments 
at the pronoun t^, in the second line of (4). It is nonsense to suppose that 
OCX can meet the origin a second time. Why must it meet the curve 
again? 

Richard : — It would be a difficult thing to draw a line from O, a 
point in the supposed curve, which should nowhere meet the curve again ; 
but there is no miist in the argument : any line you please that cuts the 
curve in any point O' suffices for the reasoning. 

William : — Why did your uncle not set down the lengths in numbers 
of the co-ordinates of O' instead of saying let them be m and n ? 

Richard: — I dare say he never measured them : they are considered 
as known numbers, for the point O' is given and before you» We under* 
stand m to be the number of inches in Ob, and n that of those in 50'. 

William : — How am I to '^find a series of points in the locus (a')*' ? 
What is a locus ?* 

Jane : — A locus is simply a line, either straight or curved, formed by a 
series of points arranged in close succession according to a certain law. 
This law is expressed by an equationy and this equation is always an as- 
sertion about a and y, which is true of the co-ordinates of every point in 
the locus, and true of no other points. We speak of the line 2y = 5<r, 
y s ejpy &c : which means, more at length, the line whose law is this or that 
equation. In the first of these two the law is, that double the y of every 
point is 5 times the or^of it ; that of the second is, that yise times the ^ at 
every point of the locus. The point (20, 61) is not in the first line, be- 
cause it is not true that 

2x51 = 5x20; but since 
2x50 = 5x20, 

is truly affirmed, (20, 50) w a point of it If e happens to be the number 
2n. (20, 51) is a point of the line y-ex, for 

51 = 2^x20, is true; 

but as 60 = 2^ X 20, is false, 
, 50} is not in this locus. 

For a reply to your first question, William, you have only to glance at 
process by which a series of points is found in § 3. You may make 
same measurements along O'-T" and O'V", that are there made along 
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OX and OYm Your points so found will have different positions firom 
the former. 

Wiliiam :—I see plainly that my point (^ i\) wiU be near (X, while 
your point (ni) n) ^^^^ ^^ >i0^ O* Wliy is there but one series of points 
traced in the figure ? There are two supposed curves mentioned. 

Jane : — You can imagine a second supposed series on the opposite side 
of Oty ; the argument does not require that it should be drawn. 

Richard: — Uncle says I was right in calling the argument in $ 4 a r^- 
ducHo ad absurdum. Yon see, William, that (a') cannot give a curve 
when referred to OX and OV, without giving also a different curve, when 
referred to O^X" and OY'\ But from the law (a') by which both curves 
are traced out, it follows that any point of my curve, as (jr = Or, y » #/}, 
is also a point of yours, vis. the point (*^Ov, ysstv); so that the 
curves are not different. The hypothesis wliich leads to this contradiction 
roust be false ; and there is no way of escaping the absurdity, but by sup- 
posing that both series of points lie in the right line 00\ 



On §§ 5, 6. 

«7an« .'—Cousin Henry shewed me this morning a pretty proof that 
the product of two negative numbers is positive. We know that 

(6-5)x(2-2)=0x0=0:i.e. 
0x(2-2)-5x(2-2)mu8tbeBO, Le. 
0-6x2-6x(-2) «0. i.e. 

- 10 -5x(-2) bO, is true, 
which cannot be, unless ^ 5 x - 2 » + 10. 

In like manner, (m—m) times (n— n) = x =: 0, 
which requires of necessity that 

(- m) times (— «) = + mn. 

Divide both these equals by the product — »xn, 'and you get 
^fn:nssm:—ny as in p. 0. 

Is not this charming ? I feel quite scientific. 

Richard:— Do you not think, Jane, that Article (6) might somehow 
have been dispensed with ? After proring in (4) that (y = f «) is a right 
line, it seems easy to grant, that y = -i*, or, what is the same, if we mul- 
tiply both sides by - 1, - y = |df, is a right line also. 

Jane : — It is one thing to be convinced of a truth, and another tbini 
frame a valid proof of it. When you have invented a shorter demom 
tion than this of (6), I will try to give you my opinion upon it 

William : — I see that the Roman co-ordinates refer to the left f 
figure. How do you know that y=|x is a right line? The axes 
different from those in (4). Ah I I see my answer in what preo 
here in (6)« 
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Jane: — You observe that the question noir is, whether {y——%x) 
gives pointa in a right line or no. Whatever this locus may be, two points 
in it, besides O, can be found ; p and m are so found. The question is : 
are 0,p, and *» in a right line ? Now they form a group exactly similar 
to O, p, m, in the left-hand figure ; and as these are proved in (4) to lie in 
a right line, O, p, m, are in one also. 

On §§ 7, 8. 

Richard : — William began to read (7) thus : " We find a point in the 
locus y wliich is equal to ea" I laughed, and so did he ; but you must 
bring in the which in the sentence below — '^ If qp which is equal to qiPu 
which is equal to q^ps," &c. Uncle says the which ought to have been 
written here ; but that the ellipsis is very common in algebraic reasoning, 
and seldom occasions any ambiguity. 

WilUam :•— I see that (p^ex) is supposed to be the line q, ^i, 93 pass* 
ing through the origin O, which letter you have forgotten to insert, and 
that j9, pi, P2 is a line parallel to it, which does not pass through O, but 
cuts or and OX\ 

Jane : — There are of course innumerable lines parallel to q, ^i, qa, ... 
some cutting OV and OX', others cutting OY* and OX. The lines 
y = ea? + l, ysrga?+2, y—ex-\-h, if 6 is positive, all cut the former pair, 
while y = ej?— 1, y=:ea?-2, y^ex-'b all cut the latter; if ^ has inalli 
one value. 

William : — Where is your figure for § 8 ? 

Jane :-~Draw it yourself : you may choose any point you like for (^i,yi) 
in any of the four angles about O ; this point and O determine a given 
line. If Xi and yi are both of one sign, as (2, 3), (—6, - 40), the line is 
drawn in the angles XOVand X'OV ; if they have different signs, as. 
1-2, 3), (6, -40), the line is drawn in the angles XOV and X'Or. 
The number of lines through O is infinite; for between any two, however 
little they may diverge from each other, you can always imagine a line 
drawn, which diverges still less from either. It is something worth know- 
ing, if it can be proved, that any of those lines through O may be repre- 
sented by the equation y^ex, 

Richard: — It appears to me that this is proved in (6); for it there 

appears, that for every different value of e, positive or negative, that you 

can name or think of, there is a distinct corresponding line passing through O. 

Jane: — True; but is it there demonstrated, that no line c«n. pass 

1 ugh O besides those which correspond to the positive and negative 

les which e may receive ? This negative assertion remains to be 

'ed, and is established in (8). Choose any line, so it be a given line 

ugh O. If it is given, a point of it is known besides O. Give me this 

xt, i.e. give me its co-ordinates in numbers, and I will write down the 

ition of a line, as it is done in (8), and make you confess that it is 

r line, and that it has an equation of the form asserted. 

HS 
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WUHam f—It is evident, looking At the second proposition in (8), that 
a line which does not pass through O must meet YOIT somewhere, at 
some distance 6, positive or negative. But is this proposition true of everp 
line, of lines through O also ? 

Jtiehard :-~Of course, if b may have any value : for lines through O, 
b^O. 

On $$ 9, 10, 11. 

William .-—I can make nothing of your equation (e^, p. 12. How do 
you read it ? 

Jane : — Did you never handle a fraction whose denominator was a 
fhurtion ? If my master had taught you arithmetic ! Look at the middle 
of the next page— you see p divided hy the fraction J, and the negative 
quotient jr divided by the fraction ^, You should always read an argu. 
ment through, and all the illustrations, before you despair. I read {c') 
thus : *^ the negative quotient x by the fraction (b by e), +y by 6, = 1 ; ** 
or, if you like, **y by i, minus * by (b by e), = 1." 

When y s 0, which is true of every point in ZOX', this becomes 

9 

-J 

e 



1, 



or since --«--# W> 



1, 



whence, as the denominator and numerator must be equal, we have 

b 
*= — • 
e 

Richard: — The example at the end of the Lesson, (p. 15), became 

much clearer to me, after I had drawn the figure, and examined the 

case of 

y=2j?4-l and y=-2x + l, wliich are 

f+-^-i «a f + pi. 

I took ns»3 and obtained ^ib6 + 1»7, y,=_6 + ls-5; whence 
yi+ya=7-5 = 2, or PB^PC^2,PA, QA being the paraUd to OX 
through (0, 1), or Q, Now from 

PB-'PC^PA-k^PA, just proved, 

comes PB-PA + PA+ PCy 

by addition of + PC to the equals ; and hence we get 

PB'-PA^-AP^PCf 
or AB=^AC, 

by subtraction of PA from the equals. 
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Thns I prove that QA always bisects the base of the triangle QBC, 
'whatever ordinate BAPC may be. 

Jane : — Well demonstrated, Richard ; but you speak as if you had 
found all that out yourself. I will now shew William something more, 
the discovery of which he wiU of course ascribe entirely to me. 

The line through {0, b) parallel to OX, spoken of, p. 15, has for its 
equation ff-b,otp — b=0; fox at every point of it, the ordinate is of the 
same length b ; and every line parallel to OX can be represented by the 
same equation, for some iixed value or other of b ; thus y ss— 6, or y +6=0 
is the equidistant parallel on the other side of OX, through the point 
(0, —b). Every parallel to OY has an equation of the form jt=rb; thus 
« — 4=0, and or +4=0, cut OX and OX' at equal distances from O, and 
are both parallel to OX, because jp never changes in either line, however 
y may vary. The equation of the ordinate drawn in your figure through 
Pisdr-SsO; and every ordinate can be represented by or-n^O for 
same value positive or negative of n. 

The property you have just proved may be stated thus: the line 
p-b=Oy (QA)f bisects that portion of the line ;r-».=0 (BAPC), which 
lies between the lines y-ex-b^O and y+^jr — 6=0; whatever be the 
numbers e or n. This is true of course when 6=.0, in which case the 
bisecting line QA is y=0 or OX. The two lines aro now y=ex and 
yzs^exy and we know something worth remembering about the four lines 
y=0, ;r=0, y—ex=% y + ex=^0, which all meet in O. 

Richard: — There could hardly be a simpler combination; there is 
only one constant in the four equations, the number e, used with opposite 
signs. 

Jane: — ^Unde Penjmgton remarked that simple combinations are the 
most instructive, and lead, when their meaning is completely mastered, to 
the most extensive and entertaining views. The thing to be remembered 
is, that the first of these four lines bisects every parallel to the second 
drawn from the third to the fourth ; and that the second bisects every paral- 
lel to the first, which is drawn from the tliird to the fourth. Thus let y =m 
in both the latter, which will be the case where each meets the linq 
y— msO; the equations become 

m 33 exi, 

m=— ««2« whence by subtraction, 
m — m s eoTi -T (— tf*a), which is 

=3 eo^j + ew^ or since -^ c = 0, 
= 4^1 + x^ by div. of equals by «, 
;.e. - a?! = a?3 J 

01 je X of the point on {y-ex^ 0) whose y is m, differs from the x of the 

p t on (y + ea? = 0), whose y is m, only in sign. In other words, OY 

b :ts the parallel to OX, which is drawn between those two lines. 

1 I is true whatever m may be, and is not affected by the value o£ e ; 
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neither does it depend on the angle XOY between 4r = D and y = 0, any 
more than on that between y — ear s= 0, and y + ex =0. I am told that 
these four lines form an harmonic pencil, and that such a pencil has 
many curious properties which we shall be delighted to learn. 

On $$ 12, 13. 

Wilham: — How can anybody be expected to remember such a long 
piece of reasoning as this in the 12th Article ? I am utterly confused 
in it. 

Richard :-~So it was at first with both Jane and myself; but it is plea- 
sant to find how rapidly such difficulties melt away, after a little examina- 
tion. I think it all through at a glance, when I look at the figure in (13). 

First of all I know that if yje s « be any line through the origin, no 
matter what be the angle between the axes OX and OY^ containing the 
points (or,, y,), (*» y,), (*» y,), &c, 

X| (T) 1V3 •P4 

because each of these fractions is one number e. From the first pair, 

Xt 

multipljring the equals by — , comes 

y% *«' 

This is equation B' (p. 17), if OY and OX are my two axes, and OP 
the line through the origin, and it is equation b', if OF and OP are my 
axes, and OX* the line through the origin. The two ordinates yi and y^ 
are the same, whether OX or OP be the axis of x, except that in the first 
case they are both positive, qp and QP, in the direction OK, and in the 
latter both negative, pq and PQ^ in the direction YO, This makes no 
difference in the truth of the last equation, since - yi : - ya = yi^s* Thus 
I have proved the third line of [6] ; for the paralL cutters are the two 
ordinates yi and y^, and the quotient of these is that of the two abscisse, 
whether these be Op and OP^ or Oq and OQ. The whole argument of 
(12) is in the equations B', b', and the equation Bb ; the last deduced 
from B and b by division, the former pair by multiplication. The second 
line of [6] may be considered to assert the equality of the right membets 
of B' and b', as well as to express (Bb). 



On $ 14. 

William :— He was puiiled at ' turned face downwards ?* If the 
angle ADC is turned over in its place without disturbing A^ where 
C fall but on C, or D but on D' ? Multiplication of a line by a lin 
not so easy a notion — how can you multiply but by a number? 

Jane ;— Vou see that line times line appears in the equations : 
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dannot be the same thing with number Hmes Ane, which is just a longer 
line. We must accept the definition : and it is easy to conceive an inch 
square to be made by the repetition of an inch line through a height equal 
to its length, and to call such a square pile of inch lines, an inch times an 
incK 

A quarter-inch repeated to a height equal to half an inch, is } x ) = | x 
a square unit ; and so of any two lines. 

On § 16. 

Richard: — The numbers Xi, jTs, ^i, y^, eq. (8) are lengths measured 
from the two visible points («|, ^i) (x^, y^) to our axes OX and OF. 
Suppose now that we had chosen other axes, inclined at any particular 
angle : these numbers would be different, some or all of them ; but the 
position of the points is fixed, and therefore the position of the line 
through them ; while the equation of the line alters for every different 
pair of axes. Is it not odd, and confusing to imagine, that the same 
visible line should be represented and determined by so many different 
equations ? 

Jane : — Just as odd, as that the same point in our plane should be 
represented and determined by innumerable pairs of numbers, i.e. by a 
different pair for every different pair of axes. But we use only one pair 
OX, OK, in one argument ; we know always what x and y stand for, and 
how they are measured. Don*t you think that this is the chief beauty of 
equation (8), that it applies to any axes we may choose ? Is it not worth 
knowing, that, when they are chosen, whatever be the distances «i, w^, 
yiy y^ that equation is sure to be true of every point (Xq^ ^q) in a line with 
('if yi) wid (d?2, yj) ? Thus, if d?i -=0 = yj, it takes the shape y — «* =0, 
or rather Ax ■{•By = 0,~the same thing, as to the form of the equation. 

On § 21. 

William t — ^How can you say that Psfnsst^^ + ^jj^g? Is not the 
distance from q^ to j), negative, q^p^ being a negative ordinate ? 

Richard: — You may take it thus: +P3fn3B+i'393 + 939n2) ^^ ^'^ 
measuring from pa to iHs in the direction OF, which is positive: and if 
you state it thus : —m^p^ = - fn^^ " ^^Pat putting negative signs because 
we measure now from mj to p^, it comes to the same thing ; for multiply- 
ing both sides of this equation by — 1, you obtain the former equation. It 
is useful to remember that you may change the signs of every term on 
both sides of any equation, without altering the truth of it ; for this is 
I ily multiplying equals by — 1. If one side of the equation, as it fire- 
c tly happens, is zero, you may change the sign of every term on the 

c r side. Thus 

5-2 = 3, -6 + 2 = - 3, 

6-2-3 = 0, -5 + 2 + 3 = 0, 

I 11 equally true. It is evident that x - 1 = 0, for + and - are 
1 lame quantity, at least in arithmetic value. I thought it an odd and 
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myfterioni remark of Unde PenTogton, whidi fell fiom him the other 
day, that if ever I mounted into die higher regi<m8 of analysis, 1 might 
leam to make important distinctions between positive and negative zero ! 

William .-—I am not satisfied about the two equations ys - — 9sP»» and 
^, ss ~ q^. It is plain to be seen that y^ >* negative, and so is jfj, and 
that ffi and y, are nothing else than the two lines ^^ and q^p^ ; why then 
do you not write —yt^ — qaPtt *nd -^ss — 9sft ? 

JaTie (after a pause): — This is very acute of you; and it has coat me 
some thinking to find a suflicient answer to your objection. But I have it 
now: in the equations with which (21) begins, the co-ordinates are of 
course numbers of inches , I ia the number /, a is (Ae number a, and Oqi 
P\9\* P^9> &^» "^^ pu^ ^of ^0 nvmbere of inches in those lines. We 
must read, let p^ be the point whose x is the positive number (of inches 
in) Oq^ and whose y is the number (of inches in) p^^ taken negatively. 

If we were to write, as you propose, 

it would follow immediately that 

y% = q^t» and y, = q^» 
making y^ and y^ to be positive ordinates, which they are not. 

On $ 21, 23. 

" William : — You ask (p. 35) for the distance between (2, 3) and 
(*3— -4) referred, to right axes. Would the distance be different if the 
axes were oblique ? 

Richard: — Of course not: referred here agrees with points. Bat 
(jf — 6)*+(y — a)*is not the squared distance between (*,y) and (*,«), 
if these co-ordinates are measured parallel to oblique axes. I do not 
exactly see why not, at this moment ; but I do see the proof of the rule 
(p. 36) laid down in [12]. The argument leaves the choice of axes to me. 
Provided that they are at right angles, and the same axes all through the 
reasoning, it matters not where they are. This is to me the great beauty, 
as Jane says, of equation jy and the rule under it, that R is sure to come 
out the right distance between (jr„ yO and (xq, yo), whatever be the right 
axes OX and OF, from which co-ordinates are measured. 

Jane: — The reason of this is, that R depends not exactly on the 
distances Xi, Xq, yi, y^, but on the algebraic differences of distances, 
(xi—x^ and (yi— yo). If Xi and Xq are the same number, R becomes 
y\ — yo* ^he two points are now on the same ordinate, and on the Mme 
side or opposite sides of OX^ according as yi and y^ are numbers of t 
or unlike signs. 

. William : — I can see all this now : and am delighted with my ii 
duction to the equation of the circle, which is, like the right line, a ' i 
of points arranged according to a law laid down in the equation. 

Richard: — The first difference to be observed between the lint \ 
the circle is, that in the former there is obtained from the equation b^' : 
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value of p coResponding to any particular value of a; while in the latter 
you obtain two values of y for every value that you introduce for 4r, and 
two of X fat eveiy given value of y : a pair of ponible, or else a pair of 
I impossible, values. 

William :^Thh is made clear enough in (23). The circle In page 89 
can be written thus 

I erac//^ of the form (D, 21 ). 



On {$ 28, 29* 

Richard : — You see, William, that we can calculate a radius to the 
ten-millionth of an inch, if we have the equation to the circle. You 
could not measure it, on the figure, to a thousandth. 

Let me now see you try, after what I have said to you, what you can 
make of the equation 

fl**+«y'+4*+cy + J= 0, 

the axes being of course rectangular. 

William : — As j^ and ^ have the same coefficient, I am to consider 
this to be a circle, as I suppose ; but I ought to be able to prove it a 
circle. How is this to be done ? 

Richard :-~Ji you can shew that it is of the fomi (D, 21,) you will 
I prove it completely. 

William .--^Let me try to find the centre and the radius by the process 
I of this Art. 28. Transposing d, we have 

fld?* + ay* + ft J? + cy « - rf, 

i then adding to the equals the squares of the half coefficients of jr and y, 

adr«+ay«+6d?+cy+ - + t""" + T +4'» 






which should fall into the form (D, 21) thus, 

Now I can see that this comes right, if a = 1, for it is then 

i.e. {X + J6)« -Ky + Jc)« = (Vft2:4+c»:4-rf)«, 

role whose centre is (- J6, - Jc), and radius = V6*;4 + c^-A—d, 

lichard : — You forgot to divide all at first by the common coefficient 
and y^ ; if you had done this, it would have been correct after adding 
oth sides the squares of lb:a and Jc:a. You would have had 
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the circle whose centre it (-^6:0, -)cui) and ndias 

If as 3, 6b ft, ob6, <f e~7, hftppen to be the Talaes of the four con- 
•tantf , thii is exactly the circle (£). Examine next 

21?*+ aOtr + aSy*- 12^+07*02 1=0. 

William ;^The steps are easy when all the coefficients are numetical. 
I have, dividing equals by 2, 

«*+10»+y'-(^+33*M « 0, 

(««+2.&r+fi«) + (y«- 2.?y+8») « ««+S»-33«l, 

i.c. (* + 5)« + (y-8)*«=0-49, 

the circle figured at page 39. 

Richard: — I have made various examples for myself and reduced 
them: all you have to do is to add the two proper squares, and then 
reduce by [14J. Take the pair of cirdes, 

and try to prove by (29), that the first touches OX at O, on the under or 
negative side, having the radius » 7, and that the latter touches OY 00 
the right or positive side, at the distance 5:2a, 

On {$ 32^ 34. 

Richard Z'—Tht circular functions are soon fixed in the memory, when 
you look at them in the figure, p. 56. The arc being AP, Pp is the Sine, 
Op the cosine, AT the tangent, OT the secant, DR the cotangent, OR 
the cosecant, AP the versed sine, of the arc ; i.e. the numbers 6, sin 9, 
cos 0, &c., are exactly the lengths in inches of those lines, if OA is unity, 
or one inch. 

William : — Some arcs are greater than a right angle $ where do you 
look for the complement (£>ef. 6) of such an arc 

Jane .*— The complement must be of course a negative arc, measured 
from A to some point below OA, And you will find, if you examine that 
the X and y of a point a certain distance beyond D towards £, are exactly 
the y and ^r of a point the same distance below A towards R-, so that G, 
p. 59, is true in the case of w negative also. 

Richard : — I see that in (34) the segments of the side AR are mea- 
sured from D to its extremities, whether D is in AB or AR produced. 

It is pleasant to have Euclid 11. 12 and 13, in so small a compass in 
[26 A]. 
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or ■»voATio]rA& 'Wommb% 

on 

Volumes intended for Public Instruction and for Beferenoe: 

Now in the course of PtbUicalum, 

Thb pnblio fftvonr with which the RadimeDtary Works on acientific subjects have 
been received induces the Publisher to commence a New Serie8,somewhat different 
in character, but which, it is hoped, may be found equally serviceable. The 
DicriONABiES of the Modern Lanouaoes are arraoeed for facility of reference, 
so that tiie English traveller on the Continent and fhe Foreigner in England may 
find in them an easy means of communication, although possessing but a slight 
acquaintance with we respective languages. They will also be found of essential 
service for the desk in the merchant's office and the counting-house, and more 
particularly to a numerous class who are anxious to acquire a knowledge of 
languages so generally used in mercantile and commercial transactions. 

The want of small and concise GrRSEK and Latin Dictionaries has long been 
felt by the younger students in schools, and by the classical scholar who requires 
a book that may be carried in the pocket ; and it is believed that the pres«it is 
the first attempt which has been made to offer a complete Lexicon of ibe Greek 
Language in so small a compass. 

In the volumes on England, Greece and Rome, it is intended to treat of 
History as a Science, and to present in a connected view an analysis of the large 
and expensive works of the most highly valued historieal writers. The extensive 
circulation of the preceding Series on the pure and applied Sciences amoofist 
students, practical mechanics, and others, affords conclusive evidence of the 
desire of our industrious classes to acquire substantial knowledge, when placed 
within their reach ; and this has induced the hope that the volumes on History 
will be found profitable not only in an intellectual point of view, but, which is of 
still higher importance, in the social improvement of the people ; for without 
a knowledge of the principles of the English constitution, and of those events 
which have more especially tended to promote our commercial prosperity and 
political freedom, it is impossible that a correct judgment can be formed by the 
mass of the people of the measures best calculated to increase the national 
welfare, or of the character of men best qualified to represent them in Parliament ; 
and this knowledge becomes indispensable in exact proportion as the elective 
franchise may be extended and the system of government become more under 
the influence of public opinion. 

The scholastic application of these volumes has not been overlooked, and a 
comparison of the text with tiie examinations for degrees given, will show their 
applicability to the course of historic study pursued in the Universities of 
Cambridge and London. 

1, 2. Constitutional History of England, 2 vols., by W. D. Hamilton 2s. 

3, 4. ' down to Victoria, by the 

same 2i. 

5. Outline of the History of Greece, by the same . . . .If. 

6. " to its becoming a Roman 

Province, by the same li, 6rf. 

7. Outline History of Rome, by the same It. 

8. • xo the Decline^ by the same . . la. 
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9> 10. A Chronoloot of Citil and Ecclesiastical Hisiobt, Litera- 
ture, Science, akd Art, from the earliest time to a late period, 
2 vols., by Edward Law. 2t, 

il. Grammar of the English Lanquagb, for use in Schools and for 

Priyate InatnictioD, by Hyde Clarke, Esq., D.C.L. . . . 1«. 

12, 13. Dictionary of the English Language. A new and compressed 
Dictionary of the English Tongue, as Spoken and Written, including 
above 100,000 words, or 50,000 more than in any existing work, 
and including 10,000 additional Meanings of Old Words, 2 vols, 
in 1^ by the same 2j. 6(2. 

14. Grammar of the Greek Language, by H. C. Hamilton . . 1«. 

15, 16. Dictionary of the Greek and English Languages, by H. R. 

Hamilton, 2 vols, in 1 2s, 

17, 18, English and Greek Languages, 2 vols, in 1, 

by the same 2s. 

.19. Grammar of the Latin Language Is, 

20, 21. Dictionary of the Latin and English Languages . . , 2s, 

22, 23. English and Latin Languages . . , 2s. 

24. Grammar of the French Language, by Dr. Strauss, late Lecturer 

at Besan^on Is* 

25. Dictionary of the French and English Languages, by A. Elwes Is, 
26. English and French Languages, by the same 1«. 

27. Grammar of the Italian Language, by the same . . . .Is. 

28, 29. Dictionary of the Italian, English, and French Languages, 

by the same Is* 

30, 31. English, Italian, and French Languages, 

by the same Is. 

32, 83. French, Italian, and English Languages, 

by the same Is. 

34. Grammar of the Spanish Language, by the same . . . , Is. 

35, 36. Dictionary of the Spanish and English Languages, by the 

same 2f. 

37, 38. English and Spanish Languages, by the 

same 2s. 



39. Grammar of the German Language, by Dr. Strauss . . , Is, 

40. Classical German Reader, from the best Authors, by the same . Is. 

41, 42, 43. Dictionaries of the English, German, and French 

Languages, by N. E. S. A. Hamilton, 3 vols 8«> 

44, 45. Dictionary of the Hebrew and English and English and 
Hebrew Languages, containing all the new Biblical and Rabbinical 
words, 2 vols, (togetlier with Sie Grammar, which may be had 
8eparately for Is.), by Dr. Bresslau, Hebrew Professor , Bs. 



SUPPIJSMBNTAIiy TO THB SERIES. 

Domestic Medicine ; or complete and comprehensive Instructions for Self-aid 
by simple and efficient Means for the Preservation and Restoration of 
Health ; originally written by M. Raspail, and now fully transUted and 
adapted to the use of the British public Is, 6d, 
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GBEAT BZBIBmON BVIIiDINa. 

The BUILDING erected in HYDE PARK for the 

GREAT EXHIBITION of the WORKS of 

INDUSTRY of ALL NATIONS, 1851: 

lUustrated by 28 large folding Plates, embracing plans, elevations, sections, snd 
details, laid down to a large scale from the working drawings of the Contractors, 
Messrs. Fox, Hendbkbon, and Co., by Charles Downes, Architect; witht 
scientific description by Charles Cowpbr, C. E. 

In 4 Parts, royal quarto, now complete, price £l» 10«., 
or in doth boards, lettered, price £1. lit. 6d, 

*^* This work has every measared detail so thoroughly made out as to enable 
uhe Engineer or Architect to erect a construction of a similar nature, either more 
or less extensive. 
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ON THE 



THEORY, FORMATION, AND CONSTRUCTION 
OF BRITISH AND FOREIGN HARBOURS. 

Copious explanatory text^ illustrated by numerous examples^ 2 Vols., very neat 

in half-morocco. 

The history of the most ancient maritime nations affords oon- 
elusive evidence of the importance which they attached to the 
construction of secure and extensive Harbours, as indispensably 
necessary to the extension of commerce and navigation, and to the 
successnil establishment of colonies in distant parts of the globe. 

To this important subject, and more especially with reference to 
the vast extension of our commerce with foreign nations, the atten- 
tion of the British Government has of late years been worthily 
directed; and as this may be reasonably expected to enhance the 
value of any information which may add to our existing stock of 
knowledge in a department of Civil Engineering as yet but imperfectly 
understood, its contribution at the present time may become generally 
useful to the Engineering Profession. 

The Plates are executed by the best mechanical Engravers ; the Views finely 
engraved under the direction of Mr. Pye i all the Engineering Plates have dimen^ 
sions, with every explanatory detail for professional use. 
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In octtTO, doth boardf , price 9«. 

HYDBAULIC FORMULA, CO-EFFICIENTS, 

AND TABLES, 

For finding the Discharge of Water from Orifices, Notches, Weirs, 
Short Tuhes, Diaphragms, Month-pieces, Pipes, Drains^ Streams, 
and BaTers. 

BY JOHN NEVILLE, 

A«OaiTaOT AKD C.S.y IISMBER BOTAL IRISH ACASSItT, IIBVBBR IKST. O.B. 
IBSIkAITD, MBMBBR eEOLOOIOAL SOC. IBBLAND) OOUMTT ■VBYBTOR OV 
LOUTH, AND OF THB COUNTY OF TBB TOWN OF DBOOHBDA. 

This work contains above 150 different hydraulic formulae (the 
Continental ones reduced to English measures), and the most ex- 
tensive and accurate Tables yet published for finding the mean 
yelocitj of discharge from triangular, quadrilateral, and circular 
orifices, pipes, and rivers ; with experimental results and co- 
efficients ; — effects of friction ; of the velocity of approach ; and of 
curves, bends, contractions, and expansions; — the best form of 
channel; — the drainage effects of long and short weirs, 
AKD weir-basins; — extent of back-water from weirs; contracted 
channels; — catchment basins; — hydrostatic and hydraulic pres- 
sure; — water-power, &c. 



TREDGOLD ON THE STEAM ENGINE. 

Published in 74 Parts, price 29, 6d, each, in 4to, illustrated hy very numerous 
engjavings and wood-cuts, a new and much extended edition, now complete in 
3 vols, bound in 4, in elegant half-morocco, price Nine Guineas and a Half. 

THE STEAM ENGINE, 

IN ITS progressive AND PRESENT STATE OF IMPROVEMENT; 

Practically and ampl^ eluddatii^, in every detail, its modifications 
and applications, its duties and consumption of fuel, with an 
investigation of its principles and the proportions of its parts for 
efficiency and strength ; including examples of British and American 
recently constructed engines, with details, drawn to a large scale. 

The well-known and highly appreciated Treatise, Mr. Tredgold's 
national Work on the Steam Engine, founded on scientific principles 
and compiled from the practice of the best makers — showing also 
easy rules for construction, and for the calculation of its power in 
all cases — has commanded a most extensive sale in the several 
English editions, and in Translations on the Continent. These 
editions being now out of prints the proprietor has been induced to 
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TREDGOLD ON THE STEAM ENGINE. 

enlarge and extend the present edition by practical examples of all 
kinds, with the most recent improvements in the construction and 
practical operations of the steam engine both at home and abroad. 

The work is divided into the sections named below, either of 
which may be purduued separately : working engineers will be 
thus enabled to select those portions which more especially apply to 
the objects upon which they may be respectively employed. 

Several scientific men, extensively and practically employed, have 
contributed original and really practical papers of the utmost utility ; 
by which the value of this extended ecUtion iB much increased. A 
copious Index for reference is added. 

Division A. Locomotive Engines, 41 plates and 55 wood-catS| complete, making 
Vol. I. In half-morocco binding, price £2. 12«. 6<f. 

Division B. Marine Engines, British and American, numerous plates and wood- 
cuts, making Vol. II. ; bound in 2 vols, half-morocco, price £3. 13«. 6^. 

Division C to G. making Vol. III., and completing the work, comprising 
Stationary Engines, Pumping Engines, Engines for Mills, and several examples 
of Boilers employed in the British Steam Navy; in half-morocco, price 
£3. 13«. 6d. 

LIST OF PLATES. 
DIVISION A. — LOCOMOTIVE ENGINES. 



Elevation of the 8-wheeled locomotive 
engine and tender, the Iron Dukx, 
on the Great Western Railway. 

Longitudinal section of ditto. 

Plan, ditto. 

Transverse sections, ditto. 

Details of ditto: transverse section 
through working gear, transverse 
section and end view of tender; plan 
and section of feed-pump ; plan and 
elevation of hand-pump; details of 
inside framing, centre axle, driving 
axle-hox, regulation-valve, centre- 
beam stay, &c. 

Elevation of Crampton's patent loco- 
motive engine and tender. 

Longitudinal section of ditto. 

Plan of ditto. 

Transverse sections of ditto. 

Elevation of the Ptracmon 6-wheeled 
goods' engine on the Great Western 
Railway. 

Half-plan of the working gear of ditto. 

Elevation of a portion of the working 
gear of ditto. 

Diagrams, by J. Sewell, L.E., of re- 
sistances per ton of the train ; and 
portion of engines of the class of the 



Great Britain locomotive, incliid« 
ing tender, with various loads and at 
various velocities ; also of the ad- 
ditional resistance in fbs. per ton of 
the train, when the engine is loaded, 
to be added to the resistance per ton 
of the engine and tender when un- 
loaded. 

Side and front elevation of an express 
carriage engine, introduced on the 
Eastern Counties Railway by James 
Samuel, C.E., Resident Engineer. 

Longitudinal and cross section of ditto. 

Plan of ditto ; vrith plan and section of 
cylinders, details and sections, piston 
full size. 

Elevation of the outside-cylinder tank 
engine made by Sharpe Brothers & 
Co., of Manchester, for the Man- 
chester and Birmingham Railway. 

Section of cylinder and other parts, 
and part elevation of ditto. 

Longitudinal section of ditto. 

Plan of ditto. 

Transverse sections of both ends, with 
sectional parts. 

Mr. Edward Woods' experiments on the 
several sections of old and modem 
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T&lves of locomotive en^nes, — ^viz. 
fig. 1. stroke commences; iSg. 2, 
steam-port open ; fig. 3, steam-port 
open ; fig. 4, steam-port open ; fig. 5, 
stroke completed, steam cut off, 
exhaustion commences ; fig. 6, stroke 
commences; fig. 7, steam-port full 
open; fig. 8, steam cut off; fig. 9, 
exhaustion commences; fig. 10, steam 
completed. 

Ditto, drawn and engraved to half-size : 
fig. 1, old valve, -^-inch lap ; fig. 2, 
f-inch lap; fig. 3, |-inch lap ; fig. 4, 
f-inch lap, Gray's patent; fig. 5, 
1-iqch lap. 

Elevation of a six-wheeled locomotive 
'engine and tender. No. 15, con- 
structed hy Messrs. Tayleur, Vulcan 
Foundry, Warrington, for the Cale- 
donian Railway. 

Longitudinal section of ditto. 

Plan of ditto, engine and tender, with 
cylindrical part of boiler removed. 

Elevations of fire-box, section of fire- 
box, section of smoke-box, of ditto. 

Elevations and sectional parts of ditto. 

Sectional parts, half-plan of working 
gear, ditto. 

Elevation of Messrs. Robert Stephenson 



and Co.'b six-wheeled patent loco- 
motive engine and tender. 

Longitudinal section of ditto. 

Plan and details of Stephenson's patent 
engine. 

Section of fire-box, section of smoke- 
box, front and back elevations of th6 
same. 

Plan of a six-wheeled engine on the 
Birmingham and Shrewsbury Rail- 
way, constructed by Messrs. Bury, 
Curtis, and Kennedy, Liverpool. 

Longitudinal section of ditto. 

Sectional elevation of the smoke-box, Sc 

Sectional elevation of the fire-box of 
ditto. 

Elevation of the locomotive engine and 
tender, Plews, adapted for high 
speeds, constructed by Messrs. R. & 
W. Hawthorn, of Newcastle-upon- 
Tyne, for the York, Newcastle, |nd 
Berwick Railway Company. 

Longitudinal section of ditto. This 
section is through the fire-box, boiler, 
and smoke-box, showing the tubes, 
safety-valve, whistles, steam and blast 
pipes, &c. 

Plan of ditto. 

Plan of the working gear, details, &c. 



Forty-one plates and fifty-five wood engravings. 



DIVISION B. MARINE ENGINES, &C. 



Two plates, comprising figures 1, 2, 
and 3, Properties of Steam. 

Plan of H. M. screw steam frigate 
Dauntless, constructed by Robert 
Napier, Esq. 

Longitudinal elevation and transverse 
section of ditto. 

Longitudinal section at AB on plan, 
longitudinal section at CD on plan 
of ditto. 

Engines of H. M. steam ship Terrible, 
constructed by Messrs. Maudslay, 
Sons, and Field, on the double- 
cylinder principle. Longitudinal sec- 
tions of engines. 

Transverse section and end view of ditto. 

Transverse section through boilers of 
ditto. 

Plan of engines, showing also bunkers, 
paddles, &c. 



Oscillating engines of the Peninsular 
and Oriental Company's steam vessel 
Ariel, constructed by John Penn 
and Sons. Longitudinal section. 

Section at engines of ditto. 

Section at boiler of ditto. 

Plan at boiler of ditto. 

Section at air-pump, and at cylinder. 

Annular cylinder engines of the iron 
steam vessels Princess Mary and 
Princess Maude, constructed by 
Maudslay, Sons, and Field. Longi- 
tudinal section. 

Transverse section at engines of ditto. 

Section at boilers of ditto. 

Plan of engines of ditto, showing 
bunkers, paddles, &c. 

Plan of engines of H. M. steam vessel 
Simoom, constructed by James Watt 
& Co., of London and Soho. 
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JOHN WEALE^S 



TRED60LD ON THB STSAM EN6INS. 



Long^tndiQal section of the Siicooit. 

Cross section of ditto. 

Engine of the Red Rotkr, side view 
and plan. 

Longitudinal section of ditto. 

Cross sections of ditto. 

Sheer draught and plans of vessel. 

Plan of the engine of H. M. steam frigate 
Ph<snix. 

Longitudinal section of engine of ditto. 

Cross section of ditto. 

Engine of the Ruby steam vessel, ele- 
vation and plan. 

Sheer dranght and plan of vessel. 

Plan of engine of the WilberforcBi 
Hull and London packet. 

Cross section of ditto and vessel. 

Longitudinal section of engines of ditto. 

Elevation of engines of ditto. 

Engines of the Bebenicb, Hon. E. I. 
Gjp.'s steam vesseL 

Section of ditto. 

Sheer draught and plan, stern view, 
and hody plan of vessel. 

View of the Berenice, whilst at sea. 

Boilers of H. M. ships Hermes, Spit- 
fire, and Firefly. 

Kingston's valves, as fitted on hoard 
sea-going vessels for blow-off injec- 
tion, apd hand-pump sea valves. 

Boilers of H. M. steam vessel African. 

Morgan's paddle-wheels, as fitted in 
H. M. S. Medea. 

Side elevation of ditto. 

Plans of upper and lower decks of 
ditto. 

Sheer draught and profile of ditto. 

Morgan and Seaward's paddle-wheels, 
comparatively. 

Positions of a float of a radiating pad- 
dle-wheel in a vessel in motion, and 
positions of a float of a vertically 
acting wheel in a vessel in motion. 

Cycloidal paddle-wheels. 

Sailing of steamers in five points from 
courses. 

Experimental steaming and sailing of 
the Caledonia, Vanguard, Asia, 
and Medea. 

Engines of H. M. steam ship Meoara. 

Engine of the steamboat New World, 



T. F. Secor & Co., Engineers, Hew 
York. Elevation and section. 

Elevations of cylinder and crank ends. 

Steam cylinders, plans, and seedons. 

Details. 

Several sections of details* 

Details and sections. 

Details of parts. 

Plans and sections of condenser, bed- 
plates, air-pump bucket, Ac. 

Details and sections. Injection valves. 

Details, plan and elevation of beams, 
&c. 

Details, sections of parts, boilers, &c. 
of the steam boat New World. 

Sections, details, and paddles. 

Engines of the U.S. mail steamers Ohio 
and Georgia. Longitudinal section. 

Elevations and cross sections of ditto. 

Details of steam-chests, side-pipes, 
valves, and valve gear o€ ditto. 

Section of valves, and plan of piston of 
ditto. 

Boilers of ditto, sections of ditto. 

Engine of the U. S. steamer Waher- 
WiTCH. Sectional elevation. 

Steam-bhests and cylinders of ditto. 

Boilers, sections, &c. of ditto. 

Boilers of the U.S. steamer Powhatan. 

Front view and sections of ditto. 

Elevation of the Pittsburg and Cin- 
cinnati American packet Buckeye 
State. 

Bow view, stem view. 

Plan of the Buckeye State. 

Model, &c. of ditto, wheel-house frame, 
cross section at wheel-house, and 
body plan. 

Plan and side elevation of ditto* 

Sheer draught and plan, with the body 
plan, of the U. S. steam firigate 
Saranac. 

Longitudinal section of ditto, cross sec- 
tion. 

Engines of the U. S. steamer SusciUE- 
hanna. 

Elevation of the U. S. Pacific steam 
packet engine. 

Plan of ditto. 

Boilers of ditto, end views. 

Ditto ditto. 



Eighty 'five engravings and fifty-one wood-cuts. 
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TREDOOLD ON THE STEAM ENGINE. 

DIVISION C. TO G., FORMING VOL. III. 
STATIONARY ENGINES, PUMPING ENGINES, MARINE BOILERS, &C. 



Side eleration of pumping engine, U. S. 
dock, New York. 

End elevation of ditto. 

Elevation and section of the pumps, 
ditto. — 2 plates. 

Boilers of pumping engines, ditto. 

Boilers, Details, &c. of pumping engines, 
ditto. 

Plan of the boilers, ditto. 

Isometrical projection of a rectangular 
boiler. 

Plan and two sections of a cylindrical 
boiler. 

Bmnton's apparatus for feeding furnace- 
fires by means of machinery. 

Parts of a high-pressure engine with a 
4-pa8saged cock. 

Section of a double-acting condensing 
engine. 

Section of a common atmospheric en- 
gine. 

On the construction of pistons. 

Section of steam pipes and valves. 

Apparatus for opening and closing steam 
passages. 

Parallel motions. — 2 plates. 

Plan and elevation of an atmospheric 
engine. 

Elevation of a single-acting Boulton 
and Watt engine. 

Doable-acting engine for raising water. 

Double-acting engine for impelling 
machinery. • 

Maudslay's portable condensing engine 
for impelling machinery. 

Indicator for measuring the force of 
steam in the cylinder, and diagrams 
of forms of vessels. 

Section of a steam vessel with its boiler, 
In two parts — diagrams showing fire- 
places — longitudinal section through 
boiler and fire-places. 

Isometrical projection of a steam-boat 
engine. 

Plan and section of a steam-boat engine. 

Ten horse-power engine, constructed 
by W. Fairbaim and Co.— 4 plates. 

Forty-five horse-power engine, con- 
structed by W. Fairbaim & Co. — 
3 plates. 

Plan and section of boiler for a 20-hor8e 



engine, at the manufactory of Whit- 
worth & Co., Manchester. 
Messrs. Hague's double-acting cylinder. 

with slides, &c. 
Sixty-five-inch cylinder, erected by 

Maudslay, Sons, and Field, at the 

Chelsea Water-works. — 5 plates. 
Beale's patented rotary engine. 
Double-story boilers of H.M.S. Devas- 
tation, 400 H. P. 
Refrigerator feed and brine pumps. 
Feed and brine apparatus, as fitted on 

board the West India Royal Mail 

Company's ships. 
Boilers of H. M. steam sloop Basilisk, 

400 H. P. 
Boilers of the Sinoaporb, 470 H. P., 

Peninsular and Oriental Company. 
Original double-story boilers of the 

Great Western. 
Telescopic chimney, or sliding funnCi, 

of H. M. ship Hydra, 220 H. P. 
Seaward's patent brine and feed valves. 
Boilers of H. M. mail packet Undine, 

(Miller, Ravenhill, & Co.) 100 H. P. 
Cross sections of engines of H. M. mail 

packet Undine. 
Longitudinal elevation of ditto. 
Brine-pumps as fitted on board H.M. S. 

Medea, 220 H. P. (Maudslay, Sons, 

and Field.) 
BoUers of H.M. S. Hydra, 220 H.P. 
Plan of the four boilers, vrith the sup- 
plementary steam-chests and shut-off 

valves, of the Avenger. 
Boilers of H. M. steam ship Niger, 400 

H. P., fitted by Maudslay, Sons, and 

Field. 
Experimental boiler, Woolvrich Yard. 
Boilers of H.M. S. Terrible, 800 H.P. 

(Maudslay, Sons,' and Field.) 
Boilers of the Minx and Teaser, 100 

H. P. (transferred to Wasp.) 
Boilers of the Sams jn, 450 H. P. > 
Daniers pyrometer, full size. 
Boilers of the Desperate, 400 H. P. 

(Maudslay, Sois, and Field.) 
Boilers of the Niger (2nd plate). 
Boilers of H.M. S. Basilisk (2nd 

plate). 
Boilers of the Undine. 



JOHN WBALE^S 



TREDGOLD ON THE STEAM ENGINE. 



Boilen of the Koyal Mail Bteam ships 
Asia and Africa, 768 H. P., con- 
structed by R. Napier, Glasgow. 

Longitudinal and midship sections of 
ditto. 

Boilers of H.M.S. La Hogue, 450 H.P. 
(Seaward & Co.) 

H.M.S. SiDON, 560 H.P. Plan of 
telescope funnel. 

Boilers of H.M. S. Brisk, 250 H.P. 

Copper boilers for H. M. S. Sans- 
PARBiL, 350 H. P. (James Watt & 
Co.^ 

American marine boilers, de&igned and 
executed by C. W. Copeland, Esq., 
of New York, as fitted on board the 
American packets. 

Midship section of the huH of the steam 
packet Pacific, New York and 
Liverpool line. 

Elevation of pumping engines of the 
New Orleans Water-works, U. S., ar- 
ranged and drawn by £. W. Smith, 
Engineer, constructed at the Allaire 
Works, New York. 

Elevation of pumps and yaWes, chests, 
gearing , &c. 

Elevation at steam cylinder end. 

General plan of a turbine water-wheel 
in opei-ation at Lowell, Massachusets, 
U. S., by J. B. Francis, C.E. 

Elevation of ditto. Section of ditto. 

Plan of the floats and guide curves, 
ditto. 



Large self-acting surfacing and screw- 
propeller lathe, by Joseph Whitworth 
& Co., Manchester. 

Longitudinal section, shovring arrange- 
ment of engine-room for disc engine 
applied to a screw propeller, and 
Bishop's disc engine, by G. & J. 
Rennie, with detaHs. 

Arrangement of engine-nxMn for engines 
of 60 horse-power, for driving pro- 
pellers of H. M. steam vessels Rey- 
nard and Cruiser, constructed by 
Messrs. Rennie. Longitudinal sec- 
tion and engine-room. 

Ditto. Transverse section at boilers 
and at engines. 

Very elaborate diagrams showing ex- 
periments and results of various pad- 
die-wheels. — 8 plates. 

Steam flour-mills at Smyrna, con- 
structed by Messrs. Joyce & Co. 
Double cylinder pendulous oondens- 
kig engine, side elevation. 

Side elevation, horizontal plan, ditto. 

Longitudinal section. 

Horizontal plan of mill-house and 
boilers. 

Transverse section through engine- 
house and mill. 

Boilers, longitudinal and transverse 
sections, front view. 

Section through mill- stones, elevation 
of upper part, section of lower part, 
plan of hopper, &c. 



SUMMARY OF THE ILLUSTRATIONS. 

Plates. 

Vol. I. Locomotive Engines 41 

II. Marine Engines 85 

IlL Stationary Engines, Pumping Engines, Engines 

for Flour-Mills, Examples of Boilers, &c., &c. . 100 



Total 



226 



Wood-cats. 
55 
51 

58 

164 



FULL-LENGTH PORTRAIT OF 

HENRY CAVENDISH, F.R.S. 

Some few India paper proofs, before the letters, of this celebrated 
Philosopher and Chemist, to be had, price 2s, 6d. 
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HINTS 



TO 



YOUNG ARCHITECTS: 



OOMPBIBINa 

ABYICE TO THOSE WHO, WHILE YET AT SCHOOL ABE DESTINED 

TO THE PROFESSION; 

TO SUCH AS, HATING PASSED THEIR PUPIUGE, ARE ABOUT TO TBAYBIv 

AND TO THOSE WHO, HAVING COMPLETED THEIR EDUCATION, 

ARE ABOUT TO PRACTISE: 

TOOETHBX WITH 

A MODEL SPECIFICATION: 

INVOLVING A GREAT VABIBTT OP INSTRUCTIVE AND SUGGESTIVE MATTER* 
CALCULATED TO FACIUTATB THEIR PRACTICAL OPERATIONS; 

AND TO DIRECT THEM IN THEIR CONDUCT, AS THE RESP0N8IBLB 

AGENTS OF THEIR EMPLOYERS^ 

AND AS THE RIGHTFUL JUDGES OF A CONTRACTOR'S DUTY. 

Br GEOEGB WIGHTWICK, Architect. 

COXTSNTB : — 



PreUminary Hints to Young Archi' 
tects on the Knowledge of 
Drawing. 
On Serving his Time. 
On Travelling. 
His Plate on the Door. 
Orders^ Plan-drawing. 
On his Taste, Study of Interiors. 
Interior Arrangements. 
Warming and Ventilating. 
House Building, Stabling. 
Cottages and Villas, 
^f odd Specification : — 

General Clauses. 

Foundations. 

Well. 

Artificial Foundations. 

Brickwork. 

Rubble Masonry with Brick 
Mingled. 

Extra cloth 



Model Specification : 

Stone-cutting. 

y Grecian or Italian only. 

— , Gothic only. 

Miscellaneous. 

Slating. 

Tiling. 

Plaster and Cement-work. 

Carpenters' Work. 

Joiners* Work. 

Iron and Metal-work. 

Plumbers* Work, 

Drainage. 

Well-digging. 

Artificial Levels, Concrete, 
Foundations, Piling and 
Planking, Paving, Vaulting, 
Bell-hanging, ^Plumbing, and 
Building generally. 



boards, price 8s. 
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JOHN WEALE'S 



ASTRONOMICAL ANNUAL FOR 1854. 



coHFBianra 



I. Hie Kphemerides. 

It. On the Cometic Mysteries, by Professor A. Crestadora, with Plates. 
III. Notice of the Biography of J. S. Bailly. 

Price la» 



THE WORK ON • 



BRIDGES OP STONE, IRON, TIMBER, 

AND WIRE. 

In 4 Vols., bound in 3, described in the larger Catalogue of PubiicatioiiB ; to 
which the following is the Supplement^ now completed, entitled 

SUPPLEMENT TO " THE THEORY. PRACTICE, AND 

ARCHITECTURE OF BRIDGES OP STONE, IRON, 

TIMBER, WIRE, AND SUSPENSION,'* 

In one large 8vo volume, with explanatory Text and 68 Plates, comprising 
details and measured dimensions, in Parts as follows i-^- 



Partl. 

^ 11. 
III. 



« IV. . 
„ V. &VI. 



€8. 

10«. 
20a. 



Bound in half-morocco, uniform with the larger work, price 21. lOa,, or in a 

different pattern at the same price* 



LIST OF PLATES. 



Cast-iron girder bridge, Ashford, Rye 
and Hastings Railway. 

Details, ditto. 

Elevation and plan of truss of St. 
Mary's Viaduct, Cheltenham Rail- 
way. 

Iron road bridge over the Railway at 
Chalk Farm. 



Mr. Fairbaira's hoUow-girder bridge 

at Blackburn. 
Watcrford and limerick Railway truss 

bridge. 
Hollow-girder bridge over the River 

Medlock. 
Railway bridge oyet lagaues of 

Venice. 
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BRIDGES or STONE^ &C. 



Viaduct at Beangencyi Orleans and 

Tours Railway. 
Oblique cast-iron bridge, on the system 
of M. Polonceaa, over the Canal St. 
Denis. 
Blackwall Extension Raihray, Com- 
mercial Road bridge. 
Ditto, enlarged elevation of outside 

g:irdersy with details. 
Ditto, details. 
Ditto, ditto, and sections. 
Ditto, ditto, ditto. 
Richmond and Windsor main line, 

bridge over the Thames. 
Ditto, details. 
Ditto, ditto, and sections. 
Orleans and Bordeaux Railway bridge. 
Ditto, sections and details. 
Rouen and Havre Railway timber bridge. 
Ditto, details. 
Ditto, ditto, and sections. 
Viaduct of the Valley of Malauncey, 

near Rouen. 
Hoop-iron suspension bridge over the 
Seine at Suresne, department de la 
Seine. 
Hoop-iron suspension foot bridge at 

Abainville. 
Suspension bridge over the Douro, iron 

vnre suspension cables. 
Ditto, details. 
Glasgow and South -Western Railway 

bridge over the water of Ayr. 
Ditto, sections and details. 
Plan of the cities of Ofen and Pesth. 
Sections and soundings of the River 

Danube. 
Longitudinal section of framing. 
No. 1 coffer-dam. 
Transverse framing of coffer-dam. 
Sections of Nos. 2 and 3 of coffer-dam. 
Plan of No. 3 coffer-dam and ice- 
breakers. 
Plan and elevation of the construction 
of the scaffolding, and the manner of 
hoisting the chains. 



Line of soundings, — dam longitudinal 

sections. 
Dam sections. 
Plan and elevation of the Pesth suspen- 

sion bridge. 
Elevation of Nos. 2 and 3 coffer-dams. 
End view of ditto. 
Transverse section of No. 2 ditto. 
Transverse section of coffer-dam, plan 

of the 1st course, and No. 3 pier. 
Vertical section of Nos. 2 and 3 piers, 

showing vertical bond-stones. 
Vertical cross section of ditto. 
Front elevation of Nos. 2 and 3 piers. 
End elevation of ditto. 

Details of chains. Ditto. 

Ditto and plan of nut, bolt, and retain- 

ing-links. 
Plan and elevation of roller-frames. 
Elevation and section of main blocks 

for raising the chains. 
Ditto, longitudinal section of fixture 

pier, showing tunnel for chains. 
Plan and elevation of retaininff-plates, 

showing machine for boring holes for 

retaining-bars. 
Retaining link and bar. 
Longitudinal plan and elevation of cast- 
iron beam with truss columns. 
Longitudinal elevation and section of 

trussing, &c. 
Plan of pier at level of footpath. 
Detail of cantilevers for supporting the 

balconies round the towers. 
Elevation and section of cantilevers. 
Detail of key-stone & Hungarian arms. 
Front elevation of toll-houses and vdng 

walls. 
Longitudinal elevation of toll-house, 

fixture pier, vdng wal], and pedestal. 
Vertical section of retaining-piers. 
Section at end of fixture pier, showing 

chain-holes. 
Lamp and pedestal at entrance of 

bridge. 
Lamp and pedestal at end of wing walls. 



Separately sold from the above in a volume, price half-bound in morocco £1. 12«. 

An ACCOUNT, with Illustrations, of the SUSPENSION 
BRIDGE ACROSS the RIVER DANUBE, 

BY WILLIAM TIERNEY CLARK, C.E., F.R.S. 

With Forty Engravings, 
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THE ENGINEER'S AND CONTRACTOR'S 

POCKET BOOK, 

WITH AN ASTRONOMICAL ALMANACK, 

REVISED FOR 1854. In morocco tuck, price 6». 



CONTENTS. 



Air, Air in motion (or wind), and wind- 
mills. 

Alloys for bronze ; Miscellaneous alloys 
and compositions; Table of alloys; 
Alloys of copper and zinc, and of 
copper and tin. 

Almanack for 1852 and 1853. 

American railroads ; steam vessels. 

Areas of the segments of a circle. 

Armstrong (R.), his experiment on 
boilers. 

Astronomical phenomena. 

Ballasting. 

Barlow's (Mr.) experiments. 

Barrel drains and culverts. 

Bell-hanger's prices. 

Blowing a blast engine. 

Boilers and engines, proportions of; 
Furnaces and chimneys ; Marine. 

Bossut's experiments on the discharge 
• of water by horizontal conduit or 
conducting pipes. 

Brass, weight of a lineal foot of, round 
and square. 

Breen (Hugh), his almanack. 

Bricks. 

Bridges and viaducts ; Bridges of brick 
and stone; Iron bridges; Timber 
bridges. 

Burt's (Mr.) agency for the sale of pre- 
served timber. 

Cask and malt gauging. 

Cast-iron binders or joints ; Columns, 
formulae of; Columns or cylinders. 
Table of diameter of; Hollow co- 
lumns. Table of the diameters and 
thickness of metal of; Girders, prices 
of; Stancheons, Table of, strength 
of. 

Chairs, tables, weights, &c. 

Chatbum Umestone. 

Chimneys, &c., dimensions of. 

Circumferences, &c. of circles. 

Cosd, evaporating power of, and results 
of coking. 

Columns, cast-iron, weight or pressure 
of, strength of. 






Comparative values between the pre- 
sent and former measures of capacity. 

Continuous bearing. 

Copper pipes, Table of the weight o£^ 
Table of the bore and weight of cocks 
for. 

Copper, weight of a lineal foot of, round 
and square. 

Cornish pumping engines. 

Cotton mill ; Cotton press. 

Current coin of the principal commercial 
countries, with their weight and re- 
lative value in British money. 

Digging, well-sinking, &c. 

Dodks, dry, at Greenock. 

Draining by steam power. 

Dredging machinery. 

DwAKF, Table of experiments with 
H. M. screw steam tender. 

Earthwork and embankments, Tables 
of contents, &c. 

Experiments on rectangular bars of 
malleable iron, by Mr. Barlow; on 
angle and T iron bars. 

Fairbairn (Wm.), on the expansive 
action of steam, and a new construc- 
tion of expansion valves for condens- 
ing steam engines. 

Feet reduced to links and decimals. 

Fire-proof flooring. 

Flour-mills. 

Fluids in motion. 

Francis (J. B., of Lowell, Massachusets), 
his water-wheel. 

French measures. 

Friction. 

Fuel, boilers, furnaces, &c. 

Furnaces and boilers. 

Galvan^ed tin iron sheets in London 
or Liverpool, list of gauges and 
weights of. 

Gas- tubing composition. 

Glynn (Joseph), F. R. S., on turbine 
water-wheels. 

Hawksby (Mr., of Nottingham), his 
experiments on pumping water. 

Heat, Tables of the effects of. 
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THS SNGINEER's AND CONTRACTOR'S POCKST BOOK. 



Hexagon heads and nnta for bolts, pro- 
portional sizes and weights of. 

Hick's role for calculating the strength 
of shafts. 

Hodgkinson's (Eaton) experiments. 

Hungerford Bridge. 

Hydraulics. 

Hydrodynamics. 

Hydrostatic press. 

Hydrostatics. 

Imperial standard measures of Great 
Britain; Iron. 

Indian Navy, ships of war, and other 
vessels. 

Institution of Civil Engineers, List of 
Members of the, coireeted to March 
15, 1852. 

Iron balls, weight of cast ; bars, angle 
• and T, weight of; castings'; experi- 
ments; hoop, weight of 10 lineal 
feet; lock gates; roofs; tubes for 
locomotive and marine boilers; 
weights of rolled iron. 

Ironmonger's prices. 

Just's analysis of Mr. Dixon Robinson's 
limestone. 

Latitudes andlongitndes of the principal 
observatories. 

Lead pipes. Table of the weights of. 

Leslie (J.)f CE. 

lime, mortar, cements, concrete, &c. 

Limestone, analysis of. 

Liquids in motion. 

Locomotive engines; Table showing 
the speed of an engine. 

Log for a sea-going steamer, form of. 

Machines and tools, prices of. 

Mahogany, experiments made on the 
strength of Hondoras. [wheels. 

Mallet's experiments on overshot 

Marine boilers ; engines. 

Masonry and stone-work. 

Massachusets railroads. 

Mensuration, epitome of. 

Metals, Uneal expansion of. 

Morin's (CoL) experiments. 

Motion ; motion of water in rivers. 

Nails, weight and length. 

Navies — of the United States ; Indian 
Navy ; Oriental and Peninsular Com- 
pany; British Navy; of Austria; 
Denmaric; Naples; Spain; France; 
Germanic Confederation; Holland; 
Portugal; Prussia; Sardinia; Swe- 



den and Norway; Turkey; Russia 
Royal West India Mail Company's 
fleet. 

New York, State of, railroads. 

Numbers, Table of the fourth and fifth 
power of. 

Paddle-wheel steamers. 

Pambour (Count de) and Mr. Parices' 
experiments on boilers for the pro- 
duction of steam. 

Peacocke's (R. A.) hydraulic experi- 
ments. 

Pile-driving. 

Pitch of wheels. Table to find the dia- 
meter of a wheel for a given pitch of 
teeth. 

Plastering. 

Playfair (Dr. Lyon). 

Preserved timber. 

Prices for railways, paid by H. M. 
OfSce of Works ; smith and founder's 
work. 

Prony's experiments. 

Proportions of steam engines and boil- 
ers. 

Pumping engines; pumping water by 
steam power. 

Rails, chairs, &c., Table of. 

Railway, American, statistics; railway 
and building contractor's prices ; car- 
riages. 

Rain, Tables of. 

Rammeir« (T. W.) plan and estimate 
for a distributing apparatus by fixed 
pipes and hydrants. 

Rennie's (Mr. Geo.) experiments ; (the 
late J.) estimate. 

Roads, experiments upon carriages tra- 
velling on ordinary roads ; influence 
of the diameter of the wheels ; 
Morin's experiments on the traction 
of carriages, and the destructive ef- 
fects which they produce upon roads. 

Robinson (Dixon), his experiments and 
materiaL 

Roofs; covering of roofs. 

Ropes, Morin's recent experiments on 
the stiffness of ropes; tarred ropes; 
dry white ropes. 

Saw-mill. 

Screw steamers. 

Sewage manures. 

Sewers, castings for* their estimates, 
&c. 
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TBI SNOINBBR'b AMD COMTRAGTO&'s POCKET BOOK« 



Signs and abbreTiatioiis used in arith- 
metic and mathematical expressions. 

Slating. 

Sleepers, quantity in cubic feet, Ac. 

Smeaton's ezporiments on Tvind-milla. 

Smith and founder's prices. 

Specific gra^ty, Table of* 

Steam dredging; Navigation; Taldes 
of the elastic force ; Table of Vessels 
of war, of America ; of England ; of 
India; and of several other maritiaM 
nations. 

Steel, weight of round steel. 

Stone, per lb., stone, qr., cvrt, and ton, 
&c., Table of the price. 

Stones. 

Strength of columns ; Materials of con- 
struction. 

Sugar-mill. 

Suspension aqueduct over the Alleghany 
River ; Bridges over ditto. 

Table of experiments vfith H. M. screw 
steam tender Dwa&f ; of gradients ; 
iron rooft; latent heats; paddle- 
wheel steamers of H. M. Service and 
Post-Office Service; pressure of the 
wind moving at given velocities; 
prices of galvanized tinned iron 
tube; specific heats; the cohesive 
power of bodies ; columns, poets, &g., 
of timber and iron ; the comparative 
strength, size, weight, and price of 
iron-wire rope (A. Smith's)* hempen 
rope, and iron chain; corresponding 
velocities with heads of water as 
high as 50 ft., in feet and decimals; 
dimensions of the principal parts of 
marine engines; effects of heat on 
different metals; elastic force of 
steam; expansion and density of 
water; expansion of solids by in- 
creasing the temperature; expan- 
sion of water by heat ; heights cor- 
responding to chfierent velocities, in 
French metres; lineal expansion of 
metals ; motion of vrater, and quan- 
tities discharged by pipes of dif- 
ferent diameters; power of metals, 
&c.; pressure, &c., of wind-mill sails; 
principal dimensions of 28 merchant 
steamers with screw propellers; <^ 
steamers with paddle-wheels; pro- 
gresuTe, dflaftatioa of metab by heat, 
&c.; proportion of real to theoretiea 



discharge through thin4ipped 
fices ; quantities of water, in cubic 
feet, discharged over a weir per 
minute, hour, &c. ; relative weight 
and strength of ropes and cfaaina; 
results of experiments on the frictioit 
of unctuous surfisces ; scaatlin^ of 
posts of oak ; size and weight of iron 
laths; weight in lbs. required to enuh 
li^'inch cubes of stone, and othot 
bodies; weight of n lineal foot oC 
cast-iron pipes, in ibs. ; weight of a 
Uneal foot ^ flat bar iron, in fta* s 
weight of a lineal foot of square tsod 
round bar iron; weight of a ai^er* 
ficial foot (tf various metals, in fta. ; 
weight of modules of elasticity of 
various metals ; velocities of paddle- 
wheels of difierent diameters, in feet 
per minute, and British statute mUes, 
per hour ; the dimenaiona, cost, and 
price per cubic yard, of ten of the 
principal bridges or viaducts built 
for railways ; the height of the boil* 
ing point at different hdghts;— to 
find the diameter of a wheel iat a 
given pitch of teeth, &c. 

Tables of squares, cubes, aquue and 
cube roots. 

Teeth of wheels. 

Temperature, the relaitve indications of, 
by different thermometers. 

Thermometers, Table of oemperiaoA of 
different. 

Timber for carpentry and joineiry pur- 
poses; Table of the properties el 
different kinds of. 

Tin i^ates, Table of the weight of. 

Took and machines, prices ot 

Traction, Morin's experiments cm* 

Tredgold's Rules for HydrauUes, from 
Eytelwein's Equation* 

Turbines, Report on, by Joseph Glynn 
and others. 

Values of different materials. 

Water-wheels. 

Watson's (H. H.) analysis of timeatone 
from the quarries at Chatbum. 

Weight of angle and T iron bars; ol. 
woods. 

Weights and measures. 

West India Royal Mail Company. 

Whitelaw's expmuents on turbine 
water-wheels. 
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White's (Mr., of Cowes) experiments 

on Hooduras mahogany* 
Wicksteed's (Thos.) experiments on 

the evaporating power of different 

kinds of coal. 



Wind-mills ; of tir, air in motioOf Ac. 
Woods. 

Wrought iron, prices of. 
Zinc as a material for use in hoose- 
building. 



In one Yolume Sto, extra doth, bonnd, price 9#. 

THE STUDENT'S GUIDE TO THE PRACTICE 
OF DESIGNING, MEASURING, AND VALUING 

ARTIFICERS' WORKS; 

Containing Directions for taking Dimensions, abstracting the same^ 
and bringing the Quantities into Bill ; T^ith Tables of Constants, 
and copious memoranda for the Valuation of Labour and Materials 
in the respective trades of Bricklayer and Slater, Carpenter and 
Joiner, Sawyer, Stonemason, Plasterer, Smith and Ironmonger, 
Plumber, Painter and Glazier, Paper-hanger. Thirty-eight plates 
and wood-cuts. 

The Measuring, &c., edited by Edtvard Dobson, Architect and 
Surveyor. Second Edition, with the additions on Design by 
£• Lagy Garbett, Architect. 

CONTENTS. 



Prblimimaat Observations ok De- 
signing Artiticebs' Work^. 

Preliminary Observations on Mea- 
surement, Valuation, &c.~-On mea- 
suring — On rotation therein—- On 
abstracting qaantities-— On valuation 
— On the use of constants of labour. 

BRICKLAYER AND SLATER. 

DssiGN Of Brickwork — technical 
terms, &c. 

Foundations — Arches, inverted 
and erect — Window and other aper- 
ture heads — ^Window jambs — Plates 
and internal cornices — String- 
courses — External cornices — Chim- 
ney shafts — On general improvement 
of brick architecture, especially fe- 
nestration. 
Measurement. 

Of diggers* work — Of brickwork, 
of facings, &c. 
Design of Tiling, and technicalterms. 

Measurement of Tiling — Example 
of the mode of keeping the measuring- 
book for brickwork. 



Abstracting Bricklayers' and Tilers' 
work. 

Example of bill of Bricklayers' and 
Tilers' work. 

Valuation of Bricklayers' work, 
Earthwork, Concrete, &c. 

Table of sizes and weights of vari- 
ous articles — Tables of the numbers 
of bricks or tiles in various works — 
Valuation of Diggers'and Bricklayers' 
labour — ^Table of Constants for said 
labour. 

Examples or Valuing. 

1. A yard of concrete. — 2. A rod 
of brickwork.~-3. Afoot of facing. — 
4. A yard of paving. — 5. A square of 
tiling. 

Design, Measurement, and Valu- 
ation OF Slating. 

CARPENTER AND JOINER. 

Design op Carpentry — technical 
terms, &c. 

Brestsummers, an abase: substi- 
tutes for them — Joists, trimmers, 
trimming-joists— -Girders, their abuse 
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and right nae — Subttitutes for girden 
and quarter-partitions — Quarter-par- 
titiona — Roof-framing — Great waste 
in present common modes of roof- 
framing — To determine the right 
mode of subdividing the weight, and 
the right numbers of bearers for 
leaded roofs — The same for other 
roofs — Principle of the truss — Con- 
siderations that determine its right 
pitch — Internal filling or tracery of 
trusses — Collar-beam trusses — Con- 
nection of the parts of trusses — ^Vari- 
ations on the truss; right limits 
thereto — To ayoid fsUadous trussing 
and roof-framing — Delorme's roof- 
ing ; its economy on circular plans — 
Useful property of regular polygonal 
plans — On combinations of roofing, 
hips, and valleys — On gutters, their 
use and abuse — Mansarde or curb- 
roofs. 
Design of Joinkrt — ^technical terms, 
&c. 

Modes of finishing and decorating 
panel-work — Design of doors. 
Mbasurbmbnt of Carpenters' and 
Joiners' work — Abbreviations. 

Modes of measuring Carpenters' 
work — Classification of labour when 
measured with the timber — Classifi- 
cation of labour and nails when mea- 
sured separately from the timber. 
Examples of Measurement, arch 
centerings. 

Bracketing to sham entablatures, 
gutters, sound - boarding, chimney- 
grounds, sham plinths, sham pilas- 
ters, floor-boarding, mouldings — 
Doorcases, doors, doorway linings — 
Dado or surbase, its best construc- 
tion — Sashes and sash-frames (ex- 
amples of measurement) — Shutters, 
boxings, and other vrindow fittings 
— Staircases and their fittings. 
Absthacting Carpenters' and Joiners' 
work. 

Example of Bill of Carpenters' and 
Joiners' work. 
Valuation of Carpenters' and Joiners' 
work, Memoranda. 

Tables of numbers and weights. 
Tables of Constants of Labour. 

Boofs, naked floors — Quarter-par- 



titions — ^Labour on fir, per foot cube 
— Example of the valuation of deals 
or battens — Constants of labour on 
deals, per foot superfidaL 

Constants of Labour, and of nails, 
separately. 

On battening, weather boarding — 
Rough boarding, deal floors, batten 
floors. 

Labour and Nails together. 

On grounds, skirtings, gutten, 
doorway-linings — Doors, framed par- 
titions, mouldUigs — Window-fittings 
— Shutters, sashes and frames, stair- 
cases — Staircase fittings, wall-stringa 
— ^Dados, sham columns and pilasters 

Valuation of SAvrrERs' work. 

MASON. 

Design of Stonemasons' work. 
Dr. Robison on Greek and Gothic 
Architecture — Great fallacy in the 
Gothic ornamentation, which led also 
to the modern 'monkey styles' — 
* Restoration ' and Preservation. 

Measurement of Stonemason's vrork. 
Example of measuring a spandril 
step, thi^ methods — Allowance for 
labour not seen in finished stone — 
Abbreviations — Specimen of the 
measuring-book — Stairs — Landings 
— Steps — Coping — String-courses — 
Plinths, window-sills, curbs — Co- 
lumns, entablatures, blockings — 
Cornices, renaissance niches. 

Abstracting and Valuation. 

Table of weight of stone — Table 
of Constants of Labour — Example 
of Bill of Masons' work. 

PLASTERER. 

Design of Plaster-work in real 
and mock Architecture. 

Ceilings and their uses — Unne- 
cessary disease and death traced to 
their misconstruction — Sanitary re- 
quirements for a right ceiling — Con- 
ditions to be observed to render do- 
mestic ceilings innoxious — Ditto, for 
ceilings of public buildings — Bar- 
barous shifts necessitated by wrong 
ceiling — Technical terms in Plaa- 
terers' work. 

Measurement of Plaster-work. 
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Abbreviations — Abitractiog of 
Plasterers' work — Example of Bill 
of Plasterers' work. 
Vaxxjation. 

Memoranda of quantities of ma- 
terials — Constants of Labour. 

SMITH AND FOUNDER. 

On the Use of Metal-work in 
Architecture. 

Iron not rightly to be used much 
more now than in the middle ages — 
Substitutes for the present extrava- 
gant use of iron — Fire-proof (and 
sanitary) ceiling and flooring — Fire- 
proof roof-framing in brick and iron 
— Another method, applicable to 
hipped roofs — A mode of untrussed 
roof-framing in iron only — A prin- 
ciple for iron trussed roofing on any 
plan or scale — Another variation 
thereof — On the decoration of me- 
tallic architecture. 



Measurement of Smiths' and Foun- 
ders' work. 

PLUMBER, PAINTER, 
GLAZIER, &c. 

Design, &c. of Lead-work. 

Measurement of Paint-work — 
Abbreviations. 

Specimen of the measuring-book 
— Abstract of Paint-work — Example 
of Bill of Paint-work. 

Valuation of Paint-work. 

Constants of Labour — Measure- 
ment and Valuation of Glazing — 
Measurement and Valuation of 
Paper-hanging. 

APPENDIX ON WARMING. 

Modifications of sanitary construction 
to suit the English open fire — 
More economic modes of warming in 
public buildings — Ditto, for private 
ones-— Warming by gas. 



In 12mo., price 5#. bound and lettered, 

THE OPERATIVE MECHANIC'S WORKSHOP 
COMPANION, AND THE SCIENTIFIC 

GENTLEMAN'S PRACTICAL ASSISTANT; 

ComprisiDg a great yariety of the most usefoil Rules in Mechanical 
Science, divested of mathematical complexity; with numerous 
Tables of Practical Data and Calculated Results^ for faciUtating 
Mechanical and Commercial Transactions. 

BY W. TEMPLETON. 

AUTHOR OF SEVEILAL SCIENTIFIC WORKS. 

Third edition, with the addition of Mechanical Tables for the use 
of Operative Smiths, Millwrights, and Engineers; and practical 
directions for the Smelting of MetalHc Ores. 



2 vols. 4to, price £ 2. 16«.» 

CARPENTRY AND JOINERY; 

Containing 190 Plates ; a work suitable to Cai'penters and Builders, 
comprising Elementary and Practical Carpentry, useful to Artificers 
in the Colonies. 
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THE AIDE-MEMOIRE TO THE MILITARY 

SCIENCES, 

Framed from Contributions of Officers of the different Services, and 

edited by a Ck>mmittee of the Corps of Royal Engineers. The 

work is now completed. 
Sold is 3 yols. £ 4. 10«., extra cloth boards and lettered, or in 6 Parts, as follows; 

j^. «. 
. 14 
. 16 
. 16 



Part I. 


A. to D., NKW EDITION 


11. 


D. toP. 


III. 


P.toM 


IV. 


M.toP 


V. 


P. toR, . 


VI. 


R.toZ 
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16 
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In 1 large Volume, witb numerous Tables, Engranngs, and Cuts, 

A TEXT BOOK 

For Agents, Estate Agents, Stewards, and Private Gentlemen, 
generally, in connection witii Valuing, Surveying, Building, 
Letting and Leasing, Setting out, disposing, and particularly 
describing all kinds of Property, whether it be Land or Personal 
Property. Useful to 
Auctioneers Assurance Companies Landed Proprietors 

Appraisers Builders Stewards 

Agriculturists Civil Engineers Surveyors 

Architects Estate Agents Valuers, &c 



In 1 voL large 8vo, vith 13 Plates, price One Guinea, in half-morocco bsading, 

MATHEMATICS FOR PRACTICAL MEN: 

Being a Common -Place Book of PURE AND MIXED MATHE- 
MATICS; together with the Elementary Principles of Engineering; 
designed chiefly for the use of Civil Engineers^ Architects, and 
Surveyors. 

BY OLINTHUS GREGORY, LL.D., F.R.A.S. 

Thu-d Edition, revised and enlarged by HENRY LAW, Civil Engineer. 



CHAPTER X.-— ARITHMETIC. 
Skct. 

1. Definitions and notation. 

2. Addition of whole numbers. 

3. Subtraction of whole numbers. 
Multiplication of whole numbers. 



CONTENTg. 

PAKT I.— PURE MATHEMATICS. 

Sect. 

5. Division of whole numbers." 
Proof of the first four rules of 
Arithmetic. 

6. Vulgar fractions. — Reduction of 
vulgar fractions.— Addition and 
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6bct. 

subtraction of vulgar fractions. 
— Multiplication and division 
of vulgar fractions. 

7. Decimal fractions. — Reduction of 

decimals. — Addition and sub- 
traction of decimals. — Multipli- 
cation and division of decimids. 

8. Complex fractions used in the arta 

and commerce. — Reduction. — 
Addition. — Subtraction and 
multiplication. — Division. — 
Duodecimals. 

9. Powers and roots. — Evolution. 

10. Proportion. — Rule of Three.^Dc- 

termination of ratios. 

11. Logarithmic arithmetic. — Use of 

the Tables.— 'Multiplication and 
division by logarithms. — Pro- 
portion, or the Rule of Three, 
by logarithms. — Evolution and 
involution by logarithms. 

12. Properties of numbers. 

CHAPTER II. — ^AX^GEBRA. 

1. Definitions and notation. — 2. Ad- 
dition and subtraction. — 3. Mul- 
tiplication.— 4. Division. — 5. In- 
volution. — 6. Evolution. — 7. 
Surds. — Reduction. — Addition, 
subtraction, and multiplication. 
—Division, involution, and evo- 
lution. — 8, Simple equations. — 
Extermination. — Solution of 
general problems. — ^9. Quadratic 
equations. — 10. Equations in 
general. — 1 1. Progression. — 
Arithmetical progression. — Geo- 
metrical progression. — 12. Frac- 
tional and negative exponents. — 
13. Logarithms. — 14. Computa- 
tion of formulae. 

CHAPTER III. OEOMETRT. 

1. Definitions. — 2. Of angles, and j 
right lines, and their rectangles. I 



Skct. 

— 3. Of triangles. — 4. Of qua- 
drilatenUs and polygons. — 5. Of 
the circle, and inscribed and cir- 
cumscribed figures. — 6. Of plans 
and solids. — 7. Practical geo- 
metry. 

CHAPTER nr. — MXN8VRATI0K. 

1. Weights and measures. — 1. Mea- 

sures of length. — 2. Measures 
of surfiice. — 3. Measures of so- 
lidity and capacity. — 4. Mea- 
sures of weight. — 5. Angular 
measure. — 6. Measure of time. 

— Comparison of English and 
French weights and measures. 

2. Mensuration of superficies. 

3. Mensuration of solids. 

CHAPTER v.— "^TRIGONOlfSTRV. 

1» Definitions and trigonometrieal 
formulie. — 2. Trigonometrical 
Tables. — 3. General proposi- 
tions.— 4. Solution of the cases 
of plane triangles. — Right-an- 
. gled plane triangles. — 5. On the 
application of trigonometry to 
measuring heights and distances. 
— ^Determination of heights and 
distances by approximate me- 
chanical methods. 

CHAPTER VI. — CONIC SECTIONS. 

1. Definitions. — 2. Properties of the 
ellipse. — 3. Properties of the hy- 
perbola. — 4, Properties of the 
parabola. 

CHAPTER VII. — PROPERTIES OP 
CURVES. 

1* Definitions. — 2. The conchoid. — ■ 
3. The cissoid.— 4. The cycloid 
and epicycloid. — 5. The quadra- 
trix. — 6, The catenary. — Rela- 
tions of Catenarian Curves. 



PART II.— MIXED MATHEMATICS. 



CHAPTER I. — MECHANICS IN GSNEBAIi, 
CHAPTER II. — STATICS. 

1. Statical equilibrium. 

2. Centre of gravity. 

3. General application of the princi- 

ples of statics to the equilibrium 



of structures.-— Equilibrium of 
piers or abutments. — Pressure 
of earth agaujst walls.— Thick- 
ness of walls. — Equilibrium of 
polygons. — StabUity of arches. 
— Equilibrium of suspension 
bridges. 
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CHAPTSA III. — DYNAMICS. 

1. General Definitions. 

2. On the general laws of unifoim 

and variable motion. — Motion 
uniformly accelerated. — Motion 
of bodies under the action of 
gravity. — Motion over a fixed 
pulley, and on inclined planes. 
3* Motions about a fixed centre, or 
axis.-»Centres of oscillation and 
percussion. — Simple and com- 
pound pendulums. — Centre of 
gyration, and the principles of 
rotation. — Central forces. 

4. Percussion or collision of bodies 

in motion. 

5. Mechanical powers. -^ Levers. — 

Wheel & axle. — Pulley. — In- 
clined plane. — ^Wedge and screw. 

CHAPTSR TV. — ^HYDROSTATICS. 

1. General Definitions. — 2. Pressure 
and equilibrium of Non-elastic 
Fluids. — 3. Floating Bodies. — 
4. Specific gravities. — 5. On 
capillary attraction. 

CHAPTER T.— HYDRODYNAMICS. 

1. Motion and effluence of liquids. 

2. Motion of water in conduit pipes 

and open canals, over weirs, 
&c. — ^Velocities of rivers. 

3. Contrivances to measure the velo- 

city of running waters. 

CHAPTER VI. — PNEUMATICS. 

1. Weight and equilibrium of air and 

elastic fluids. 

2. Machines for raising water by 

the pressure of the atmosphere. 

3. Force of the wind. 



Sect. 

CHAPTER TII. — MECHANICAL AGKNTSi 

1. Water as a mechanical agent. 

2. Air as a mechanical agent. — Coqc 

lomb's experiments. 

3. Mechanical agents depending npoo 

heat. The Steam Engine. - 
Table of Pressure and Tempera^ 
ture of Steam. — General de- 
scription of the mode of actioi 
of the steam engine. — Theory 
of the same. — Description i 
various engines, and formulae for 
calculating their power : pt«eti- 
cal application. 

4. Animal strength as a mechanical 

agent. 

CHAPTER VIII. — STRENGTH OV 
MATERIALS. 

1. Results of experiments, and prin- 

ciples upon which they should 
be practically applied. 

2. Strength of materials to resist 

tensile and crushing strains.^ 
Strength of columns. 

3. Elasticity and elongation of bodies 

subjected to a crushing or ten- 
sile strain. 

4. On the strength of materials sub- 

jected to a transverse strain. •— 
Longitudinal form of beam d 
uniform strength. — Transverse 
strength of other materials thaa 
cast iron. — The strength of 
beams according to the manner 
in which the load is distributed. 

5. Elasticity of bodies subjected to s 

transverse strain. 

6. Strength of materials to resiit 

torsion. 



I. 

II. 

III. 

IV. 
V. 

VI. 

VII. 
VIII. 

IX. 
X. 

XI. 

XII. 

XIII. 

XIV. 

XV. 



APPENDIX. 

Table of Logaritliinic Difference*. 

Table of Logarithm* of Number*, from 1 to 100. 

Table of Logarithm* of Number*, from 100 to 10,000* 

Table of Logarithmic Sine*, Tangent*, Secant*, &c. 

Table of Useful Factor*, extending to eeveral place* of Deeimalc. 

Table of varioua U*eful Number*, with tiieir Logarithm*. 

Table of Diameter*, Area*, and Circumferences of Circle*, &e. 

Table of Relation* of the Arc, Ab*^sa, Ordinate and Subnormal, in the Catenary. 

Table* of the Length* and Vibration* of Pendulums, 

Table of Specific Grayities. 

Table of weight of Material* frequently employed in Constractton* 

Principles of Chronometers. 

Select Mechanical Expedient*. 

Obserrations on the Effect of Old London Bridge on the 'Hdea, &e. 

Profe**or Fari*h on I*ometrical Perepective. 
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